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Many Faults committed by Dr. HARRIS, Mr. CaswEL, 


HEYNEs, and other TRIGONOME TRICAL 
WRITE RS, are ſewn, and in thoſe Caſes 
where They are miftaken, here are 
given Solutions Geometrically True. 


| An Ample Account of which may be ſeen in the Pk E FACE, 
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YOUNG Mathematician may 
be ſurpriſed, to ſee the old objolete 
Elements of Euclid appear afreſh 
W in Print; and that too after ſo 
many new Elements of Geometry, as have 
| been lately publiſhd; eſpecially ſince thoſe 
who gave us the Elements of Geometry, in 
a new manner, would have us believe they 
have detected a great many Faults in Eu- 
clid. Theſe acute Philofophers pretend to 
have diſcovered, that Euclid's Definitions 
are not perſpicuous enough; that his Demon- 
rations are ſcarcely evident; that his whole 
Elements ure ill.diſpos d; and that they have 9 8 
found out innumerable . eo in them, 
which had lain hid to their Times. 
Bur, by their Leave, I make bold to 
_ affirm, that they carp at Euclid undeſer- 
vedly : For his Definitions are diſtinct and 
clear, as being taken from firſh Principles, 
and our moſt eaſy and fimple Conceptions; 
and his Demonſtrations elegant, perſbicuous, 
and conciſe, carrying with them juch Evi- 
dence, and fo much Strength of Reaſon, that I 
am eafily induced to believe the Obſcurity Sci- 
oliſts /o often accuſe Euclid with, is rather t9 
be attributed to their own perplexed Ideas, 
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Dr. K EI“ PREFACE. 


than to the Demonſtrations themſelves. And 
| however ſome may find Fault with the Dij- 
fofition and Order of his Elements, yet not- 
withRanding Ido not find any Method; in 
all the TEritings f this kind; more proper 
and eaſy for Learners than that of Euclid. 
I. is not my Buſineſs bere to anſwer ſepa- 
rateh every one of theſe Cavillers; but it 
will eaſily appear to any one, moderately 
verſed in theſe Elements, that they rather 
Heu their, cwn Idleneſs, than any real Faults 
in Euclid. Nay, [ dare venture 10 ſay, 
there is not one of theſe new SyRems, wherein 
there are not more Faults, nay, groſſer Pa- 
 ralogiſms, than they have been able even to 
1 ee in Euclid... 
After ſo many ws 7 72 Endeaviurs, 
in the Reformation of Geometry, ſome very 
good Geometricians, not daring to make new 
Elements, bave deſervedly preferr'd Euclid 
70 all otbers; and have accordingly made it 
their Buſineſs to publiſh thoſe of Euclid.” 
But they, fer what Reaſon I know. not, have 
intirely omitted ſome Prepoſitions, and have 
altered the Demonſtrations of. others for 
worſe. Among whom are chtefly Tacquer 
and Dechalles, Loth of which have unbap- 
pilly rejected ſome elegant Propgſitions in the 
Elements, (vhieh oug bt to have been re- 
tained) as imagining them trifling and uſe- 
leſs, ſuch, for Example, as Prop. 27, 28, 
and 29, of the fixth Book, and ſome others, 
whoſe Uſes they might not know, Farther, 
WHEFe-ever "fey we Demonſtrations 9 their 
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own, inflead of Euelid's, in thoſe Demon- 
trations they are faulty in their Reaſoning, 


and deviate very much from the C 8 


Yo the Antients. 


In the fifth Book, they have wholly re- 
jetted Euclid's Demmftrations, and have 


given a Definition of Proportion different | 
from Euclid's; and which comprehenas but 


one of the F Species of Proportion, taking 


in only commenſurable Quantities. . Which 


great Fault no» Lagician or Geometrician 


would have ever pardoned, had not thoſe 
Authors done laudable Things in their other 


Mathematical Writings. Indeed, this Fault 


of theirs is common to all Modern Writers 
of Elements, . who all ſplit on the ſame 


| Rock; and, to ſhew their Skill, blame Eu- 


clid, for aohat, on the contrary, he ought to 


be commended ; mean the Definition of 


proportional Quantities, wherem he ſhews an 
eaſy Property of thoſe Quantities, la ling i in 
both commenſurahle and incommenſurabſt ones, 
and from which all the other Properties of 
Proportionals do eafily follow. i 
Some Geometricians, forſooth, want a De- 
monſtration of this Property in Euclid; 
and undertake to ſupply the Fir phi by 
one of their. own, Here, again, they. ſhew 
their Skull in Logic, in requiring a Demon- 
tration for the Defnition of a Term; that 
Definition of. Euclid being ſuch as deter- 
mines thoſe Qyantities Proportionals, which 
have the Conditions ſpecified in the ſaid De- 


n And Toby might not the Author. of 
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Dr. KEIL'T PREFACE. 
the Elements give what Names he thoug be 


fit to Quantities having fuch Requiſites? 


Surely he might uſe his _ Liberty, and ac- 
. has called them Proportional. 
But it may be proper here to examine the 
M et bod whereby they endeavour to demon- 
ftrate that Property: Which is by firſt aſ- 
Jumimg a certain Affection, agreeing only to 
one kind of Proportionals, via. Commenſu- 


rables; and thence, by a long Circuit, and 


a herplexed Series of Concluſions, do deduce 
that uni ver ſal Property of Proportionals 
which Euclid affirms; a Procedure foreign 
enough to the juſt Methods and Rules of 
Reaſoning. They would certainly have done 


mucb better, if they bad firſt laid down 
that univerſal Property by Euclid, and thence 


bave deduced that particular Propert y agree- 


ing to only one Species of Proportionals. But, 
rejecting this Method, they have taken the 
Liberty of adding their Demonſtration to 


this Definition of the fifth Book. Thoſe who 


have a mind Z ſee a farther Defence of 


Euclid, may conſult the Mathematical Lec- 
tures of the learned Dr. Barrow. 
As T have happened to mention this great 


Cane T1 muſt not paſs by the Ele- 


ments publiſhed by him, wherein generally 
he has retained the Conſtrucrions and Demon 
firations of Euclid himſelf, not having 
omitted ſo much as one Propoſition, Hence, 


his Demonſtrations become more ſtrong and 


nervous, his Conftruftions more neat and 


a r and the Genius of the antient Geo- 


met ricians 


Dr. Keit's PREFACE 
metrictans mare. conſpicuous, than ts ttfually 
found in other Books of this kind. Jo this 
he has added ſeveral Corollaries and Scholta, 
which ſerve not only to ſhorten the Demon- 


Helin of what follows, but are likewiſe 


of Uſe in other Matters. 


 Netwithſanding this, Barrow's Denen- 


Prations are fo very ſhort, and are involved 


n fo many Notes and Symbols, that they are 
rendered obſcure and difficult ta ane not 
_ verſed in Geometry. There many Propofi- 


tions, which appear conſpicuous in reading 


Euelid himſelf, are made knotty, and ſearcely 


intelligible to Learners by this Algebraical 


Way of Demonſtration. As is, for Example, 
Prop. 13. Book I. and the Demonſtrations 
which be lays down in Book II. are ſtill more 
difficult : Euclid himſelf bas done much bet- 
ter, in ſhewing their Evidence by the Con- 
templations of Figures, as in Geometry ſhould 
always be done. The Elements of all Sci- 


ences ought to be handled after the moſt ſimple 
Method, and not to be involv'd in Symbols, 


Notes, or obſcure Principles, taken elſewhere. 
As Barrows Elements are too ſhort, ſo 


are thoſe of Clavius too prolix, abounding 
in ſuperfluous Scholiums and Comments: 
For in my Opinion Euclid is not ſo obſcure 


as to want ſuch a Lumber of Notes, neither 


do I doubt but a Learner will find Euclid 
himſelf eafier than any of his Commentators. 
As too much Brevity in Geometrical Demon- 
 ftrations begets Obſcurity, ſo too much Pro- 
lixity produces Tediouſneſs and Confuſion. 
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Dr. Keiu's PREFACE. 

On theſe Accounts, principally, it was, 
that I undertook to publiſh the firſt fix Books 
J Euclid, with the 11th and 12th, accord 
-zng to Commandinus's Edition; the reft I 
Jorbore, becauſe: thoſe firſt-mentioned are ſuf- 
ficient for underſtanding of moſt Parts of 

the Mathematics now fludied. 
. Farther, for the Uſe of thoſe who are de- 
fras FH apply the Elements of Geometry 1 
es in Life, we have added a Compendium 
of Plain and Spherical Trigonometry, by 
means mobereof Geometrical Magnitudes are 
meaſur d, and their NEAR ee in 
Numbers. 


A 


| J. K E IL, 


Mr. C U x Vs 


PREFACE, 


SHEWING 


by The Uetb Vinnie ant EXCELLENCY 
1 1 WORK. 


ficiently declared how much eaſter, 


ments of Geometry written by Euclid are, than 
thoſe written by others ; and that the Elements 


themſelves are fitter for a Learner, than thoſe 
publiſhed by ſuch as have pretended to com- 
ment on, ſymbolize, or tranſpoſe any of his 
Demonſtrations of ſuch Propoſitions as they 
intended to treat of. Then how muſt a Geo- 


metrician be amazed, when he meets with a 

Tract * of the iſt, 2d, 3d, .4th, 5th, 6th, 
11th and 12th Books of the Elements, in which 

are omitted the Demonſtrations of all the Pro- 


poſitions of that molt noble univerſal Matheſis, 


the 5th 3 on which the 6th, 11th, and 12th fo 


much depend, that the Demonſtration of not 
ſo much as one Propoſition in them can be ob- 


| tained without thoſe 1 inthe fifth! 


Vid the laſt Edition of the Exg li Tacquet. 


The 
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The 7th, 8th, and'gth Books treat of ſuck 
Properties of Numbers which are neceflary 
for the Demonſtrations of the 1ath, which 
treats of Incommenſurables; and the 13th, 
14th, and 15th, of the five Platonic Bodies. 


But though: the Doctrine of Incommenſura- 


bles,” becauſe expounded. in one and the ſame 


Plane, as the firſt ſix Elements were, claimed, 


by a Right of Order, to be handled before 
Planes interſected by Planes, or the more com- 


| pounded Doctrine of Solids 3 and the Proper- 


ties of Numbers were neceſſary to the Rea- 
ſoning about Incommenſurables; yet becauſe 


only one Propoſition of theſe four Books, viz. 
the 1ſt of the roth, is quoted in the 11th and 
12th Books; and that only once, viz. in the 


Demonſtration of the 2d of the 12th ; and that 
1ſt Propoſition of the 10th is ſupplied by a 


Lemma in the 12th; and becauſe the 7th, 8th, 


gth, 1oth, 13th, 14th, 15th Books have not 


been thought (by our greateſt Maſters) neceſ- 
ſary to be read by ſuch as deſign to make Na- 


tural Philoſophy their Study, or by ſuch as 
would apply Geometry to practical Affairs, 


Dr. Keil, in his Edition, gave us only theſe 


eight Books, viz, the firſt ſix, and the 11th and 


And as, he found there was wanting a Trea- : 
riſe of theſe Parts of the Elements, as they 


were written by Euclid himſelf ; he publiſhed 
his Edition without omitting any Eren 


Demonſtrations, except two; one of which 
was a ſecond Demonſtration of the gth Propo- 
ſition of the third Book; and the other a Demon- 


ſtration of that Property of Proportionals cal- 
led Converſion (contained in a Corollary to the 


19th 


Mr. Cunn's PREFACE. 
19th Propoſition of the fifth Book) ; where, in- 
ſtead of Euclid's Demonſtration, which is uni- 


verſal, moſt Authors have given us only parti - 


cular "mes. of their own. The firſt of theſe, 


which was omitted, is here ſupplied : And __ 


Which was TRE is here reftored ©. 


Had 4 fad Phila to . the Ele- 


ments of Geometry are of vaſt Uſe, either are 


not ſo ſufficiently skilled in, or perhaps have 
not Leiſure, or are not willing to take the 
Trouble, to read the Latin; and ſince this 
Treatiſe was not before in Bugliſh, nor any 


other which may properly be ſaid to contain 


the Demonſtrations laid down by Euclid him- 


ſelf; 1 do not doubt but the Publication of 
this Edition will be acceptable, as well as ſer⸗ 
5 viceable. Ty - | 


Such Subs, 0 bb. or in the 


Schemes, which were taken Notice of in = 
Lain Edition, are corrected i in this. 


r 


do theſe Elements, I find our Author, as well 
as Dr. Harris, Mr. Caſwell, Mr. Heynes, and 


others of the Trigonometrical Writers, is miſ⸗ 
taken! in ſome of the Solutions. of 


That the common lilactas of AY PTY 


Caſe of Oblique Spherics is falſe, I have de- 


monſtrated, and Siven a true one. See Page 


Ho 


1 


* vid Page 5 5, 10 of Euclid + Works gabe * 
Dr. Greg ry. 
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In the "ROE ofi our oth and 10th Coles, 


by other Authors called the iſt and 2d, where 


are given and ſought oppoſite Parts, not only 


the afore - mentioned Authors, but all others that 
I have met wich, have told us, that the Solu- 
tions are ambiguous; which Doctrine is, in- 
deed, ſometimes true, but ſometimes falſe: 


For ſometimes the Puefitum. is doubtful, and 


ſometimes not; and when it is not doubtful, 


it is ſometimes greater than 90 Degrees, and: 
ſometimes leſs: And ſure I ſhall commit no 
Crime, if I affirm; that no Solution can be 


given without a juſt Diſtinct ion of theſe Vari- 
eties. For the Solution of theſe Caſes, _ 4 


Directions at Pages 32 15 322. 


ui of our-2d and: yd Cakes, in 


other Authors reckoned the 3d and 4th, where 
there are given two Sides and an Angle oppo- 
ſite to one of them, to find the 3d Side, or 
the Angle oppoſite to it; all the Writers of 
Trigonometry that I have met with, who have 
_ undertaken the Solutions of theſe two, as well 


as the two following Caſes, by letting fall a 
Perpendicular, which is undoubtedly the ſhort- 


eſt and beſt Method for finding either of theſe 


Quæſita, have told us, that the -—— f 


of the Vertical Angles, or Baſes, ſhall be the ; 


| ſought Angle or Side, according as the Perpen- 
dicular falls 


i which cannot be 


known, unleſs the Species of that unknown 


Angle, which is oppokite to a n Side, be 
firſt known. 


Here 


Mr. CunN's P R EG CE. Z 


1 they leave us firſt to calculate that un- 


known Angle, before we ſhall know whether 


we are to take the Sym or the Difference of the 
Vertical Angles or Baſes, for the ſought Angle 


or Baſe: And in. the Calculation of that Angle 


have left us in the dark as to its Species; as 
appears by my Obſervations on the two pre- 


ceding Caſes. 


The Truth is, the Weſt tum 3 as FRE as 
in the two former Caſes, is ſometimes doubt- 


ful, and ſometimes not; when doubtful, ſome- 


times each Anſwer is leſs than 9o Degrees, 
ſometimes each is greater; but ſometimes one 


leſs, and the other greater, as in the two laſt- 
mentioned Caſes. When it is not doubtful, 
the Quæſitum is ſometimes greater than go De- 


; an, and ſometimes leſs; all which Diſtin- 
ions may be made without another O peration, 


or the Knowledge of the Species of that un- 
known Angle, oppoſite to a given Side; or, 


which is the ſame Thing, the falling of the 
Perpendicular within or without. For which, | 


ſee my Directions at Pages 324, 325. 


Ia the Selacbon of our iſt and 5th Caſes, 


called in other Authors the 5th and 6th; 
where there are given two Angles, and a Side 
oppoſite to one of them, to find the 3d Angle, 
or the Side oppoſite to it; they have told us, 
that the - ny f the Vertical Angles, 
or Baſes, according as the Perpendicular falls 


Vin, ſhall be the ſought Angle or Side; 


without, 


and that it is known whether the Perpendicu- 
lar 
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Mr. Cunns PREFACE. 
Jar falls within or without, by the Affection of 
the given Angles, SE 
Here they ſeem to have ſpoken as tho' the 
Quæſilum was always determined, and never 
ambiguous z; for they have here determined 
whether the Perpendicular falls within or with- 
out, and thereby whether they are to take the 
Sum or the Difference of the Vertical Angles 
or Baſes for the ſought Angle or Side. 


But notwithſtanding theſe imaginary Deter- 
minations, I affirm, that the 2yeſitum here, 
as in the two Caſes laſt-mentioned, is ſometimes. 
ambiguous, and ſometimes not; and that too, 
whether the Perpendicular falls within, or whe- 
ther it falls without. See my Solutions of theſe 


The Determination of the 3d Caſe of Ob. 
lique Plain Triangles, ſee in Page 325. 
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II. 


Points. 


DEFINITIONS. 


» - 


teen its Points. 


V. A Superficies is that which bath only Length a2 


and Breadth. 


| VI. The Bounds of a Cuper ities are Lines. 


1 PO I NT is that which bath no Farne or 
2 3 
A Line is Length, ddr Breadth, 

III. The Ends oy” Bande) of a Line are 


IV. A Right Line i is that which. lers evenly be- d 


VII. A plain Super ficies is that which lieth eventy 
between its Lines. 


: VIII. A plain Angle is the fuclination of two 


X. When a Right Line, Ran on another. 
Right Line, makes Angles on either Side there- 


Lines to one another in the ſame Plane, which 


touch each other, but do not both lie in the ſame 


_ Right Line. 
IX. If the Lines containing the Angle be Right 


ones, then the Angie ts called a | Right-lined 


Angle. 
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Euclids ELEMENTS. Book I. 
of, egual between themſelves, each of theſe equal 


Angles is a Right one; and that Right Line 
which ſtands upon the other, i is called a Perpen- 
dicular to that whereon it ſtands. 
XI. An Obtuſe Angle is that which is greater than 
à Kigbt one. 


XII. An Acute Angle i is that which i is leſs than « 5 


Nigbt one. 


7 x A Term (or Bound) i ts that N bs the Ex- 


treme of any Thing. 


XIV. A Figure is that which is contained under 73 


one or more Terms. _ 
XV. A Circle is a plain Figure, contained under 
one Line, called the Circumference ; to which all 


Right Lines, drawn from a certain Point within 


the Figure, are equal, 4 1 00 


XVI. And that Point is called the Centre 4 the 


Circle. 


XVII. A Diameter of: a circle i is a Right Line 
drawn through the Centre, and terminated on 


both Sides by the Circumference, and divide; the 
Circle into two equal Parts. 


XVIII. 4 Semicircle is a Figure contained 3 


a Diameter, and that Part of the Circumſe- 


"ence of a Circle cut off by that Diameter. 
XIX. ASegment of a Circle is a Figure contained 
under a Right Line, and Part of the Circum- 


ference of the Circle [which is cut of by that 
Right Line.] 


XX. Right-lined Figures are ſuch as are contained 


under Rieht Lines. 


| XXI. 7 8 aed Figures are fuch | as are con- 


tained under three Lines. 


XXII. Fear Aided Figures are fuch as are con- ; 


| tained under four Lines. 
XXIII. Many-fided Figures are thoſe tha are 
contained r more than four R igbt Lines. 


XXIV. Of 


ai : 


— ee n 


III. And that a Circle may be deſcribed about 


I., 
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XXIV. Of tbree-ſided Figures, that is an Equi- 


lateral Triangle, which hath three equal Sides. 
XXV. That an Iſaſceles, or Equicrural one, which 
bath only two Sides equal.” 


XXVI. And a Scalene one, is that which bath 


three 4 A 
XXVII. Alſo of three. ſided Figures, that is a 


Rig bt. angled of riangle, which bath a Right 5 


Angle. 


XXVIII. That an Obruſe-angled one, which hath 


an Obiuſe Angle. 


XXIX. Andthat an Acute-angled one, which bath 


three Acute Angles. 


XXX. Of four-ſided Figures, that is a Square, 7 
whoſe four Sides are equal, and its Angles all 


Right ones. 


XXXI. That an Oblong, or Refiangle, which i is | ; 
longer than broad; but its oppoſite Sides are 


equal, and all its Angles Right ones. 


XXXII. That a Rhombus, which bath four 


_ equal Sides, but not Right Angles. 


XXXIII. That a Rhomboides, whoſe oe Sides 


and Angles only are equal. 


| XXXIV. Al Quadrilateral Figures-befdes le, 


are called Trapezia. 


XXXV. Parallels are ſuch Right Lines in the 
ſame Plane, which, if infinite prodiue's bc = 


ways, world never meet. 


POSTULATES. 


from any one Point to another. 
II. {hat a finite Right Line may be continued di- 
realy forwards. 


an Centre, with an Diſtance. 
Sans: AXIOMS, 


RANT that a Right Line may be FOR 


» ey” 


8 
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AX IO MòVS. 
1. HINGS equal to one and the fans 


Thing, are equal to one another. 


I. If to equal Things are added equal 7. bings, 
the Wholes will be equal. 


III. If from equal Things equal 7 hings be taken 


away, the Remainders will be equal. 


IV. If equal Things be added to unequal T DIngs, 


the Wholes will be unequal, 


V. If equal Things be taken from unequal 7. bings, | 


the Remainders will be unequal, 
VI. Things which are double to one and the ſame 
Thing, are equal between themſelves. 


VII. Things which are half one and the Jane 
Thing, are equal between themſelves, 


VIII. Things which mulually agree together, are 


equal to one another. 


IX. The Whole is greater than its Parks, 
X. Two Right Lines do not contain a Space. 


XI. All Right Angles ai e equal between themſelves. 


XII. If a Right Line, falling upon iwo other 


Rig bi Lie makes the inward Angles on the 
ſame Side thereof, both together, leſs than two 


Right Angles, thoſe two Right Lines, infinitely 


produc'd, will meet cach other on that Side 
where the _ are leſs than Right ones, 


1 When there are ſeveral Angles at one 3 


any one of them is expreſs'd by three Letters, 5 
which that at the Vertex of the Angle is plac'd in 


the Middle. For Example; In the Figure of Prop. 
XIII. J. I. the Angle contain'd under the Right 
Lines AB, BC, is called the Angle ABC; and 
the Angle contain'd under the Right Lines A B, = 
BE, is called the Angle A BE. 


PR O- 


To 115 an Equilateral Triangle upon a given 


| 3 T AB be the given finite Right Line, upon 


ſcribe the Circle BC D'; ; and about the Centre B, * 3 Pot, 


BC, are equal between them ſelves. 


and is deſcribed upon the given finite Right Line AB; 
1 5 Which was to Doom. = 


W . tt * ww MR” 
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PROPOSITION I. 


PROBLEM 


Nnüte Right Line. 


which it is required to deſcribe an 3 
Triangle. 


About the Centre A, with the Diſtance AB, de- 
with the ſame Diſtance BA, deſcribe the Circle 


ACE; and. from the Point C, where the two 
Circles cut each other, draw the Right Lines Wi, 
CB. ti Pop. 


Then Wen A is the Centres of the Circle D B Q. 


A C ſhall be equal to AB t. And becauſe B is the t r5 Def 
Centre of the Circle CAE, BC ſhall be equal to 
BA: but CA hath been proved to be equal to AB; 

therefore both CA and CB are each equal to AB. 
But Things equal to one and the ſame Thing, are 
equal between themſelves, and conſequently C A is 


8 


equal to C B; therefore the three Sides CA, AB, 
And ſo the Triangle BAC is an ni one, 


PROPOSITION I. 


PROBLEM, 


A a given Point, to put a Right Line equal, to i 
© @ Right Line given, 


L. T the Point given be A, and the given Right 


Line BC; it is required to put a Right Line at 
the Point As equal to the given Right Line BC. 


a 22 Draw 


244 
* * 


"I 1 m * . = ; * 
LEES ** e * 
— — . 
" 


6 


* Poſt, 1, 
F 2 of this, 
P oft. 2. 


®* Pop 3. 


FD. 


t Axiom 3. 
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Draw the Right Line AC from the Point A to C&*, 
upon it deſcribe the Equilateral Triangle DAC ; 
produce DA and DC krkeuy forwards to E and Gt; 
about the Centre C, with the Diſtance BC, deſcribe 
the Circle BG H“; and about the Centre D, with 
the Diſtance D G, deſcribe the Circle G KL. 1 
Now becauſe che Point C is the Centre of the Circle 
BGH, BC will be equal to CG ; and becauſe D 
is the Centre of the Circle GK L, the Whole DL 
will be equal to the Whole D G, the Parts whereof 


DA and DC are equal; therefore the Remainders 


AL, GC, are alſo equal g. But it has been demon- 
ſtrated, that BC is equal to CG; wherefore both AL 


and BO are each of them equal to CG. But Things 


that are equal to one and the fame Thing, are equal 
to one another; and therefore likewiſe AL i Is equal 


- to 7 bee 


* 2 of this, 


TPP. 3. 


Whence the Right Ls AL! is put at the given 


Point A, equal to the os 2 ape Lins BC, which 
was to be done, 1 


PROPOSITION III. 


ProBLEM, 


: Tu 100 unequal Right Lines being given, 10 cut off a * 


Part from the greater equal 10 the Aer. 
E T A B and 0 be the two unequal Right Lives 


given, the greater whereof is AB; it is required 


to cut off a Line from the greater AB equal to the 
. 

Put Right Line AD at the Point A, equal to the | 
Line C; and about the Centre A, with the Diſtance 


AD, Fe ID IR a Circle DEF . 


Then, becauſe A is the Centre of the Circle D EF, | 


AE is equal to AD; and fo both AE and C are 
each equal to AD; wherefore A E i is likewiſe equal 


f Axiom 1, 


to C. 
And ſo there is cut off from AB, hs greater of two 
given Right Lines AB and C, a Line AE equal to 


the leſſer Line C; which was to be done, 


a pRO. 


Book 1. Euclids ELEMENTS. 


PROPOSITION IV. 
T HEOREM. 
7 there are two Triangles that hw 4 1200 Sides of 


the one equal to two Sides of the other, each 
to each, and the Angle contained by thoſe equal 


Sides in one Triangle equal tothe Angle contained 
by the correſpondent Sides in the other Triangle, 


then the Baſe. of one of the Triangles ſhall be 


equal to the Baſe of the other, the whole T riangle 
equal to the whole Triangle, and the remaining 
Angles of one equal to the remaining Angles of the 


other, each to each,which ſubtend the equal Sides. . 


LET the two Triangles be ABC, DEF, which 


have two Sides AB, AC, equal to two Sides 


DE, DF, each to each, That i is, the Side AB equal 
to the Side DE, and the Side AC to DF; and the 
Angle BAC eq bet to the Angle EDF. I <a that 
the Baſe BC is equal to the Paſe EF, the Trinagke 


ABC equal to the Triangle DE F, and the remain- 
ing Angles of the one equal to the remaining Angles 


of the other, each to its Correſpondent, ſubtending 


the equal Sides, viz, the Angle ABC equal to the +. 


Angle D E F, and the Angle. A i © B equal to the An- 5 


gle D F E. 
For the Triangle ABC being applied to DE P, ſo 


as the Point A may co-incide with D, and the Right 


Line AB with DE, then the Point B will co-incide 


with the Point E, becauſe AB is equal to DE. And 


ſince AB ee with DE, 1 Right Line AC 
| likewiſe will co-incide with the Ri ght en DF, be- 


cauſe the Angle BA C is equal to Ns Angle E DF. 
Wherefore alſo C will co-incide with F, 3 the 


Right Line A C is equal to the Right Line DF. But 
the Point B co-incides with E, and therefore the Baſe 


B C co-incides with the Baſe EF. F or if the Point 


B co-inciding with E, and C with F, the Baſe BC 
does not co- incide with the Baſe EF; then two Right 


Lines will contain a Space, which is impoſſible *. 
Therefore the Baſe B C co incides with the Baſe E F, 
| and i is requal thereto ; and conſequently the whole Tri. 


B 3 angle 


* Ax. 10. 
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angle AB C will co- incide with the whole Triangle 


D E F, and will be equal thereto; and: the remaining 


Angles will co-incide with the remaining Angles , and 
will be equal to them, viz. the Angle ABC equal to 
the Angle DEF, and the Angle AC B equal to the 


: "_ 5 F E. Which Was to be N e | 


PROPOSITION v. 


IV? 48> ) N 7 \ 


THEOREM... © 25 


The Angles at the Baſe of an Iſoſceles Triangle „ 


e. 


equal between themſelves : And, if the equal 


| Sides be produced, the Angles under the W 
Ng be equal between themjerves. ft 


ET ABC "a an Ih ſceles IT iangle, FR the 

Side AB equal to the Side AC; and let the 
ay Sides AB, AC, be produced directly forwards. 
1 fay, the Angle ABC is equal to the 


1 8 AC B, and the Angle C BD ogual to the Angle 


83 of this. 


For en an Point F in the Line B D, and from 


A E cut off the Line AG equal to A F, and join 


F S, GB,. | 
Then, becauſe aP. is equal to AG, and AR to AC, 


the two Right Lines FA, AC, are equal to the two. 


Þ+&4 of this. 


I Ax. z. 


Lines GA, AB, each to each; and contain the com- 
mon Anele FAG; ; therefore the Baſe F C is equal + 
to the Baſe GB, and the Triangle AF C equal to 
the Triangle A G B, and the remaining Angles of. 
the one equa] to the remaining Angles of the other, 
each to each, ſubtending the equal Sides, vz. the An- 
gle ACF equal to the Angle AB G; and the Angle 

AFC, equal to the Angle AGB. And becauſe the 
Whole AF is equal to che Whole AG, and the Part 
AB equal to the Part A C, the Remainder BF is 
equal to the Remainder C Go But FC + has been 
proved to be equal to, G B; therefore the two Sides 
BF, FC, are equal to the. two Sides CG, GB, 

each to each, and the Angle BFC equal to the Angle 


 C GB; but they have a common Baſe. BC. There- 
fore alſo the Triangle BF C will be equal to the 


Triangle CGB, and the Ee Angles of the one 
e —̃ 
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equal to the remaining Angles of the other, each to 
each, which ſubtend the equal Sides. And ſo the An- 

gle FB C is equal to the Angle G C B; and the Angle 

B CF equal to the Angle CBG. Therefore, becauſe 

the whole Angle. A B G has been proved equal to the 
whole Angle A CF, and the Part CB G equal to 
BCF, the remaining Angle A B C will be * al to Ax. ; 
the remaining Angle AC B; but theſe are the Angles 
at the Baſe of the Triangle ABC. It hath likewiſe 
been proved, that the Ang 25 FBC, G CB, under the 
Baſe, are equal; elierofore the Angles at the Baſe of 
Iſoſceles Triangles are equal between themſelves ; and 

if the equal Right Lines be produced, the Angles under 

the Baſe will be alſo equal between themſelves. 


a Carol. 3 every Equilmeral Triangle is alſo bau. 
angular. | 


PRO * OSIT ION v. 
* HO R E M. — 


5 two Anplezof a T riangle be equal, then the Sides. 
ſhjubtending the equal e will be egual be- 
len theme ves. 


ET AB C be a OOTY having he: Angle 
x ABC equal to the Angle ACB: I ay, the Side 
A is likewiſe equal to the Side A C. 
For if AB be not equal to AC, let one of them, as 
AB, be the greater, from which cut oft BD equal to 
A C +, and join D C. Then, becauſe BD is equal to 3of 1 is. 
AC, and BC is common, D B, B C, will be equal 
to AC, CB, each to each, and the. Angle DBC 
equal to the Angle AC B, from the Hypotheſis; 
therefore the Baſe DC is equal + to the Baſe A B, and 4 dic 
the Triangle DB C equal to the Triangle A C B, a 
Part to the Whole, which is abſurd ; therefore A Bi is 
Not unequal to A C, and conſequently | is equal to it, 
Therefore, if two Angles of a Triangle be equal | 
between themſelues, the Sides ſubtending the equal 
Angles are likewiſe equal between themſelves, Which 


We to be demonſtrated. 
— B 4 Ceroll. 


e 


+ 
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| | e | Coral. Hence every. een 1 is alſo 
= Equilateral. 


PROPOSITION VII. 
TuzORE A. 


On the ſame Right Line cannot be conflituted two 
Right Lines equal to two other Right Lines, 
each to each, at different Points, on the ſame 


Side, and having the ſame Ends which the firſt 
Sn Lines bave, 


0 R, if it be pollible, let two Right Lines A D, 
DB, equal to two others AC, C B, each to each, 
ib conſtituted at different Points C and D, towards 
the ſame Parts C D, and having the ſame Ends A and 
B which the firſt Right Lines have, ſo that C A be 
equal to A D, having the ſame End A which CA 
hath; and C B d qual to D B, ring the ſame End 


B; and let C D be joined. 
„„ Then, becauſe A C is equal to AD, the Angle 
1 5 of this, A CD will be equal * to the Angle AD C, and con- 
—_  ſequenty the Angle ADC is greater than the Angle 
BCD; wherefore the Angle B DC will be much 
greater than the Angle BCD. Again, becauſe CB | 
is equal to D B, the Angle B D C will be equal to the 
Angle BCD; but it has been proved to be much 
greater, which i is impoflible. Therefore on the ſame 
| Right Line cannot be conſtituted two Right Lines equal 
fo . other Right Lines, each to each, at different 
Points, on the ſame Side, and having the fame Ends 
which the firſt 8 Line have 3 which was to be 
8 nee | 


PR O- 


— Euclids ELEMENTS. 
PROPOSITION vm. 


THEOREM. & 


77 two Triangles have two Sides of the one equal 


to two Sides of the other, each to each, and + 


the Baſes equal, then the Angles Cara under 
the equal Sides will be equal. N 


LET the two Triangles be A BC, DEF, having 


two Sides AB, AC, equal to two Sides DE, 

DF, each to each, viz. AB equal to DE, and AC 
to DF; and let the Baſe B C be equal to the Baſe 
EF. I ſay, the Angle BA Ci is equal to the Angle 


DF. 
For if the Triangle AB C be applied to the Tri- 


angle DEF, ſo that the Point B may co-incide with E, 


and the Right Line BC with E F, then the Point C 


will co-incide with F, becauſe BC is equal to E F. 
And fo, ſince BC co-incides with EF, BA and AC 


will likewiſe co-incide with E D and DF. For if 
the Baſe BC ſhould co- incide with E F, and at the 
ſame time the Sides BA, A C, ſhould not co- incide 
With the Sides ED, D F, but change their Poſition, 
as E G, GF, chen there would be conſtituted on the 


ſame Right Line two Right Lines, equal to two other 


Right Lines, each to each, at ſevera] Points, on the 
ſame Side, having the ſame Ends. But this is proved 


to be otherwiſe * ; therefore it is impoſſible for the * 7 f this, 


Sides BA, A C, not to co-incide with the Sides ED, 
DF, if the Baſe B C co-incides with the Baſe EF; 
; wherefore they will co-incide, and conſequent! the 


Angle BA C will co-incide with the Angle EDF, 


-and will be equal to it. Therefore, if two Triangles 
have two Sides of the one equal to two Sides of the other, 
each to each, and the Baſes equal, then the Angles con- 


tained under the equal Sides will be equal; ; which was 


to be demonſtrated, 
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Euclids ELEMENTS. Book I. 
PRO POSITION IX. 
PROBLEM, 


0 cut a given Right lind Angle into two equal. g 
: Paris. 


5 L* E T B AC be a given Ripht-lin'd kinds. which 
is required to be cut into two equal Parts. 
Aſſume any Point D in the Right Line AB, and 
cut of AE from the Line AC equal to A D*; join 
DE, and thereon make + the Equilateral Triangle 
D E F, and join A F. I fay, the Angle BAC is cut 
into two equal Parts by the Line AF. 
For, becauſe AD is equal to AE, and A F is com- 
mon, the two Sides D A, AF, are each equal to the 
two Sides AE, AF, and the Baſe DF is equal to 
1. the Baſe EF; therefore | the Angle DA F is equal to 
the Angle E AF. Wherefore given Right-lin'd Angle 
75 cut into two equal Parts; e was to be done. 


PROPOSITION © 


* 


PROBLEM. 


25 cut a An finite Right Line into 1200 equal 
Parts. 


LV T AB 2 a given finite Right 3 required 
to be cut into two equal Parts. 

Upon it make * an Equilateral Triangle A B C, and 
„ biſeet f the Angle AC B by the Right Line CD. | 
tay, the Right Line AB is bilected in the Point D. 
For, becauſe A C is equal to CB, and C D is com- 
mon, the Right Lines A C, C D, are each equal to 
the two Right Lines B C, C D, and the Angle ACD 


this, equal to the Angle BC P; ; therefore | the Baſe AD, 


9 
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is equal to the Baſe D B. And ſo the Right Line 
A B is biſected 1 in the Point D; z which was to be done. 


” i. 
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PROPOSITION XI. 


PROBLEM, 


7 draw a Right Line at Rigbt Angles to a given 
1 Line, rom a n Point in tbe ſame. 


ET A be the given Right Line, and C the given 

Point, It is required to draw a Right Line from 

the Point C at Right Angles to AB, 
Aſſume any Point D in AC, and make CE eq JI 
* to CD, and upon DE mans. + the Ecuilateral's 3 of this, 
Triangle FDE, 5 join EC, I fay, the Right f 1 Y e.. 
Line FC is drawn from the Point C, given in the 


| Right Line AB at Right Angles to AB. 


For, becauſe DC is equal to CE, and FC is com- 


mon, the two Lines DC, CF, are each equal to the 


two Lines EC, CF; md the Baſe DF is equal to _ ; 
the Baſe FE. Therefore * the Angle DCF is equal * g of his. 
to the Angle ECF; and they are adjacent Auges. 
But why a Right Line, ſtanding upon a Right Line, | 
makes the 12 yr Angles equal, each of the equal | 
Angles is ht Angle; and conſequently DCF, t Def: 10. 
FCE, are Rh Right Angles. Therefore the —_— 
Line F C, Ge. which was to o be done. 


PROPOSITION XI, - 


PROBLEM, 


| To draw a Right Line perpendicular upon a given 
infinite Right Line, Nu a Point &1ven out of . 


LET AB be the given 1 Line, and C the 
Point given out of it. It is requir'd to draw a 
7 Right Line perpendicular upon the given Right Line 
AB, from the Point C given out of it. | 
Aflume any Point D on the other Side of the Right 
Line AB; and about the Centre C, with the Diſtance 
CD, deſcribe * a Circle EDG, biſe&t ＋ EG in H, n. 3. 
pad Join CG, CH, CE, 1 ſay, there is drawn che f 10 of this. 
er- 5 
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Perpendicular CH on the given infinite Right Line 
AB, from the Point C given out of it. 

Fe or, becauſe G H is equal to H E, and H C is com- 
mon, GH and H C are each equal to E H and HC, 
and the Baſe C G is equal to the Baſe CE. Therefore 

t 5 this. the Angle CH G is equal ꝓ to the Angle CHE; and 
they are adjacent Angles. But when a Right Line, 


ſtanding upon another Right Line, makes the Angles 
equal between themſelves, each of the equal Angles 


Df 10. is a Right one “, and the ſaid ſtanding Right Line is 


call'd 7 Perpendicular to that which it ſtands on. 
Therefore C H is drawn perpendicular, upon @ given 


wich Right Line, from a given Point out f it; 
ich was to be demonſtrated. 


PROPOSITION x11. 


TBTOREM. 


Iren a Rig bt Line, ſanding upon a Right FF 
makes Angles, theſe ſhall be either two Right 
_ Angles, or together equal 10 two Right Angles. 


FP OR let a Ri ght Line A B, ſtanding upon the Right 
Line CD, bal 2 the Angles CBA, A BD. I fay, 
the Angles C B A, AB D, are either two Right Angles, 
or both together equal to two Right Angles. 


- 


Ds. For if CBA be equal to ABD, they are * each of 


+ 11 of this. them Right Angles : But if not, draw + BE from the 
Point B, at Ri ie 5 to CD. Therefore tge 
Angles CB E, e two Right Angles; And 
becauſe C BE is 255 e bed the Angles CBA. ABE, 
add the Angle EB] D, which is common; and che two 


| 15 Angles 8. BE, E B D, together, are 1 equal to the —— - 
= three Angles C BA, AB E, "EF B D, t . Apdin, 


becauſe the Angle DBA is equal to the two Angles 
DBE, E BA, together, add the common Angle 
AB 2 and the two Angles D B A, A B C, are equal 
to the three Angles D BE, EB A, ABC, together. 
But it has been prov'd, that the two An les CB E, 
E BD, together, are likewiſe equal to theſe three An- 
gles : But Things that are equal to one and the ſame, 
Ar. 1. * are * equal between themſelves, Therefore likewiſe 
55 the Angles CB E, E B D, together, are equal to the 
Angles 
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Angles DBA, ABC, together ; but CBE, E BD, 

are 8 Right Angles, Therefore the Angles DBA, 

ABC, are both together equal to twe Right Angles. 
Wherefore when a Right Line, flanding upon another. 
Right Line, makes eater * e ſpall be either two 

Ris ght Angles, or together equa to two 9 och ; 

whieh was to be demonſtrated. 1 
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PROPOSITION XIV. 


Taro u. 


| if to any Right Line, and Point therein, two 
Right Lines be drawn from contrary Parts, 
making the adjacent Angles, both together, equal 
to two Right Angles, the ſaid two 2 Lines 
will male but one frait „ 


Fon let two Right Lines B C, BD, 3 from 
contrary Parts to the Point B. in any Right Line 
Ag, make the adjacent Angles, ABC, ABD, botn 
together equal to two Ri ot Angles, | 1 ſay, BC, 
BD, make but one Right Line. 

For if BD, CB, to. not make one frrait Line, let 
CB and BE Hake one. 
Then, becauſe the Right Line AB ſtands upon the 
Right Line CBE, the Angles ABC, ABE, together, 
will be equal * to two Right Angles, But the Angles * 13 clit. 
ABC, ABD, together, are alſo equal to two Right 
Angles. Now taking g away the common Angle ABC, 
and the remaining Angle ABE is equal to the remain- 
ing Angle ABD, the leſs to the greater, which is 
impoſſible. Therefore BE, BC, are not one ſtrait 
Line. And in the ſame manner it is demonſtrated, 
that no other Line but BD is in a ſtrait Line with 
CB; wherefore CB, B D, ſhall be in one ſtrait Line. 
| Therefore; if to any Right Line, and Point therein, 
two Right Lines be drawn from contrary Parts, making 
the adjacent Angles, both together, equal to two Right 
Angles, the ſaid two Right Lines will make but one 

frait Line ; which was to be demonlirated. 
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PROPOSITION =Y.- 


Tu OE A. 


7 two Right Lines mutually cut each other, the 1 
oppoſite Angles are equal. | 


" ET the two Right Lines A B, CD, mutually cut 
each other in the Point E. I fay, the Angle AEC 
is equal to the Angle DEB; and the Angle CEB 
equal to the Angle AED. _ 
For, becauſe the Right Line AE, ſtanding on the | 
” Right Line CD, makes the Angles TE AED; | 
_ 1 ef this. theſe. both together ſhall be equal “ to two Right 
8 Angles. Again, becauſe the Right Line DE, ſtanding 
1 upon the Right Line A B, makes the Angles AED, 
7 DEB; theſe Angles together are * equal to two Right 8 
| Angles. But it has been prov'd, that the Angles CEA, | 
| AE, are likewiſe together equal to two Right An- | 
71 gles. Therefore the Angles CEA, AED, are equa! 
„ to the Angles AED, DEB. Tak: away 150 common 
. I=. 3. Angle AED, and the Angle remainin ng CEA is 


{38 equal to the Angle remaining BED. For the fame 
Reaſon the Angle CEB ſhall be equal to the Angle 

is i DEA. Therefore, if two Right Lines mutually cut 
#1 EL, each other, the oppoſite N are Wares which was | 

| if to be demonſtrated. 

lit Geil 1. From bende it ig manifeſt, that two Right = 
is Lines, mutually cutting each other, make Angles 
—_— at the Section equal to four Right Angle. 
1 ix - Coroll. 2. All the Angles conſtituted about the ſame | 


Point are equal to four Right Angles, | 
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PROPOSITION XVI. A 


| THEOREM, 3 
one Side of any Triangle be produced, the out- 5 
ward Angle is greater than either of the inward 
' oppoſite Angles. _ 5 


L ET AB C be a Triangle, and one of its Sides 1 
B C be produced to D. I ſay, the outward «, 1 
Angle AC D is greater than either of the inward 
Angles CBA, or BAC. „ : 
> F or biſet AC in EF, and join B E, which pro- + 10 of this, 
| duce to F, and make E F equal to BE. Moreover, 
join FC, and produce AC to G. | 
Then, becauſe AE is equal to E C, and BE to 
EF, the two Sides AE, E B, are equal to the two 
Sides CE, E F, each to each, and the Angle AEB 
+ equal to the Angle FEC; for they are oppoſite + 15 of ehis, 
| | Angles. Therefore the Baſe AB is I equal to the t 4 of this. 
Baſe FC; and the Triangle AE B equal to the Tri- 
angle FE C; and the remaining Angles of the one, 
equal to the remaining Angles of the other, each to 


I each, ſubtending the equal Sides. Wherefore the 

" | Angle BAE is equal to the Angle ECF; but the 

1 Angle ECD is greater than the Angle ECF; there- 

. fore the Angle AC is greater than the Angle BAE. 
After the ſame manner, if the Right Eine B C be 
Ibbiſected, we demonſtrate that the Angle B C G, that == 

2 is, the Angle AC D, is greater than the Angle AB C. 

e Therefore, one Side of any Triangle being produced, 

- the outward Angle 1s greater than either of the inward 


: oppoſite Angles; which was to be demonſtrated, 
PROPOSITION XVI. 


| THEORE M. + 
Two Angles of any Triangle together, howſoever 
taken, are leſi than to Right Angles. 
1 ET ABC be a Triangle. I ſay, two Angles of 


it together, howlſoever taken, are leſs than two 
)- | Right Angles, 85 — 
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For produce BC to D. 
Then, becauſe the outward Angle A 0 D of the 
® x6 of this. Triangle A B C is greater * than the inward oppoſite 
Angle AB C: If the common Anglt AC B be added, 
the Angles AC D, A CB, together, will be greater 
: than the Angles ABC, ACB, together: But AC D, 
+ 13ef this. A CB, are f equal to two Right Angles. Therefore 
ABC, BCA, are leſs than two Right Angles. In 
the ſame manner we demonſtrats” that the Angles 
BAC, ACB, as alſo CA B, AB C, are leſs than © 
two Right Angles. Therefore wo Angles of of any Tri- 


18 


angle together, howſoever taken, are leſs than two Rigbt 


"1 ; Which Was to be demonſtrated. 
PROPOSITION XVIII. 


THEOREM. 


Ne greater 8 ide of every 7 riangle ſubtend the 
greater Angle. | 


E TABC be a Triangle, having the Side A c 
greater than the Side A B. I ſay, the Angle ABC 
is is gene than the Angle B C * 
For, becauſe A C is greater than AB, AD may be 

made equal to AB, and B. D be joined. 
Then, becauſe ADB is an outward Angle of the 
% 16 of lis. Triangle B D C, it will be * greater than the inward 
of this, On Angle DCB. But ADB is Þ+ equal to 
13 D becauſe the Side A B is equal to the Side AD. 
Therefore the Angle ABD is likewiſe greater than 
the Angle AC B; and conſequently A B C ſhall be 
much greater than AC B. Wherefore the greater Side 
of every Triangle ſubtends the greater Angle ; which 
Vas to be demonftrated. : 
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PROPOSITION XIX. 


1 
THroR EM. 


7 be greater Angle of every T riangle ſubtends 5 
greater Side. 2 


T* E T ABC be a Triangle, having the Angle ABC 
| + greater than the Angle BCA. I lay, the Side 
| AC is greater than the Side AB. 
5 5 if it be not greater, AC is either equal to AB, : 
or leſs than it. It is not equal to it, becauſe then the 
Angle ABC would be equal * to the Angle AC B; 75 of bin. 
but it is not: Therefore AC is not equal to A B. 
Neither will it be leſs; for then the Angle ABC would _ 
de f leſs than the Angle ACB; but it is not. There- 1 187 bis 
fore AC is not leſs than AB. But likewiſe it has 
| been proved not to be equal to it: Wherefore A C 
is greater than AB. Therefore the greater Angle of 
every Triangle ſubtends the . 8 ide ; ; which was 
to be demonſtrated. 
| 


PROPOSITION > © 


TrzoREM, 


Tuo Sides of any 7 rianple, howſoever cede; are 
together greater than the third Side. 


LE T ABC be a Triangle : I fay, two ae hive 
of, howſoever taken, are together greater than 
l the third Side; 3 viz. the Sides BA, AC, are greater 
than the Side BC; and the Sides AB, BC, greater 
than the Side AC; and the Sides BC, C A, greater 
= than the Side AB. 
For produce BA to the Point D, to that A D be 
* equal to AC, and join DC. * 3 of this, 
Then, becauſe DA is equal to AC, the Angle ADC 
ſhall be equal Þ to the Angle AC D. But the Angle + 5 « ts 
BCD is greater than the Angle ACD. Wherefore 
the Angle BCD is greater than the Angle ADC; 
and becauſe DC is a Triangle, having the Angle 
BCD greater than the Angle B DC, and the greater 


12 —— Angle 
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* 19 of this. Angle ſubtends “ the greater Side ; the Side D B will 
be greater than the Side BC. But DB is equal to 
BA and AC together. Wherefore the Sides B A, 
AC, together, are greater than the Side B C. In the 
fame manner we demonſtrate, that the Sides AB, 
BC, together, are greater than the Side C A; and 
the Sides BC, CA, together, are greater than the Side 
AB. Therefore two Sides of any Triangle, howſoever 
talen, are together greater than the third Side; which 
was to be demonſtrated. | 


PROPOSITION XXI. 


TRTOR E M. 


if _ Ri gbt Lines be drawn from the extreme 
Points of one Side of a Triangle to any Point 
within the ſame, theſe two Lines ſhall be leſs 
than the other two Sides of the J. riangle, but 
contain a greater Angle. 6 


Þ OR let two Right Lines B D, D C, be drawn 
from the Extremes B, C, of the Side B C of the 
Triangle ABC, to the Point D within the ſame. I ſay, 
BD, DC, are leſs than B A, AC, the other two Sides 
of the Triangle, but contain an 1 Angle B D C ner 
than the Angle „ 
For produce B D to E. 
Then, becauſe two Sides of every Triangle together 
* 7 20 of this, are * greater than the third, BA, AE, the two Sides 


of the Triangle A BE, are greater than the Side B E. 


Now, add E GU, which. ; is common, and the Sides 
+ Ax. 4 BA, AC, will be ＋ greater than BE, E C. 
| Again, becauſe C E, ED, the two * of the Tri- 
angle CED, are greater than the Side C D, add DB, 
which is common, and the Sides CE, E B, will be 
greater than C D, D B. But it has been proved, that 
BA, AC, are greater than BE, EC: Wherefore BA, 
AC, are much greater than BD, DC. Again, becauſe 
1 of ibis. the outward Angle of every Triangle i is 4 greater than 
the inward and oppoſite one; B DC, the outward 
Angle of the Triangle CDE, ſhall be greater than the 
Angle CED. For the fare Reaſon, CEB, the out- 


= Angle of the Triangle AB E, l3 likewiſe greater 
than 


fon IO Eo So # om. _ wi wc A Mm 6A ac wa. A\ 


(/ OE TT 


1 


mi of three Right Lines, equal to A, 
cauſe the Point F is the Centre of the Circle DE, EMC -- 
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than the Angle BAC; but the Angle BDC has been 


proved to be greater than the Angle CEB. Where- 


fore the Angle BDC ſhall be much greater than the 
Angle B AG. And ſo, if two Right Lines be drawn 


from the extreme Points 7 one Side of a Triangle to 


any Point within the ſame, theſe two Lines ſhall be 
leſs than the other two Sides of the Triangle, but con- 


tam a 7 greater Angle; which was to ve demonſtrated. 


PROPOSITION XXII. 


PROBL E II. 


To deſeribe a T, riangle of three Right Lines, which 


are equal to three others given: But it is requi- 
ite, that any two of the Right Lines taken to- 


gether be greater than the third ; becauſe two 
Sides of a T. riangle, howſoever taken, are o- 


Leiber greater than the third 8 ide. 


LE TA; BO: bi thive Right Lines given, ef 


which, any ways taken, are greater than the third, 


viz. A and B together greater than C; A and C greater | 
than B; and Band C greater than A. Now it is re- 

quired to make a Triangle of three Right Lines equal 
to A, B, C: Let there be one Right Line DE, termi- 
| nated at D, but infinite towards E; and take * DF * 3 of this. 
equal to A, F G equal to B, and GH equal to C; 
and about the Corrs F, with the Diſtance F D, de- 


21 


ſcribe a Circle DKL +; and about the Centre G, with t z Poſt. 


the Diſtance GH, deſcribe another Circle K LH, 
and join K F, K G. I fay, the Triangle K FG is 
8. C; for, be- 


ſhall be equal to FD: But FD is equal to A; there- 


ſore FK is alſo equal to A. Again, becauſe the Point 
Gis the Centre of the Circle LK H, GK will be t De 15. 


equal to GH : But GH is equal to C; therefore ſhall 


G K be alſo equal to C: But FG is likewiſe equal to 


B ; and conſequently the three Right Lines KF, FG, 
K G, are equal to the three Right Lines A, B, C; 
wherefore the Triangle K FG is made of three Right 
Lines K F, FG, GK, equal to the three given Lines 
A, B, C; which was 0 9 be done, 
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5 PROPOSITION XXII. 
PkoBLEM. 


Wi th a given Right Line, and at a given Point 
in it, to make a Right-liwd Angle equat to a 
Rig bt. lin d Angle given. 


EE T the given Right Line be A B, and hi Point 


iven therein A, and the given Right-lin'd Angle 


D CE. It is required to make a Right · lind Angle 
at the; given Point A, with the given Right Line AB, 
equal to the given Right-lin'd An ge DCE.--- 
Aſſume the Points D and E at Pleatore in the Line 
Cd, CE, and draw DE; then, of three Right Lines 
"wh of this. © equal to CD, DE, EC, make * a Triangle AFG, 


ſo that AF be equal to CD, A G to CE, and FG 


to DE. 
| Then, becauſe the two Sides DC, CE, are equal to 
the two Sides F A, AG, each to each, and the Baſe 

DE equal to the Baſe FG; ;- the Angle D CE ſhall be 


| + 4 of this. F a. to the Angle FAG. Therefore the Right- (| 


lined Angle FA G is made at the given Point A, in 


the given Line AB, equal to the given Right-lined | 


Angle DCE; which was t0 be done. 
PROPOSITION XXIV. 


THEOREM. 


If 10 T riangles have two Sides of the one, equal 
to twwo Sides of the other, each to each, and the 


Angle of the one, contained under the equal 


| Right Lines, greater than the correſpondent | 
Angle of the other; then the Baſe of the one 


will be greater than the Baſe of the other. 


L E T * be two Triangles ABC; DEF, having 
two Sides AB, AC, — to the two Sides D E, 
DF, each to 2 viz. the Side A B equal to the 


Side PDE, and the Side A C equal to DF; and let the 


Angle BACb greater than the Angle EDF. I 
ſay, the Baſe B Cis greater than "the Baſe E F. 
"PH 
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For, becauſe the Angle BAC is greater than the 
Angle ED F; make an * Angle ED G at the Point * 2; of cis. 
Din the Right Line DE, equal to the Angle BAC; 
and make + D G equal to either AC or DF, and + 3 of this 
join EF, FG. 
Now, becauſe ABis FRONT to DE,and AC to DG, 
the two Sides BA, AC, are each equal to the two 
Sides ED, DG, and the Angle BAC equal to the 
Angle E DG : Therefore the Baſe BC is equal 57. to 4 of this 
the Baſe EG. Again, becauſe D G is equal to 
the Angle DFG is + equal to the Ang e DGF; acid 4 5% this : 
fo the Angle DFG is greater than he Angle E GF: 
And conſequently the Angle EFG is much greater 
| than the Angle EGF. And becauſe EFG is a Tri- 
angle, having the Angle EFG greater than the Angle 
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EGF; and the greateſt Side ſubtends || the greateſt || 19 7 bis. * 
Angle, the Side EG ſhall be greater than the Side EF. 
But the Side EG is equal to the Side BC: Whence = 
BC is likewiſe greater than EF. Therefore, if two | *1 
Triangles have two Sides of the one, equal to two Sides = 
| of the other, each to each, and the Angle of the one, 1 
contained under the equal Right Lines, greater than "ll 
the correſpondent Angle of the other ; then the Baſe [1 
| of the one will be 83 than the _ of ans other; 5 
which was to be demonſtrated. | | 
PROPOSITION xxv. | 
Tarox. Wy 
If 
If two Triangles have two $ ides of the one equal to. : | 
o Sides of the other, each to each, and the Baſe ii 
+ BY of the one greater than the Baſe of the other ; "i 
» | they foal] alſo bave the Angles contained under | 


the equal ide, the one greater than the other. 
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. LE T there be two Triangles ABC, DEF, having 
S two Sides AB, A C, each equal to two Sides 
DE, DF, viz. the Side AB equal to the Side DE- 
and the Side A C to the Side DF ; but the Baſe BC 
1 | greater than the Baſe E ay, the Angle B A CE 
1s alſo greater than the An; ele EDF. | 
For if it be not tat hg it will be either 8 or 
Ak But the Angle BAC is not equal to the Angle 


C3 EDF, 
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E DF; for if it was, the Baſe BC would be * equal 


to the Baſe EF; but it is not: Therefore the Angle 
BAC is not equal to the Angle EDF, neither will; it 
be lefler ; for if it ſhould, the Baſe BC would be 7 leſs 


than the Baſe EF; but it is not. Therefore the Angle 
BAC is not leſs than the Angle EDF; but it has 


| likewiſe been proved not to be equal to it. Where- 


Sides of the one equal to two Sides of the other, each 


fore the Angle BAC is neceſſarily greater than the 
Angle ED F. V, therefore, twa Triangles have two 


ts each, and the Baſe of the one greater than the Baſe 


e the other; they ſhall alſo have the Angles, contained 
under the equal Sides, the one 1 than the other; "ia 


: which was to be demonſtrated. 


If two Triangles have two Angles of the one equal 
50 two Anples of the other, each to each, and one 
Side of the one equal to one Side of the other, ei- 
ther the Side lying between the equal Angles, or 
dobich ſubtends one of the equal Angles ;, the re- | 

_ mmaining Sides of the one Triangle ſhall be alſo 


PROPOSITION XXVI.- 


TREORE M. 


equal to the remaining Sides of the other, each 


0 his correſpondent Side, and tbe remaining | 
Angle of the one, equal to the remaining Angle ” 


of The other. 


ET there be two Triangles ABC, DEF, hav- 


ing two Angles ABC, BCA, of the one, equal 


to two Angles DEF, EFD, of the other, each to | 
each, that is, the Angle ABC equal to the 99055 . 


DEF, and the Angle BCA equal to the Angle EF 


And let one Side of the one be equal to 12 Side of 
the other, which firſt let be the Side lying between 
the equal Angles, viz. the Side B C equal to the 
Side E F. I ſay, the remaining Sides of the one Tri- 


angle will be equal to the remaining Sides of the 


other, each to each, that is, the Side A B equal to 
the Side DE, and the Side A C equal to the Side 


DF, and the remaining Angle B AC equal to the 


remaining Angle ED F. 
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For if the Side AB be not equal to the Side DE, 
one of them will be the greater, which let be A B, 
make GB equal to DE, and join G C. 
Then, becauſe BG is equal to DE, and BC to E * 
the two Sides GB, BC, are equal to the two Sides 
DE, EF, each to each; ; and the Angle GBC equal 
to the Angle DEF. The Baſe GC is * equal to the + . 
Baſe DF, and the Triangle GB C to the Triangle 
DEF, and the remaining Angles equal to the remain- 
ing Angles, each to each, which ſubtend the equal 
Sides. Therefore the Angle GCB is equal to the 
Angle DFE. But the Angle DFE, by the Hypo- 
theſis, is equal to the Angle BCA ; and fo the Angle 
BCG is likewiſe equal to the Angle BCA, the 
l>ſs to the greater, which cannot be. "Therefore AB 
| is not unequal to DE, and conſequently is equal to 
it. And ſo the two Sides AB, BC, are each equal to the 
two Sides DE, EF, and the Angle ABC equal to the 
Angle DEF: And conſequently the Baſe AC * is 
equal to the Baſe DF, and the remaining Angle 
BAC equal to the remaining Angle E DF, 
ae Let the Sides that are ſubtended by the 
equal Angles be equal, as AB equal to DE. ſ ſay, 
the remaining Sides of the one Triangle are equal to 
the remaining Sides of the other, viz. AC to DF, 
and BC to EF; and alſo the remaining Angle BA C, | 
to the remaining Angle E DF. 
For if BC be unequal to EF, one of them is the 
| greater, which let be BC, if poſhible, and make BH 
equal to EF, and join 7" 
Now, becauſe BY is equal toEF, and AB to D E, 
the two Sides AB, BH, are equal to the two Sides 
DE, EF, each to each, and they contain equal Angles; 
1 Therefore the Baſe AH is * equal to the Baſe 
| DF; and the Triangle A B H ſhall be equal to the 
Triangle DEF, and the remaining Angles equal to 
the remaining Angles, each to each, which ſubtend 
the equal Sides : And fo the Angle BHA is equal to 
the Angle EFD. But EF is + equal to the Angle 1 From the 
BCA ; and conſequently the Angle HA is equal | to . 
the Angle BCA: Therefore the outward Angle 
BHA of the Triangle AC, is equal to the inward 
and oppolite Angle BC A; which is 4 impoſſible : 116 of ebie, 
Whence B C is not unequal to EF; therefore it is 


C 4 equal 


26 


equal to it. But A is alſo equal to DE. Where 


betrueen the equal Angles, or which ſubtends one of tbe 
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fore the two Sides AB, BC, are equal to the two 
Sides DE, EF, each to each; and they contain equal 
Angles. And ſo the Baſe A C is equal to the Baſe 
DF, the Triangle BAC to the Triangle DEF, and 


the remaining Angle B A C equal to the remaining 


Angle EDF. /, therefore, two Triangles have two 


Angles equal, each to each, and ope Side of the one 
equal to one Side of the other, either the Side lying 


equal Angles; the remaining Sides of the one Triangle 


/hall be alſo equal to the remaining Sides of the other, 
each to his correſpondent Side, and the remaining Angle 
/, the one equal to the remaining Angle of the other; 


which was to be demonſtrated. 
PROPOSITION XXVII. 
TaurokkM-::. 


If a Right Line, falling upon two Right Lines, 


makes the alternate Angles equal between them- 
ſelves, the two Right Lines ſhall be parallel. 


TP ET the Right Lins RE, diflivaate raw Binks-. - 
Lines AB, CD, make the alternate Angles AEF, 


EFD. equal between themſelves. I ſay, the Right 
Line A Bu parallel to .. 


For if it be not parallel, A B and CD, produced 


towards B and D, or towards A and C, will meet: 


Nou let them be produced towards B and D, and 


* 16 of this. 
7 from the 
Hyp. 


Del 35. 


meet in the Point G. Ra . 
Then the outward Angle AE F of the Triangle 


GE is * greater than the inward and oppoſite An- 
gle E FG, and alſo equal + to it; which is abſurd. 
"Therefore A B and CD), produced towards B and D, 
will not meet each other. By the ſame way of Rea- 


ſoning, neither will they meet, being produced to- 


wards C and A. But Lines that meet each other on 


neither Side, are þ parallel between themſelves, There- 


fore AB is parallel to CD. Therefore, if a Right Line, 


falling upon two Right Lines, makes the alternate An- 


zl's equal between themſelves, the two Right Lines ſhall 
ve parallel, which was to be demonſtrated, 


* 
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PROPOSITION XXVII. 
: THEOREM. 
 ITfa Right Line falling upon tio Right Lines, 8 
mates the outward Angle of the one Line equal 
to the inward and oppoſite Angle of the other 
on the ſame Side, or the inward Angles on the 
| ſame Side together equal two Right Angles, 


the two Right Lines Hall be N Wee 
„ 5 


. 
E T the Riche ] Line E F, falling upon two Right 
Lines AB, C D, make the ri Angle EGB 


equal to the inward and oppolite Angle GHD; or 
the inward Angles BGH, GH D, on the ſame Side 


1 together equal to two Ri oht Angles. I fay, the Right 


Line AB is parallel to ha Right Line CD. 
For, becauſe the Angle EGB is“ equal to the Angle * the 
| E HD, and the Angle EG B + equal to the Angle the . 
AG, the Angle AGH fhall be * to the Angle? 15 * 
| GH D; but theſe are Alternate Angles. Therefore 
AB is t parallel to CDP. 127 of this 
Again, becauſe the Angles BGH, GHD, are equal 


| to two Right Angles, and AGH, BGH, are * equa] * 13 of this, 


to two Right ones, the Angles AGH, BGH, Silt - 
be equal to the Angles B GH, GHD; and if the 
common Angle BG H be taken from both, there will 
remain the Angle AGH equal to the Angle GHD; 
but theſe are alternate Angles. Therefore AB is paral- 
lel to CD. If, therefore, a Right Line, falling upon 
two Right Lines, makes the outward Angle of the 
one Line equal to the imward and oppoſite Angle of the 
other on the ſame Side, or the imvard Angles on the 
ſame Side together equal to two Right Angles, the tu 

Right Lines ſhall” be parallel between themſelves ; 
which v was to be demoftrared. 
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PROPOSITION XXIX. 
| : THEOREM, 
If a Right Line falls upon two Parallels, it will 
make the alternate Angles equal between them- 


ſelves ;, the outward Angle equal to the inward 


and oppoſite Angle, on the ſame Side; and the 


inward Angles on the ſame Side together equal 


i two Right Angles, 


I ET the Right Line EF fall upon the parallel Right = 
Lines AB, CD. I ſay, the alternate Angles 


AGH, GHD, are equal between themſelves ; the 


- outward Angle EG is equal to the inward one GHD, 


on the ſame Side; and the two inward ones, BGH, 
GH D, on the ſame Side, are together equal to two 
J))))V)VTVVVVVWW oor 
For if A GH be unequal to G H D, one of them 


Will be the greater. Let this be AGH; then, becauſe 


the Angle A G H is greater than the Angle GH D, 


add the common Angle BGH to both: And fo the 


Angles AGH, BGH, together, are greater than the 


Angles BG H, GHD, together. But the Angles 


213 of this. AGH, BGH, are equal to two Right ones*. There- 
| fore BGH, GHD, are leſs than two Right Angles. 
I 4x. 12. And fo the Lines AB, CD, infinitely produced +, will 
meet each other; but becauſe they are parallel, they 
unequal to the Angle G H D. Wherefore it is neceſ- 

— , Tc. Tg 
115 7 hu. But the Angle AGH is equal to the Angle EGB: 
Therefore E G is alſo equal to G HP). 


Now add the common Angle BG H, and then , 
EGB, BGH, together, are equal to BGH, G HD, 
together; but EGB, and BGH, are equal to two 


Right Angles. Therefore alſo B GH, and G HD, 
ſhall be equal to two Right Angles. Wheretore, if 
a Right Line falls upon two Parallels, it will make the 


alternate Angles equal between themſelves; the out- 


ward Angle equal te the inward and oppoſite Angle, on 
ihe ſame Side, and the inward Angles on the ſame 


Side together equal io tb Right Angles ; which was 


to be demonſtrated, 


—PROQ-: 


will not meet. Therefore the Angle A GH is not | 


Book I. Euclids ELEMENTS. 29 


PROPOSITION XXX. 


T H EO REM, 3 


Right Lines parallel to one and the ſame . 
Line, are alſo parallel between themſelves. 


F-* E T AB and CD be Right Lines: each of which 
Lis parallel to the Right Line E F. I fay, AB is 
alfo parallel to C D. For let the Right Line GK 
fall upon them. 

Then, becauſe the Right Line G K falls upon the 
parallel Right Lines AB, EF, the Angle AGH is * 29 27 ebis, 
equal to the Angle GHF ; and becauſe the Right Line 
GK falls upon the parallel Right Lines EF,CD, the 
Angle GH F is equal to the Angle GK D#. But it . 
has been proved, that the Angle AGE is alſo equal to 
the Angle GH F. Therefore AGK is equal to GKD, 
and they are alternate Angles ; whence AB is parallel 


to CD. And fo Right Lines parallel to one and theT 27 of tin 


ſame Right Line, are parallel between themſelves ; "2 
which was to be demonſtrated. 


PROPOSITION XXXI. 


PzoBLEM. 


To draw a Right Line thro* a given Point OY 
rallel to a n, Right Line. 


LET A bea Point given, and BC a Right Line 
given. It is required to draw a Right Line thro? 

the Point A, parallel to the Right Line BC. 
Aſſume any Point D in BC, and join A D; then 


make * an Angle DA E, at the Point A, with the * 23 7 dis 


Line DA, equal to the Angle AD C, and produce 
EA ſtrait forwards to F. 

Then, becauſe the Right Line AD, falling on two 
Right Lines BC, EF, makes the alternate Angles 
EA D, ADC, equal berw een themſelves, E F ſhall 5 
be + parallel to BC. Therefore the Right Line EAFT 27 . 
is drawn thro' the given Point A, parallel to the given 
Right Line B C; 3 which was to be done. 
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Coroll. Hence it appears, that if one Angle of any 
Triangle be equal to the other two, that is a Right 
one; becauſe that the Angle adjacent to this Right 
one, 1s equal to the other two. But when adjacent 0 


Angles are equal, they are neceſſarily Right ones. 
PROPOSITION XXXII. 
I 1 


If one Side of any Triangle be produced, the out: | _ 
ward Angle is equal to both the inward and op- | © 
pofite Angles ; and the three inward Angles of a | 
' Triangle are equal to two Right Angles. 
L A BC be a Triangle, one of whoſe Sides 
| i BC is produced to D. I ſay, the outward Angle 
ACD is equal to the two inward and oppolite 
Angles CAB, ABC; and the three inward Angles | 
of the Triangle, viz. ABC, BCA, CAB, are equal 
wen % wh, A 
* 1 of this, For let CE be drawn * thro the Point C, paralle} | © 
to the Right Line AB. Then, becauſe AB is parallel | 
to CE, and AC falls upon them, the alternate Angles 
+ :9 of this, BAC, ACE, are f equal between themſelves. Again, 
8 becauſe AB is parallel to CE, and the Right Line 
BD falls upon them, the outward Angle ECD is + | 
equal to the inward and oppoſite one ABC; but it 
has been proved, that the Angle ACE is equal to 
the Angle BAC. Wherefore the whole outward 
Angle AC D is equal to both the inward and oppoſite 
Angles BAC, ABC. And if the Angle ACB, 
which is common, be added, the two Angles AC D, 
Ag, are equal to the three Angles ABC, BAC, 
1 73 Fb. A CB; but the Angles AC D, AC B, are t equal | 
my to two Right Angles. Therefore alſo ſhall the 
Angles A CB, CBA, CAB, be equal to two Right. 
Angles. Wherefore, F one Side of any Triangle be 
produced, the outward Angle is equal to both the in- 
ward and oppoſcte Angles, and the three inward Angles 
of a Triangle are equal to two Right Angles; which | 
was to be demonſtrated. bt 


Carell. 41. 
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Angles. FFF 
|} Coroll. 5. Any Angle in an Equilateral Triangle is 
| equal to one Third of two Right Angles, or two 


: 13 6G 
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Coroll. 1. All the three Angles of any one Triangle 


taken together, are equal to all the three Angles of 
any other TTiangle taken together, 


Coroll. 2. If two Angles of any one Triangle, either 
ſeparately or taken together, be equal to two Angles 


of any other Triangle; then the remaining Angle 


of the one Triangle will be equal to the remaining 
Angle of the other. ys „ 


Coroll. 3. If one Angle of a Triangle be a Right 
Angle, the other two Angles together make one 


Right Angle. | 


Coroll. 4. If the Angle included between the equal 


Legs of an Iſoſceles Triangle be a Right one, each 
of the other Angles at the Baſe will be half Right 


Thirds of one Right Angle. 


TRPOREM I. 


All the inward Angles of any Right-lin'd Fi- 
gure whatſoever, make twice as many Right 


Angles, abating four, as the Figure has 


1 Sides. 


4 70 R any Right-lin'd Figure may be reſolved into as 
many 


Triangles, abating two, as it hath Sides. 


For Example, if a Figure has four Sides, it may be 


reſolved into two Triangles : If a Figure has five Sides, 
it may be reſolved into three Triangles ; if fix, into 


four; and ſo on. Wherefore (by Prop. XXXII.) the 
| Angles of all theſe Triangles are equal to twice as many 


Right Angles as there are Triangles : But the Angles 


of all the Triangles are equal to the imward Angles of 


the Figure. Therefore all the inward Angles of the 
Figure are equal to twice as many Right Angles as 
there are Triangles, that is, twice as many Right 


Angles, taking away four, as the Figure has Sides. 
e wi 


Trnro- 
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THEOREM II. 


All the outward Angles of any Right-lin'd Fi- 


gure together, make four Right Angles. 


1 FR the outward Ants; en with the imoard 
ones, make twice as many Right Angles as the Fi- 


Right Angles. W. W. D. 


PROPOSITION XXXII. 


TREE IE 


5 T W0 Right Lines, which join two equal and pa- ; 
? . rallel Right Lines, towards the ſame Parts, 


are alſo equal and parallel. 
LET. the parallel and equal Right Lines AB, CD, 


For aner BC. 


®2gof this. 4 equal, Again, becauſe A B is equal to CD, "and 
ABC is alſo equal to the Angle BCD; ; therefore the 


ing Angles equal to the remaining Angles, each to each, 
which ſubtend the equal Sides. W herefore the Angle 
AC is equal to the Angle CBD. And becauſe the 
Right Line BC, falling upon two Right Lines AC, 
I 27 of h. BD, make 4 the alternate Angles ACB, CBD, equal 


between themſelvs ; ; AC is þ parallel to BD. But it 
has been proved alſo to be equal to it. Therefore 16 
| Right Lines, which join two unequal and parallel 


Ri bt Lins, towards the ſame Parts, are alſo equal 
and parallel; which was to be demonttrated, 


1 
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gure has Sides ; but from the laft Theorem, all the in- 
ward Angles together make twice as many Right An- 
gles, abating four, as the Figure has Sides. ' Where- 
| fare the outward Argles are all together equal to four 


be joined towards the ſame = by the Right = = 
Lines , BD. ens BD, are equal and parallel. — 


Then, becauſe A B is Nel to C D, and BC falls 
upon them, the alternate Angles ABC, BCD, are 


BC is common; the two Sides AB, BC. are each 
equal to the two Sides BC, CD; but the Angle 


Defin- 


A 


+49. Baſe AC is + equal to the Baſe BD: And the Triangle 3 
5 ABC, equal to the Triangle BCD; and the remain- 
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Defin. A Parallelogram i is a Duadrilateral n each 
of whoſe oppoſite Sides are parallel. 


PROPOSITION XXIV. 


THEOREM. 


"A he i te Sides and oppoſite Angles of any Pa- 


rallelogram are equal ; and the Diameter di- 
vides the ſame into two equal Parts. 


Z LE T ABDC bea Parallelogram, whoſe Diameter 


is BC. I Ys the oppoſite Sides and oppolite 
| Angles are equaFbetween themſelves, and the Diame- 
ter BC biſects the Parallelogram. 


For, becauſe AB is parallel to CD, and the Right 


Line BC falls on them, the alternate Angles ABC, 


7 Va 


BCD, are * equal between themſelves ; again, be- *" of hin 


cauſe ACis parallel to BD, and BC falls upon them, 

| the alternate Angles ACB and CBD are equal to 

one another. Wherefore ABC, CBD, are two Tri- 

angles, having two Angles AB ©, BC A, of the one, 

| equal to two Angles BCD, CBD, of the other, each 

to each; and likewiſe one Side of the one equal to one 
Side of the other, v:z. the Side B C between the equal 

Angles, which is common. Therefore the remaining 
Sides ſhall be + equal to the remaining Sides, each to 4 26 of this. 

each, and the remaining Angle to the remaining Angle. 
And ſo the Side AB is equal to the Side CD, the Side 

AC to BD, and the Angle BAC to the Angle BDC. - 
And becauſe the Angle ABC is equal to the Angle 


BCD, and the Angle CBD to the Angle ACB; 


therefore the whole Angle ABD is equal to the whole 
I Angle ACD: But it has been proved, that the Angle 85 
| BAC is alſo equal to the Angle BDC. 
Wherefore the oppoſite Ses and Aue of any 
Parallelogram are equal between themſelves. 


I ſay, moreover, that the Diameter biſects it. For 


| becauſe AB is equal to CD, and BC is common, 
the two Sides AB, BC, are each equal to the two 
Sides DC, CB; and the Angle ABC is alſo equal 


to the Angle BCD. Therefore the Baſe AC is 


t equal to the Baſe DB; and the Triangle ABC is t 4 of this, 


equal 
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equal to the Triangle BC D. Wherefore the Diame 


ter BC biſects the Parallelogram ACD B which 
was to be demonſtrated. 


PROPOSITION XXXV. 


THEOREM. 


 Parallelograms conſtituted upon the ſame Baſe, 
and between the ſame Parallels, are equal be- 


iween themſelves. 


— — 


JET ABCD, EB c F, be 1 con⸗ 
ſtituted upon the ſame Baſe B C, and between 


the ſame Parallels AF and BC. I fay y, the Paral- 


lelogram AB CD is equal to the n 


EB CF. 


For becauſe ABCD is a N AD is 


34 bis. * equal to BC; and for the ſame Reaſon E F is equal 


+ Ar. 1. to BC; wherefore AD ſhall be equal to EF; but 


14.2. DE is common. Therefore the Whole AE is t equal 


to the Whole DF. But AB is equal to DC; where- 


fore EA, AB, the two Sides of the Triangle ABE, 

| are equal to the two Sides F D, DC, each to each ; 
29 Fetbis. and the Angle FDC * equal to the Angle EAB, the 
doutward one to the inward one. Therefore the 'Baſe 
+ 47 ehis. EB is + equal to the Baſe CF, and the Triangle EAB 
to the Triangle FDC. If the common Triangle 
14*.3- DGE be taken from both, there will remain 4 the 
Irapezium ABG, equal to the Trapezium FCGE; 
and fi the Triangle GBC, which is common, be 


added, the Parallelogram AB CD will be equal to 
the Parallelogram EBCF. Therefore Parallelo- 


grams conſtituted upon the ſame Baſe, and between 


the ſame Parallels, are equal between themſelves ; 


which was to be demonſtrated. 
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PROPOSITION XXXVI, 


THEoR E M. | 235 


Parallelograms conſtituted upon equal. Baſes, and oy 
between the 5 1 are 8 mae 
themſelves, e 


LET the Parallelograms ABO, EF GH, be 
45 conſtituted upon 0 equal Baſes BC, F G, and. 
between the ſame Parallels AH, BG. I ay, the 


Parallelogram A B CD is equal to the Parallelogram 
EFG H. 


For join BE, 'C Hl. Then, becauſe B C is & ec qual. 1, 
to FG, and F G to EH; B Cuill be likewiſe equal 
to EH; and they are parallel, and BE, CH, joins them. 
But two Right Lines joining Right Lines which are 
equal and parallel the ſame way, are f equal and pa- + 33 of this 


| rallel: Wherefore EBCH is a Parallelogram, and is 


T equal to the Parallelogram AB C D; for it has the 135 of this 
ſame Baſe BC, and is "conſtituted betwezn the ſame 
Parallels B C, AD. For the fame Reaſon, the Pa- 
rallelogram E FGH is equal to the ſame Parallelo- 

ram EB CH. Therefore the Parallelogram ABCD 
ſhall be equal to the Parallelogram EF G H. And ſo 
Parallelograms conſtituted pon equal Baſes, and be- 
tween the ſame Parallels, are equal between there . 
ſelves ; : which Was to be demonſtrated, | 


PROPOSITION xxxvn. 


Tu IAA. 


| Triangles conflituted upon the ſame Baſe, and be- 


| tween the ſame Parallels, are equal between 1a 
themſelves. LEN 


LP ET the Triangles ABC, DBC, be conflituted _ 
| upon the ſame Baſe BC, and. betwien the ſame _ 


Parallels AD, BC. I fay, the Triangle ABC is 
* to the Triang DC., 


* produce A yo both ways to the Points E and 


; and CH, h B draw * B E parallel to CA; and + ;r of ebi;, 


* C, C 5 FROM to ö D. 


r 


7 
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TD Wherefore both EBCA, DBC F, are Parallelo- 

2 45 of this. grams; and the Parallelogram E BCA is * equal to 

the Parallelogram DB CF; for they land upon the 

| ſame Baſe BC, and between, the ſame Parallels B C, 

+349 fbi. EF. But the Triangle ABC is 4 one half of the Pa- 

rallelogram E BCA, becauſe the Diameter A'B bi- 

ſects it; and the Triangle DB C is one half of the 

. Parallelogram DB CF; for the Diameter DC biſects 

"BY it. But Things that are the Halves of equal Things, 

f Axiom 7. are t equal between themſelves. Therefore the Tri- 

angle AB C is equal to the Triangle D B C. Where- 

fore, Triangles 8 upon the ſame Baſe, and 

between the ſame Parallels, are equal between them- 
 felves; which was to be demonſtrated. 1 
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A 
| L E T the Triangles ABC, DCE, be conſtituted 
upon the equal Baſes BC, CE, and betwegn the 
ſame Parallels BE, AD. I fay, the Triangle ABC 
is equal to the Triangle DCE. BEE 


- 


. Triangles conſtituted upon equal Baſes, and be- 
* SR = gwen the ſame Parallels, are equal between 


(ES IT | 


W_ 


** hu, — e , y * 


1 For, produce A D both ways to the Points G, H; 
1 %%, thro' Bdraw B G parallel to CA; and thro' E, ER, 
= parallel to 0. VV 
1 0 Wherefore both G BOCA, DC E HF, are Paralle- |- 
f : + 36 ef this, lograms; and the Parallelogram GB CA is + equal 

4 . to the Parallelogram D CE H: For they ſtand upon 
=... cgqual Baſes, BC, CE, and between the ſame Paral- 

| 1334 of thin. lels BE, GH. But the Triangle ABC is + one half 

4 of the Parallelogram GB CA; for the Diameter AB 

# biſects it; and the Triangle DCE 7 is one half of 
A the Parallelogram DCEH ; for the Diameter DE bi- 
1 ſets it. But Things that are the Halves of equal 

"= *. Things, are “equal between themſelves. Therefore 


the Triangle A B C is equal to the Triangle DCE. 

*  Wheretore Triangles con/tituted upon equal Baſes, and 

: S«ttveen tha ſame Parallels, are equal betwgen them 
ſelves 4 which was to be demonſtrated. 
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PROPOSITION XXXIX. 


Tu RORE M. 


Equal 7 riangles conſtituted upon the ſame Baſe, 
on the ſame Side, are in the ſame Parallels. 


E T ABC, DB C, be equa) Triangles, conſti- 
tuted upon the ſame Baſe B C, on the ſame Side. 


For, let | 


I fay, they are between the ſame Parallels. 


AD be drawn. I fay, AD is parallel to BC. 


For, if it be not parallel, draw * the Right Line AE · . 32 of this 


thro' the Point A, parallel to BC, and draw EC. 


Then the Triangle ABC Þ is eq usl tothe Triangle + 37 of ibis. 
EBC; for it is upon the ſame Baſe BC, and between 
| the ſame Parallels B C, AE. But the Triangle ABC 
is equal to the Trizn gle DBC. Therefore the . 
I Triangle DBC is alſo equal to the Triangle E B C, 


herefore 


a leſs to a greater, which is impoſſible. 


AE is not parallel to BC: And by the ſame way of 
reaſoning we prove, that no other Line but AD is 
parallel to B C. Therefore A D is parallel to B C. 


Wherefore equal Triangles conſtituted upon the ſame 


Baſe, on the ſame Side, are in the ſame Parallel; 
which was to be demonſtrated. 


PROPOSITION XI. 


THEOREM, 


| Equal T. riangles conſtituted upon equal Baſes, " 


the ſame Side, are between the ſame Parallels, 


D T AB 84 C D E, be equal Triangles, conſti- 


tuted upon equal Baſes B C, CE. I fay, they 
are between the ſame Parallels. 


drawn. I fay, AD is parallel to BE. 
For, if it be not, let A F be drawn * thro? A, pa- 


rallel to B E, and draw FE. 


For, let AD be 


* 3 * 


\.. Then the Triangle ABC is 4 equal to the Tr langle 47 38 of thits 


FCE; for they are conſtituted upon equal Baſes, and 

8 the ſame Parallels BE, AF. But the Tri- 

angle AB Ci 
| D 2 fore 


5 8 


is equal to the Triangle D CE. There- 


» oaths 


«„ .. — 1 
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fore the Triangle D CE ſhall be equal to the Triangle 
F CE, the greater to the leſs, which is impoſſible. 
Wherefore A F is not parallel to BE. And in this 

manner we demonſtrate, that no Right Line can be 

5 parallel to B E, but AD. Therefore A D is parallel 

to BE. And ſo equal Triangles conſtituted upon equal 
Baſes, on the ſame Side, are between the ſame Paral- 
lels; which was to be demonſtrated. 


PROPOSITION XII. 
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FWT S 
Tf -a Parallelggram and a Triangle have the ſame 
Baſe, and are between the ſame Parallels, - the 
Parallelogram will be double to ihe Triangle. 
SS IL; LET the Parallelogram ABCD, and the Triangle 
5 EBC, have the ſame Baſe, and be between the 
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1 : ſame Parallels, BC, AE. I fay, the Parallelogram 
0 A $C Dx couve te Inangle 0U⅜gmgèũm HE 
. ez 


37 f this, Now the Triangle A B C is * equal to the Triangle 

| ERC; for they are both conſtituted upon the ſame 

8 „ Baſe BC, and between the ſame Parallels BC, AE. 
5 + = of ebis But the Parallelogram AB C D is + double the Tri- 

- angle ABC, ſince the Diameter AC biſects it. Where- 

fore likewiſe it ſhall be double to the Triangle EB C. 

1f, therefore, a Parallelogram and Triangle have both 

the ſame Baſe, and are between the ſame Parallels, 


the Pardllelogram will be double to the Triangle; 


* 2 2 x; 5 - 8 2 — 2 , "ey 25 F N * 2 7 
* . "a je 7 2 * = 7 
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$ which was to be demonſtrated, 2 
ö PR O POSITION XLII. 
I THEOREM. 1 | 
N To cenſtitute a Parallelogram equal to a given, 
[ e T. riangle, in an Angle equal 40 a given Right: 
= | lined Angle. = 8 8 
1 . ET the given Triangle be ABC, and the Right- | 

- + lin'd Angle given D. It is required to conſtitute a b 


Parallelogram equal to the * Triangle ABC, ina 
* Right-lin'd Angle equal to D. Biſect 


' - 
* *. 4 8 
P- 
fr + 


VE; 


got 


oht- 
ite à 
in 4 


iſect 
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Biſect“ B C in E, join AE, and at the Point E, in * 10 of this, 
| the Right Line E C, conſtitute + an Angle C E F Þ 23 of this, | 
equal to D. Alſo deny + AG thro” A, W 7 to EC, 31 of this, 


and thro' C the Right Line CG parallel to FE. 


Now FECG 1s a Parallelogram: And becauſe | 
BE is equal to EC, the Triangle ABE ſhall be * equal * 38 of cbir, | 


to the Triangle A E C; for they ſtand upon equal 
Baſes BE, E C, and are between the ſame Parallels 
B C, A G. Wherefore the Triangle A B C is double 
to the Triangle AEC. But the Parallelogram FECG 
is alfo double to the Triangle A EC: for it has the. 


ſame Baſe, and is between the ſame Parallels. There- 
fore the Parallelogram FECG, is equal to the Tri- 


angle ABC, and has the An ole CEF equal to the 


Angle D. Wherefore the an FECG is 


conſtituted equal to the given Triangle ABC, in an 


Angle CE F equal to a given Angle D. 3 which Was 


PROPSITION XIII. 


THEOREM. 
1 every Parallelogram the Complements of the 


 Parallelograms that ſtand about the Diameter, | 


are equal between themſelves, 


ET ABCD be a Panallclogram, whoſe . 
ter is DB; and let FH, E 'G, be Parallelograms 


ſtanding about the Diameter BD. Now AK, KC, 

are called the Complements of them: I fay, the Com- 

pen AK is equal to the Complement KCC. 
For ſince ABCD is a Parallelogram, and BD is 


the Diameter thereof, the Triangle "ABD * is equal . 34 wy 1 
to the Triangle BDC. Again, becauſe HK F is 


a Parallelogram, whoſe Diameter is D K, the Trian- 


ale HDK ſhall * be equal to the Triangle DFK ; and 


for the ſame Reaſon the Triangle K BG is equal to 


the Triangle K EB. But ſince the I riangle BE K is 
equal to the Triangle BG K, and the Triangle HDK 


to DF K; the Triangle BE K, together with the 
Triangle HDK, is equal to the Triangle BG K, to- 
gether with the Triangle DFK. But the whole Tri- 
84 ABN is likewiſe e 1 to the whole Triangle 


BDC. 
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BDC. Wherefore the Complement remaining, AK, 
will be equal to the remaining Complement KC. 
Therefore in every Parallelogram the Complements of 
the Parallelograms, that ſtand about the Diameter, are 
equal between themſelves, which was to be done. 


PROPOSITION XLIV. 
PROBLEM: 


T o apply a Parallelogram to a given Right Line, 
equal lo agivenT — in a given NEO 
8 


% 


ET the Right Link given be AB, the given Tri- 

9 angle C, and the given Right-lined Angle D. It 
7 is required, to the given Right Line AB, to apply al 
Parallelogram equal to the given Triangle Ce 

In an Angle equal to D, make the Parallelogram 


* 45 of ths BEFG equal to * the Trian le C; in the Angle 


EB G, equal to D. Place BE in a ſtrait Line witk 
AB, and produce FG to H, and thro' A let AH be 


+ 31 of this. drawn + parallel to either G B, or F E, and join HB. 


Now, becauſe the Right Line HF falls on the Pa- 


129 cis rallels AH, EF, the Angles AHF, H FE, are + equal 


to two Right Angles. And fo B HF, HFE, are 

leſs than two Right Angles ; but Right Lines making 
Alles than two Right Angles, with a third Line being 
* Ax.12, infinitely produced, will meet “ each other. Where- 
. fore HB, FE, produced, will meet each other; which 
. 3! of thir, let be in K, thro* which * draw KL parallel to EA, or 
FH, and produce AH, GB, to the Points L and M. = 
Therefore HLK is a Parallelogram, whoſe Dia- 

meter is HK; and AG, ME, are Parallelograms | 

about HK ; whereof LB, BF, are the Complements. | 

+ 43 ofthis. Therefore LB is ＋ equal to BF. But BF is alſo] 
equal to the Triangle C. Wherefore likewiſe LB 

ſhall be equal to the Triangle C; and becauſe the 


2 25 of «bis. Angle GBE is 4 equal to 2 Angle ABM, and! 
allo equal to the Angle D, the Angle ABM ſhall be | 


equal to the Angle D. Therefore to the given Right 
Line AB is applied a Parallelogram, equal to the given 


Triangle C, in the Angle ABM, equal to the given | 


Ang le D; which was to be done. | 
5 PRO- 


: logram GM, 
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"PROPOSITION. XLv. 


PROBLEM. = 


T o make a Parallelogram equal to 4 given Rig hi- 
lind Figure, in a given Right-lin'd 7% 4 8 


ET ABCD be the given Right-lined Figure, 
and E the Right-lined Angle given. It is re- 


quired to make a Parallelogram equal to the Right- 


lined Figure AB C D in an Angle equal to E. | 
Let DB be joined, and make * the Parallelogram * 4: of this. 
FH equal to the Triangle ADB, in an Angle HKF, 


equal to the given Angle E. 


Then to the Right Line G H apply + the Rn + a4 of this © 
equal to the Triangle DB C, in an 5 
Angle GH M, equal to the Angle K, 
Now, becauſe the Angle E is equal to HK F, or 
GHM, the Angle HE F ſhall be equal to GHM, 
and K H G to both; and the Angles HK F, KHG, 
are, together, equal to the Angles KH G, 'GHM. 
I HKF, KHG, are 2, together, equal to two Right t t 29 of thn : 
les. Wherefore, likewiſe, the Angles K HG, 
GHM, ſhall be equal to two Right 7 (ov ing And 
ſo, at the given Point H in the Right Line GH, two 
Right Lines K H, H M, not drawn on the ſame Side, 
make the adjacent Angles, both together, equal to 
two Right Angles; and conſequently KH, HM *, 41 ethic, 
make one {trait Line. And becauſe the Right Line 
HG falls upon the Parallels KM, FG, the alternate 
Angles MHG, HGF, are + equal. Andif HGL 
be added to both, the Angles M HG, HG L, toge- 
ther, are equal to the Angles HGF, HGL, together. 


. | But the Angles MHG, HGL, are * together equal ® 29 of i. 


to two Right Angles. Wherefore, likewiſe, the An- 

gles HGF, H GL, are together equal to two Right 

Angles ; «ad ſo F G, GE make one ſtrait Line. 

And ſince K F is equal and parallel to HG, as like- 
wiſe HG to ML, KF ſhall be + equal and parallel f 30 * 
to ML, and the Right Lines K M, FL, join them. 
Wherefore KM, FL, are! + equal and parallel. There- f 34 of che- 
fore KF LM is a Parallelogram. But fince. the Tri- 


angle ABD is equal to the Parallelogram HF, yy 


D 4 
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the Triangle DBC to the Parallelogram GM ; then 
the whole Right-lined Figure A BCD will be equal to 
the whole Pirallelogram KFLM. Therefore the Pa- 
rallelogram KFLM is made equa] to the ——_— Right- 


lined Figure ABCD, in an Angle FK 


equal to 
the given Apgle EI; which was 10 be dos, pes 


; roll. It is ane from what has been gad, how 
to apply a Farallelogram ta*a given Right Line, 
equal to a given Right - lined Safe n a given 
n Angle. CER I Tg: e 


PROPOSITION XLVI 
PROBLEM. 
To ajerite a Square upon a given Right Line. 


JAE AB be the Right Live given, upon which it 
is required to deſcribe a Square. 


®:11ef ebis., Draw ACC at Right Angles to AB from the Pons 
73 this. Agiven therein; make + AD equal to AB, and thro? 
1 31 bit., the Point D draw DE para to AB; alſo thro? 


B draw BE parallel to AD. 


* 34 of this, Then ADEB ; is a Parallelogram; ; 100 ſo AB * is 


equal to DE, and AD to BE. But BA is equal to 


AD. Therefore the four Sides BA, AD, DE, EB, 


are equal to each other. 
3 And ſo the Parallelogram AD EB is equilateral : 
I ſay, it is likewiſe equiangular. For becauſe the Right 


1 Line AD falls upon the Parallels AB, DE, the An- 
#29 of this, * BAD, ADE, are + equal to two Right Ange. 


ut BAD is a Right Angle: Wherefore AD 
alſo a Right Angle; but the oppoſite Sides and woke 


3 34 of :5is.fite. Angles of Parallelograms are + equal. Therefore | 


each of the oppoſite Angles ABE, BED, are Right 
| Angles; and conſequently ADBE is a Rectang le: 

But it has been proved to be equilateral. Therefore 
it is neceſſarily a Square, and is deſcribed upon the 


Right Line AB; bl which was to be done. 


Carell Hence every Parallelogram, that has one Right 


Angle, is a W 
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PROPOSITION XLVI. 


* TRRORE M. Fo 
In any Right-angled Triangle, the Square de. 
ſcribed upon the Side ſubtending the Right Angle, 
is equal to both the Squares deſcribed upon the 
Sides containing the Right Angle, 
LI ABC be a Right-angled Triangle, having 


— the Right Angle BAC. I fay, the Square de- 
{cribed toe the Right Line BC, is equal to both the 


43 


Squares deſcribed upon the Sides BA, AC. 


For deſcribe “ upon BC the Square BDEC, and + ,6 Füs. 
on BA, AC, the Squares GB, HC; and thro! the 
Point A draw AL parallel to B C, or CE; and let 
AD, F C, be joined. 
Ws becauſe the Angles BAC, BAG. 7 are Right n Def. 50. 
ones, two Right Lines AG, AC, at the given Point 
A, in the Right Line BA, being on contrary Sides 
thereof, make the adjacent An les equal to two Right 
Angles. Therefore CA, A G, make ft one ſtrait f 14 ef this, 
Line ; by the ſame Reaſon AB, AH, make one ſtrait 
Line. And ſince the Angle DBC is equal to the 


Angle FBA, for each of them is a Right one, add 


ABC, which is common, and the whole Angle 
D BA is * equal to the whole Angle FBC. And» 4x, 2. 


ſince the two Sides AB, BD, are equal to the two 


Sides F B, BC, each to each, and the Angle DBA 
equal to che Angle FBC; the Baſe A D will be F + 4 of this... 


equal to the Baſe F C, and the Triangle ABD equal 
| to the Triangle F B C: But the Parallelogram BL 


is + double to the Triangle ABD; for they have the t 42 »f ? this 
— Baſe DB, and are between "he ſame Parallels 


| BD, AL. The Square GB is þ alfo double to the 
Triangle FBC; 


Þr they have the ſame Baſe F B, 

and are in the Ga Parallels FB, G C. But Things 5 
that are the Doubles of equal I hings, are * equa] to. Ar. 6. 
each other, Therefore the i Parallelogram BL is equal 

to the Square G B. After the ſame manner, AE, 
BK, being joined, we prove, that the Parallelogram 

CL is equal to the Square HC. Therefore the Whole 
Square DBEC is equal to the two Squares GB, HO, 


BC, 


But the 1 DBEC | is deſcribed on the Right Line 
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BC, and the Squares GB, HC, on BA, AC. There- 

fore the Square BE, deferibed on the Side BC, is 

— equa] to the Squares deſcribed on the Sides BA, AC. 

Wherefore in any Right-angled Triangle, the Square 

, deſcribed upon the Side ſubtending the Right Angle, 

is equal to both the Squares PIE wpon aa S; ides 
containing the Right Angle. 


. PROPOSITION XLVIIL. 


THEOREM: 


17 4 8 deſcribed upon one Side of a Triang le be 
7 to the Squares deſcribed upon the —— two 
Sides of the ſaid Triangle,then the Angle contained 
2 theſe two other Sides is a Right Angle. 


F the Square deſcribed upon the Side B C of the 
Triangle AB C, be equal to the Squares deſcribed 
upon the other two Sides of the Triangle BA, AC: 
1 fay, the Angle BAC is a Right one. 
: or, let there be drawn AD from the Point A, at 
Right Angles, to AC; likewiſe make AD equal to 
BA, and join DC. 

1 Then, becauſe DA is equal to AB, the Square de- 
ſcribed on DA will be equal to the Square deſcribed 
on AB. And adding the common Square deſcribed 
on AC, the Squares deſcribed on D A, A C, are equal 
to the Squares deſcribed on BA, A C. But the Square 

*47 ef this, deſcribed on DC is & equal to the Squares deſcribed 
on DA, AC; for DAC is a 1 Angle: But the 
Square on BC is put equal to the Squares on BA, AC. 
Therefore the Square deſcribed on DC is equal to 

the Square deſcribed on BC; and fo the Side CD is 

—_ to the Side CB. And becauſe DA is equal to 
AB, and AC is common, the two Sides DA, AC, 

are equal to the two Sides BA, AC; and the Baſe 

DC is equal to the Baſe CB. Therefore the Angle 
229 * DACis t equal to the Ange BAC; but DAC is a 
| Right Foy and ſo BAC will be a Right Angle 
alſo. If, therefore, a Square deſcribed upon one Side 
of a Triangle be equal to the Squares deſcribed upon the 
other two Sides of the ſaid Triangle, then the Angle 
contained by theſe two other Sides is a Right ll. 5 

which was to be demonſtrated, 
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EV, 


DEFINITIONS. 


WW ERY Right-angled Perallelegras. 7 
ſaid to be contained under two Right 
Lines, comprehending 4 Right Angle, 


KY 


J I. In every  Parallelogram, ei either of thoſe Phe 

rallelograms that are about the Diameter, to- 

gether with the C ompiements, is called a Gne- 
mon. 
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PROPOSITION I. 


1 ie. 


if there be two Right Lines, and one of them be 


divided into any Number of Parts; the ReF- 
angle comprehended under the, whole, ' and di- 
vided Line, ſhall be equal to all the Rectangles 

contained under the whole Line, and the ſeveral 


"— NO of the divided Line. 5 


ET A and B 2 he two Right Lines, where- 
of BC is cut or divided any how in the 
Points D, E. I ſay, the Rectangle con- 
tained under the Right Lines A and B C, 


is equal to the Rectangles contained under A and 


BD, A and D E, and A and EC. 
Fe or, let * BF be drawn from the Point B. at Ri ght 


. Angles, to BC; and make + B'G equal to A; = 
let 1 GH be drawn thro' G — 6 to BC: Like- 


wiſe let f there be drawn DK, EL, CH, thro” D, 


E, C, parallel to B G. 


Than the Rectangle BH is equal to ths Rectan- 
gles BK, DL, EH; but the Rectangle BH is that 


2 Sau ae under A and BC; for jt is contained un- 


der GB, BC, and GB is equal to A; and the 


Rectangle B K is that contained under A and BD; 
for it is contained under G D and BD, and GB is 
equal to A; and the Rectangle DL is that contained 


to A: So likewiſe the Rectangle E H is that contained 


under A 1 DE, becauſe DK, that is, BG, is equal 
under A and EC. Therefore the Rectangle under A 


and BC, is equal to the Rectangle under A and BD, 


A and DE, 3 A and EC. Therefore, F there be 
two Right Lines given, and one of them be divided in- 
to any Number of Parts, the Rectangle comprehended 


2 _ wnder the whole, and divided Line, ſhall be equal to all 


the Rectangles contained under the whole Line, and the 


ſeveral Segments of the divided Line ; 3 Which was to 
- be demonſtrated. 


. 


PR O- 


I. 


| and A C, is equal to the 
For let the Square ADE B be deſcribed * on AB, » 46, Is 
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PROPOSITION II. 


0 


Ae 


if 2 Right Line be any-how- divided, the Reffane 


gles _ under the whole Line, and each 
of the 
Square of the whole Line. 


LE! the os ge? ABbe any-how divided in the 
Point C. I fay, the Rectangle contained under 
AB, BC, together with that contained under A B 
Square made on AB. 


and thro' C let C F be drawn parallel to AD or B E. 
Therefore AE is equal to the Rectangles AF and CE. 
But A E is a Square deſcribed upon AB; and AFis 
the Rectangle contained under BA, AC; for it is con- 
tained under DA and AC, whereof A D is equal to 


A; and the Rectangle C E is contained under A B, 


BC, ſince BE is oe to AB. Wherefore the ReQang ole 
under AB and AC, together with the Rectangle — 2 
AB and BC, is equal to tha Square of AB. There- 
fore, if a Right Line be any-how divided, the Rectan- 
gles contained under the whole Lint, ind each of the 


Segments, or Parts, are equal to the __ of t be . 
whole Line. 


PRO POSITION m. 


TATOA EM. 


7 a Right 2 2 be any-how cut, the Refang le 
contained under the whole Line, and one of "BF 
Parts, is equal to the Refangle contained under 
the two Parts 3 with the Square of the 
Vrſt mentioned Part. 


ET the Right Line AB be 1 eut in the 

Point C. I fay y, the Rectangle under AB and 

BC, is equal to the Rectangle under AC and BC, 

together with the Square deſcribed on BC. Ei | 
* For 


— 


ments, or Parts, are equal to be 


® 46. 1. 
Þ 31. 1. 


48: 


Rectangles AD, C 
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For deſcribe * the Square CDE B upon BC; 


produce ED to F; and let AF be frown ＋ thro? 
A, parallel to C D or B E. 


Then the Rectangle A E ſhall be equal to the two 

And the Rectangle A E is that 
contained under AB and BC ; for it is contained un- 
der AB and B E, whereof BE is equal to B C: And 
the Rectangle AD is that contained undef A C and 
C B, ſince D C is equal to CB: And DB is a Square 
deſcribed u pon BC. Wherefore the Rectangle under 


Ag and B Ci is equal to the Rectangle under A C and 


CB, together with the Square deſcribed upon B C. 


Therefore, if a Right Line be any-how cut, the Re- 


ctangle contained 5 the whole Line, and one 7 its 
Parts, is equal to the Rettangle contained under the two 


Parts together, with the Square of the Jrft-mentioned | 


| Parts ; z Which was to be demonſtrated. 


— 


PROPOSITION Iv. 


TrroraEMm, _ 
i a Right Line be any-bow cut, the Cares which 


— is made on the whole Line, will be equal to the 


Squares made on the Segments thereof, together 


with twice the Refangle contained under the” 
Segments. 


L ET the Right Line AB he any-how cut in C. 


T fay, the Square made on AB is equal to the 
Squares o AC, CB, together, with twice the Re- 


Qangle contained under A C,CB. 


For * deſcribe the Square 'ADEB upon AB, join 
BD, and thro* C draw + CGE parallel 90 A0 or BE; 


and alſo thro' G draw H K alla to ABor DE. 


Then, becauſe C F is 8 to AD, and BD falls 


upon them, the outward Angle BGC ſhall be + equal 


to the inward and oppolite Angle A D B ; but the 
yk. ADB is “ equal to the Angle ABD, fince the 
Side B A is equal to the Side A Wherefore the 


Angle CG is equal to the Angle GBC; and ſo the 
1. Side B C equal + to Di RAS 
Side CB is 1 equal to the Side G K, and the Side CG 
to BK. Therefore GK is equal to KB, and CGKB 


but likewiſe the 


13 
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is equilateral. I ay; it is alſo Right-angled ; for, be- 
cauſe C G is parallel to BK, and CB falls on them, 
the Angles K BC, GCB, are equal to two Right 
Angles. But K BC is a Right Angle. Wherefore 


4 GBC alſo is a Right Angle, and the oppoſite Angles 
cz, CGE, GKB, ſhall be Right Angles. 
4 Therefore C G K ; is a Rectangle. But it has been 
4 proved to be equilateral. Therefore CG KB is a 


Square deſcribed upon B C. For the ſame Reaſon 
HF is alſo a Square made upon H G, that is equal to 
A the Square of AC. Wherefore HF and CK are 
o the Squares of A C and CB. And becauſe the Re- 
„ [RE angle AG is equal to the Rectangle G E, and 
A G is that which is contained under A C and CB; 
% kor GC is equal to CB; GE ſhall be equal to the 
e! x Rectangle under AC, and CB. Wherefore the 
' RE Rectangles AG, GE, are equal to twice the Re- 
Qangle contained under AC, CB; and HF, CK, 
are the Squares of AC, CB. Therefore the four 
Figures HF, CK, AG, GE, are equal to the 
Squares of AC and CB, with twice the ReQangle 
; contained under AC and CB. But HF, C K, AG, 
ich E, make up the whole Square of AB, viz. ADEB. 
the Therefore the Square of AB is equal to the Squares 
of AC, CB, together with twice the Rectangle con- 
tained under AC, CB. Wherefore, if a Right Line 
be any-how cut, the Square which is made on the whole 
Line, will be equal to the Squares made on the Segments 
thereof, together with twice the Rectangle contained 
under the Segments; which was to be demonſtrated. 


Curb. Hence it is manifeſt, that the Parallelograms 
which ſtand about the Diameter of a Square, are 
| likewiſe Squares. aa „„ 


* 
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PROPOSITION v. 


6»l᷑ 4 4 


1 F a Right Line be cut into two equal Parts, and 


into two unequal ones; the Rectangle under the 
unequal Parts, together with the Square that |j 
made of the intermediate Diſtance, is equal | 


10 the Square made of half the Line. 


LET any Right Line AB be cut into two equal ; 
Parts in C, and into two unequal Parts in D. I 
fay, the Rectangle contained under AD, DB, toge- 


ther with the Square of CD, is equal to the Square 
E a 6, 2 


For +deſcribe C E F B, the Square of BC draw ; 


BE, and thro' D draw * DH G, parallel to CE, or 3 


BF; and thro' H draw K L O, parallel to E B, or : 


E; and. AK thro' A, parallel to CL, or BO. 


Now the Complement CH is + equal to the Com- : 


plement HF. Add DO, which is common to both 7 


of them, and the whole C O is equal to the whole 


D F: But CO is equal to AL, becauſe AC is equal 
to CB; therefore AL is equal to D F, and adding 
' CH, which is common, the whole A H ſhall be 


equal to FD, DL, together. But A H is the Re- 


f ctangle contained under AD, DB; for DH is * equal 


to DB, and FD, DL, is the Gnomon MN X; 
therefore M N X is equal to the Rectangle contained 
under A D, D B; and if L G, being common, and 


. * to the Square of CD, be added, then the] 


nomon MN X, and LG, are equal to the Re- 
Ctangle contained under AD, DB, together with the 
Square of C D; but the Gnomon MN X, and LG, 
make up the whole Square CE F B, v1z. the Square 


of CB. Therefore the Rectangle under AD, DB, 


— 


together with the Square of CD, is equal to the 
Square of CB. Wherefore, if a Right. Line be cut 
into two equal Parts, and into two unequal ones; tht 
Rectangle under the unequal Parts, together with tht 
Square that is made of the intermediate Diſtance, iii 
equal ta the Square made of half the Line; which] 
Was to be demonſtrated, 3 3 
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PROPOSITION VI. 


THEOREM. 


If a Right Line be divided into two equal Parts, and 
another Right Line be added directly to the ſame, 


the Rectangle contained under the Line, com- 


Founded of the whole and added Line, (taken as 
one Line) and the added Line, together with 
the Square of half the Line, is equal to the 
Square of the Line compounded of half the 


Line, and the added Line taken as one Line. 


„ 


E T the Right Line AB be biſected in the Point 


5 C, and BD added directly thereto. I ſay, the 


Rectangle under A D, and DB, together with the 
Square of BC, is equal to the Square of CD. 


alſo AK thro' A, parallel to CL, or DM. 
Then, becauſe AC is equal to CB, the Rectangle 


ST 


For, defcribe * CEF D, the Square of CD, and * 46. r. 
join DE; draw f BHG thro? B, parallel to CE, or + 31. 1. 
| DF, and KLM thro! H, parallel to AD, or EF, as 


AL ſhall be * equal to the Rectangle CH; but CH * 36. 1. 
is T equal to HF, Therefore AL will be equal to f 43: 7+ 


HF; and adding CM, which is common to both, 
then the whole Rectangle AM is equal to the 


Gnomon NXO. But AM is that Rectangle which 


is contained under AD, DB; for DM is * equal to * Cr 4. 
DB; therefore the Gnomon N XO is equal to T . 


the Rectangle under AD, and DB. And adding 


LG, which is common, viz. + the Square of CB, + cer. 4. 
and then the Rectangle under AD, DB, together f . 


with the Square of BC, is equal to the Gnomon 
NXO with LG. But the Gnomon NXO, and 
LG, together, make up the Figure CEFD, that 
is, the Square of CD. Therefore the Rectangle un- 
der AD, and DB, together with the Square of 
BC, is equal to the Square of C D. Therefore, if 


a Right Line be divided into two equal Parts, and 


another Right Line be added directly to the ſame, the 
Rectangle contained under the Line, compounded of the 
whole and added Line, (taken as one Line) and ny 

— | | _—— added 


« 
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added Line, together with the Square of half the Line, 
is equal to the Square of the Line compounded of half 
the Line, and the added Line taken as one Line 3 
which was to be demonſtrated. 


PROPOSITION VI.. 


THzoREwM: 


7 a Right Line be any-how cut, the Square of 
the whole Line, together with the Square of one 
e the Segmenns, is equal to double the Refan- | 
gle contained under the whole Line; and the | 
faia Segment, together with the . oe 
of the other Segment. : 


1 LI T the Right Line A B be any- how cut in the 
= Point C. I fay, the Squares of AB, BC, to- 
gether, are equal to double the Rectangle contained 2 
under AB, BC, — with the Square, made of 5 
= . . Fe or let the 89 uare of AB be * deſcribed, viz. 
„„ AD E B, and aden Q the Figure. | 


% * * n . 7 . 1 
. : G — : % 
Mad ; : * * 


e. 


1 +441 Then, becauſe the Rectangle AG is + equal to 
| the Rectangle GE; if CF, which is common, be i 
added to both, the whole Rectangle A F ſhall be 

; equal to the hole Rectangle CE; and fo the Rect- 

0 angles AF, CE, are double to the Rectangle AF; 


but AF, C E, Hake up the Gnomon K LM, and 
the Square CF. Therefore the Gnomon KLM, 
together with the Square CF, ſhall be double to the 
Rectangle AF. But double the Rectangle under AB, 
t Cor. 4. BC, is double the Rectangle AF ; for BF is + + equal 
to BC. Therefore the Gnomon, K LM, and the 
Square C F, are equal to twice the Rectangle con- 
tained under AB, BC. And if HF, which is com- 
mon, being the Square of AC, be added to both; 
then the Gnomon KLM, and the Squares C F, 
HF, are equal to double the Rectangle contained 


2 8 2 NB I 1 
* * EX og GE Sou 


A Fi igure is ſaid to be conſtructed, ⁊b ben L ines, drawn in a Paral- 
lelogram parallel to the Sides thereof, cut the Diameter in one Point, and 
make txvo Parallelograms abzut the Diameter, and two Complements. 
So likequiſe a double Figure is ſaid to be con ruded, ri ben te Right 
Lines, parallel to the Sides, male four Carney amd about the Diu- 
meter, and #e ur FORE. | 


under 


1 Paral- 
oint, and 
plements. 
00 Rigbt 


the Diu- 
under 
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under AB, BC, together with the Square of A E. 
But the Gnomon KL M, together with the Squares 
CF, HF, are equal to ADEB, and CF, viz. the 
Squares of A B, BC. Therefore the Squares of AB, 

BC, are together equal to double the Rectangle con- 
tained under A B, B C, together with the Square of 
AC. Therefore, . 4 a Right Line be any-how cut, 
the Square of the whole Line, together with the Square 


of one of the n 7s equal to double the Rectangle 


contained under the whole Line, and the ſaid | watery | 
together with the Square, made ** the other Segment} J 
which was to be demonſtrated. 


PROPOSITION vil. 


TrzoRtn. 


| Fa a Right Line be any-how cut into two Parts, 


| four times the ReGtangle contained under the 
whole Line, and one of the Parts, together with 
the Square of the other Part, is equal to the 
Square of the Line, compounded of the whole 
Line, and the firſt Part taken as one Line. 


LET the Rizht Li AB be cut anos] in C. 
I ſay, four times the Rectangle contained under 
AB, BC, together with the Square of AC, is equal . 
to the Square of AB, and BC, taken as one Line. 
For, let the Right Line A B be produced to D, ſo 


that BD be equal to BC; deſcribe the Square AEP D 


on AD, and conſtruct the double Figure. 
Now, ſince CB is * 


is equal to RO. And fince CB is equal to BD, 
and GK to K N, the Rectangle CK will + 
equal to the Rectangle BN, and the Rectangle G R 


to the Rectangle RN. But CK is * equal to RN; 4,. 1. 


for they are the Complements of the Parallelogram 
CO. Therefore BN is equal to G R, and the "four 


Squares BN, K C, GR, RN, are equal to each 
1 ; and ſo they are together Quadruple C K. 


Again, becauſe CB is equal to BD, and BD to 
BE, that is, equal to CG; and the ſaid CB is equal 
E 2 alſo 


equal to BD, and alſo to. Hyp. 


+GK and BD is equal to KN; GK ſhall be + 44. 1. 
hkewiſe equal to KN; by the ſame Reaſoning, PR 


1 bo... 
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alſo to GK, that is, to GP; therefore C G ſhall 
be equal to GP But PR is equal to RO; there- 
fore the Rectangle A G ſhall be equal to the Rect- 
angle M, and the Rectangle PL equal to RF. 
But MP is equal to PL; for they are the Comple- 


ments of the Parallelogram M L. Wherefore AG 


is equal alſo to RF. Therefore the four Parallelo- 
grams AG, MP, PL, RF, are equal to each other, 
and accordingly they are together Quadruple of AG. 
But it has been proved, that the four Squares C K, 
BN, GR, RN, are Quadruple of CK. There- 


fore the four Rectangles, and the four Squares make- 


ing up the Gnomon 8 T', are together Quadruple 


of AK; and becauſe AK is a Rectangle contained 
under AB, and BC, for BK is equal to BC; four 


times the Rectangle under AB, BC, will be Qua- 


druple of AK. But the Gnomon ST X has been 
proved to be Quadruple of AK. And ſo four times 


the Rectangle contained under A B, BC, is equal to 
the Gnomon 8 TY. And if X H, being equal to 


+ the Square of AC, which is common, be added 


to both; then four times the Rectangle contained 
under AB, BC, together with the Square of AC, is 


equal to the Gnomon ST V, and the Square X H. 


But the Gnomon ST Y and HX make AEFD, 
the whole Square of AD. Therefore four times the 


Rectangle contained under A B, B C, together with 


the Square of A C.. 18 equal to the Square of AD, 


that is, of AB and BC taken as one Line. Where- 
fore, if a Right Line by any-how cut into two Parts, 
our times the Rectangle conigined under the whole 


Line, and one of the Parts, together with the Square 
of the other Part, is equal to the Square of the Line, 


compounded of the whole Line, and the firſt Part 


PR O- 


; O- 
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PROPOSITION IX. 
| ' THEOREM. , 
If a Right Line be any-how cut into two equal, 
and two unequal Parts; then the Squares of 


the unequal Parts together, are double to the 
Square of the half Line, and the — of the 


; 5 intermediate Part. 


And ſo the 


LET any Ri ght Line AB be cut a1 in D, 
and og in C. I fay, the Squares of AD, 
DB, together, are double to the Squares of AC and 
CD together. 
For, let * CE be drawn from the Point C at Right 
Angles to AB, which make equal to AC, or CB; 
and join EA, EB. Alſo thro' D let ＋ DF be drawn + 31. 1. 
week or to CE, and FG thro? F parallel to AB, and Lo 
draw AF. 

Now, becauſe AC is cual to CE, the Angle EAC 


will be + equal to the Angle AE C; and lince the t Fo Ie 


Angle at C is a Right one, the other Angles, AEC, 

EAC, together, ſhall * make one Right Angle, an and * 3. Cor. 
are equal to each other: And fo AEC, EAC, are each? © 
equal to half a Right Angle. For the ſame Reaſon 

are alſo CEB, EBC, each of them half Right Angles. | 
Therefore the whole Angle AEB is a Right Angle. 

And ſince the Angle GEF is half a Right one, 


| and EGF is a Right Angle; for it is equal to the f 29 1. 


inward and oppoſite Angle ECB; the other Angle 


EF G will be alſo equal to half a Right one. There- 2 


fore the Angle GE F is equal to the Angle E FG. 5 
Side EG is þ equal to the Side Gb. Again, f 6. * 

becauſe the Angle at B is half a Right one, and FDB 

is a Right one, becauſe equal to the inward and oppo- 

ſite Angle ECB, the other Angle BFD will be half 

a Right Angle. Therefore the Angle at B is equal 

to the Angle BF D; and ſo the Side D F is equal 

to the Side DB. And becauſe AC is equal to CE, the 

Square of A C will be equal to the Square of _. 

Therefore the Squares of AC, CE, together, are 

double to the Square of A C; but the Square of EA 

is + equal to the Squares of FAC, CE, » together, ſince t 47. 1. 


3 


4 p 52 . "IIB * EIS K me 
OR OO REN b i ae oe at a 
— |<; > 4G E 627 Hr 


F471. 


EA is double 5 the Square of AC. Again, becauſe 
E Geis equal to GF, and the Square of EG i equal 


SF, together, are double to the Square of GF. But 
the Square of EF is equal to the Squares of EG, GF. 


EF double to the 
of AE is likewiſe double to the Square of AC. 
Wherefore the Squares of AE, and E F, are double 


of AC, and CD. But the Squares of AD, DF, 
are equal to the Square of AF: For the Angle at D 
is a Right Angle. Therefore the Square of AD | 
and DF, to gether, ſhall be double to 'the Squares of 

ACand C5 together. But DF is equal to DB. 


will be double to the Squares of AC and CD, to- 


into two equal, and two unequal Parts; then the 
| Squares of the unequal Parts together are double to | 
ah Square z the half Line, and the Square of 0 in- 
termeatate 
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ACE is a Right Angle. Therefore the Square of 


to the Square of GF,; ; therefore the Squares of E 6, 


Therefore the Square of EE is double the Square of 
GF: But GF is 8 to CD; and ſo the Square of 
quare of CD. But the Square 


to the Squares of A C, and C D. But the Square of 


AF is + equal to the Squares of AE and EF; be- 
cauſe the Angle AEF is a Right Angle, and conſe- 


quently the Square of AF is double to the Squares 


Therefore the Squares of AD, and DB, together, 


gether. Wherefore, if a Right Line be any-how cut 


art; Which was to be demonſtrated. 
* RO P O 8 IT 10 N X. 


Tus on. 


* 


Ul a Right Line be cut into two equal Parts, "and ta 

it be re added anotber; the Square made on 

| [the Line compounded of] the whole Line, and 

_ the added one, together with the Square of the | 
added Line, ſhall be double to the Square of the 
bal, Line, and the Square of [that Line which is 

* Compatnded of ] the half, and the added Line. | 


ET the Right Line AB be biſected in C, and any 

- ſtrait Line BD added directly thereto. 1 ſay, 

| the Squares of AD, DB, together, are double to the 
N of A 8 C D, together, 1 

For, 


ind to 
zde on 
„ and 
of the 
of the 
ich is 
Line. 
nd any 
I ſay, 
> to the 


For, 
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For, draw * CE from the Point C at Right Angles 911. 1. 


to AB, which make equal to AC, or CB, and draw 


AE, EB; likewiſe thro' E let EF be ＋ drawn parallel t 31. r. 


to AD, and thro' D, DF parallel to CE. 


Then, becauſe the Right Line EF falls upon the 
Parallels EC, FD, the Angles CEF, EFD, are t equal f 29.1. 


to two Right Angles. Therefore the Angles FEB, 


EFD, are together leſs than two Right Angles. But 


| Right Lines making, with a third Line, Angles to- 


gether leſs than two b Right Angles, bein infinitely 
produced, will meet *. Wherefore E B, F D, pro- * Ax. 12. 
duced, will meet towards BD. Now let them be 
produced, aud meet each other in the Point G, and 


let A G be drawn. 


And then, becauſe ACis equal to CE, the Angle ; 
AEC will be equal to the ** EAC +: But the f 57+ 
Angle at C is a Right Angle. Therefore the Angle 
CAE, or AEC, is half a Right one. By the ſame 


way of Reaſoning, the Angle CEB, or EBC, is half 


a Right one. Therefore AEB is a Right Angle. | 
And fince ERC is half a Right Angle, DBG will t alſo» 15. 1. 
be halt a Right Angle, ſince it is vertical to CBE. 
But BD G is a Right Angle alſo; for it is * equal to 9.1. 
the alternate Angle DC E. Therefore the remaining 


Angle DGB is half a Right Angle, and fo equal to 


DFG. Wherefore the Side B D is + eq ual to the f 6. 1. 
Side DG. Again, becauſe E GF is half a Right 
Angle, and the Angle at F is a Right Angle, for it is 
equal to the oppolite Angle at C; ; the remaining 
Angle FE G will be alſo halfa Right one, and is equal 

to the Angle EGF; and ſo the Side G F is + equal 
to the Side E F. And ſince EC is equal to C A, and 


the Square of EC equal to the Square of CA; there- 


fore the Squares of EC, CA, together, are double to 

the Square of CA. But the Square of EA is ©: + equal f 47.2 I, 
to the Squares of EC, CA. Wheretore the Square | 
of EA is double to the Square of A C. Again, be- 


| Cauſe GF is equal to FE, the Square of G F alſo is 


equal to the lars of FE. Wherefore the Squares 


of GF, FE, are double to the Square of FE. But 


the Square of EG is + equal to the Squares of GF,FE. 
Therefore the Square of E G is double to the Square 
of EF: But E F is equal to CD. Wherefore the 
88 of E G ſhall be double to the Le of CD. 
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Euclid's ELEMENTS. Bock II. 
But the Square of E A bas been proved to be double 


to the Square of A C. Therefore the Squares of AE, 
EG, are double the Squares of AC, C D. But the 


1 Square of AG is equal to the Squares of AE, EG; 


i and conſequently the Square of AG is double to he 


Squares of A C, C D. But the Squares of AD, DG, 


are + equal to the Square A G. Therefore the Squares 


of AD,DG, are double to the Squares of AC, CD. 
But DG is equal to DB, Wherefore the Squares of 
AD, DB, are double to the Squares of AC, CD. 


Therefore, if a Right Line be cut into two equal Parts, 


| and to it be directly added another; the 8 quare made 


5 PER 


16 of this. 


t 47. 1. 


on | the Line eee, of ] the whole 1 and the | 


added one, together with the Square of the added Line, 


hall be double to the Sguare of the half Line, and the 
Square of [that Tine which is NOT of* 1 the 
Hal 65 and the added Line. WS 


PROPOSITION Xl. 


PROBLEM. 


To cut a given Right Line ſo, that the ReBlanglt 


contained under the whole Line,and one Segment, 
be equal to the Square of the other Segment. 


* ET AB be a given Right Line. It is required to 


cut the ſame ſo, that the Rectangle contained 
under the W hole, and one Segment thereof, be equal 
to the Square of the other Segment. 
| Deſcribe * ABCD the Square of A B; biſect AC 
in E, and draw BE: Alſo produce CA to F, fo 


that EF be equal to E E. Deſcribe FG H A 'the 


Square of AF, and produce GH to K. I fay, AB 


is cut in H fo, that the Rectangle under AB, BH, is 
equal to the. Square of AH,- - 


For, ſince the Right Line AC is biected in E, mY 


AF is directly added thereto, the Rectangle under 
CF, FA, together with the Square of AE, will be 


+ equal to the Square of EF. * EF is equal to 
EB. Therefore the Rectangle under CF, FA, to- 
gether with the Square of AL, is equal to the Square 
of EB. But the Squares of BA, AE, are g equal to 


the Square of BY! ; for the Angle at A | is a Right 


Angle. 
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Angle. Therefore the Rectangle under CF, FA, to- 


gether with the Square of AE, is equal to the Squares 
of BA, AE. And, taking away the Square of AE, 


which is common, the remaining Rectangle under 
Square of AB. But FK 
ſO the Rectangle under CF, FA; ſince AF is equal 


CF, F A, is equal to the 
to FG; and the Square of AB is AD. Wheretore 


the Rectangle FK is equal to the Square AD. And 
if AK, which is common, be taken from both, then 


the remaining Square FH is equal to the remaining 
Rectangle H D. But HD is the Rectangle under 


AB, BH, ſince AB is equal to B D, and FH is 


the Square of AH. Therefore the Rectangle under 
AB, BH, ſhall be equal to the Square of AH, And 
ſo the given Right Line AB is cut in 


PROPOSITION XII. 


TuTOREM. 


In — Triangles, the Square of the Side 


ſubtending the obtuſe Angle is greater than the 


Squares of the Sides containing the obtuſe Angle, 
by twice the Rectangle under one of the Sides, 


containing the obtuſe Angle, viz. that on which, 


produced, the Perpendicular falls, and the Line 
taken without, between the Perpendicular, and 


the obtu ſe Angle. 


Ba A B © be an de e Triangte, having 


| and * from the Point B * 12. 1. 
draw BD perpendicular to the Side CA produced. I 


the obtuſe Angle BAC; 


ſay, the Square of BC is greater than the Squares 


Jof BA and AC, by twice the Rectangle contained 


under CA, and AB, 7 
For, becauſe the Right Line CDis any-how cut in 


„ lo that the 
Rectangle under A B, BH, is 3415 to the Square of 


AH; which was to * dune. 
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the Point A, the Square of CD ſhall be + equal to the t 4% this. 


Squares of C A, and A D, together with twice the 
Rectangle under CA, and AD. And if the Square 
of B I), which is common, be added, then the Squares 


of C D, DB, are equal to the Squares of CA, AD, 


and 
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and DB, and twice the Rectangle contained under 
47. . CA and AD. But the Square of CB is * equal to 
the Squares of CD, DB; for the Angle at D is a 
Right one, ſince BD is perpendicular, and the Square 

of A B is * equal to the Squares of AD, and DB. 
Therefore the Square of CB is equal to the Squares 
of C A and AB, wa, 4 with twice a ReCtangle un- 
der CA and AD. Therefore in obtuſe-angled Trian- 

gles, the Square of the Side ſubtending the obtuſe An- 
gle, is greater than the Squares of the Sides containing 

the obtuſe Angle, by twice the Rectangle under one of 

the Sides containing the obtuſe Angle, viz. that on which, 
produced, the Perpendicular falls, and the Line taken 
without, between the Perpendicular and the obtuſe 
Angle; which was to be demonſtrated,  * 


PROPOSITION XIII. 


THEOREM. 


In acute-angled Triangles, the Square of the Side 
ſubtending the acute Angles, is leſs than the 
| Squares of the Sides containing the acute Angle, 
by twice 4 Rellangle under one of the Sides 
about the acute Angle, viz. on which the Per- 
pendicular falls, and the Line aſſumed within 
© the Triangle, from the Perpendicular to the 
5 acute Triangle. 5 „ 
I ET ABC be an acute-angled Triangle, having 
1 12. 1. 'the acute Angle B; and from A let there * be 
4 drawn A D perpendicular to B C. I ſay, the Square 
Wt of AC is leſs than the Squares of CB and BA, by 
k | it twice a Rectangle under CB and BD. Sets IM 
| 


Poor, becauſe the Right Line CB is cut any-how in 
+ 7 9th. D, the Squares of CB and BD will be + equal to 
twice a Rectangle under C B and BD, together with 
£8: the Square of DC. And if the Square of AD be 
329 5 added to both, then the Squares of CB, BD, and 
28. DA, are equal to twice the Rectangle contained un- 


. der CB and B D, together with the Squares of AD 
7$:5 t 47-1, and DC. But the Square of AB is 4 equal to the 

fs 1 » Squares of BD and DA; for the Angle at D is a 
Right Angle. And the Square of A C is + equal to 


the 
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r the Squares of AD and DC. Therefore the Squares 
0. of C B and BA are 1 7 to the Square of AC, to- 
a gether, with twice the Rectangle contained under CB 
and BD. Wherefore the Square of AC only, is leſs 
than the Squares of CB and BA, by twice the Rect- 
angle under CB and BD. Therefore in acute-angled 
Triangles, the Square of the Side ſubtending the acute 
Angles, is leſs than the Squares of the Sides containing. 
b be acute Angle, by twice a Rectangle under one of the 
Sides about the acute Angle, viz. on which the Perpen- 
dicular falls, and the Line aſſumed within the Triangle 
from the A 02695 pt to the acute Angle; which was 
to be demonſtrated, — Z 


PROPOSITION XIV. . 
PROBLEM... -- 


To make 4 Square equal to a given 
| os Figure, 


Ri 'gbt-lined 


JET A be the given Right-lined Figure. It is 
— required to make a Square equal thereto. EE: 
Make * the Right-angled Parallelogram BC DE 45. k. 
equal to the Right-lined Figue A. Now if BE be 
equal to ED, what was propoſed will be already 
done, ſince the Square BD is made equal to the Right- 
lined Figure A: But if it be not, let either BE or ED 
be the greater: Suppoſe BE, which let be produced to 
F; ſo that E F be equal to ED. This being done, 
* be let BE be f biſected in G, about which, as a Centre, + 10. 1. 
Juare with the Diſtance GB or GF, deſcribe the Semicircle 
, by BHF ; and let DE be produced to H, and draw GH. 
4 Now, becauſe the Right Line BF is divided into two 
win equal Parts in G, and into two unequal ones in E, 
ial to I the Rectangle under BE and EF, together with the : 
with Square of G E, ſhall be + equal to the Square of G F. f 5 J. 
D be But GF is equal to GH. Therefore the Rectangle 
„ and under BE, E F, together, with the Square of GE, 
1 un- is equal to the Square of GH, But the Squares of I 
AD HE and EG are “ equal to the Square of GH. 4 
to the | Wherefore the Rectangle under BE, EF, together 
D is a | with the Square of EG, is equal to the Squares of 
ual to HE, EG. And if the Square of EG, which is com- 


2 . 


contained under BE and E F, is equal to the Square 
of EH. But the Rectangle under B E and EF is the 
Parallelogram B D, becauſe EF is equal to E D. 
Therefore the Parallelogram BD is equal to the 
Square of EH; but the Parallelogram BD is equal 
to the Right-lin'd Figure A. Wherefore the Right- 
lined Figure A is equal to the Square of EH. And 


ſo there is a Square made equal to the given Right- 


lined Figure A, viz. the Square of E H ; which was 
to be done. | . 15 ER, 
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mon, be taken from both, the remaining Rectangle, 
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DEFINITIONS. 


I LA Circles are ſuch whoſe Diameters 
are equal; or from whoſe Centres the 
Right Lines that are drawn are equal. 

Il, 4 Right Line is ſaid to touch a Circle, when 
touching "the ' ſame, and being produced, does 
not cut it, | 
III. Circles are ſaid to touch each other, <obich : 
touching do not cut one another. 
IV. Right Lines in a Circle are ſaid to be equally 4 
diſtant from the Centre, when Perpendiculars 

drawn from the Centre to them be equal. 

V. And that Line is ſaid to be farther from the 
Centre, on which the greater Perpendicular falls. 
VI. A Segment of a Circle is a Figure contained 
"or a Right Line, and a Part of the Ar- 
erence of a Circle. 

vII. An Angle of a Segment is that which is 
contained by a Right Line, and the Circumfe- 
rence of a Circle. 


5 VIII. 4 


2 
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VIII. An Angle is ſaid to be in a Segment, whey 

ſome Paint is taken in the Circumference thereof, 

and fromit Right Lines are drawn to the Ends 

of that Right Line, which is the Baſe of the Seg- 

ment; then the Angle contained under the Lines 
drawn, is ſaid to be an Angle in a Segment. 


N. But when the Right Lines containing the 


Augle do receive any Circumference of the 
Circle, then the Angle is ſaid to ſtand upon 
„„ TD. 


©, oa #/ +. . — —ͤQ 


X. A Sector Ha Circle is that Figure comprebended 


between the Right Lines drawn from the Centre, 
and the Circumference contained between them, 


XI. Similar Segments of Circles are thoſe which Þ 


include equal Angles, or whereof the Angles in 
them are equal. 7 21 


e e 


To find the Centre of a Circle given. 


- 4 1 


T ET ABC be the Circle given. It is re- 
| | quired to find the Centre thereof. 

\ Let the Right Line AB be any-how drawn 
10. . in it, which * biſect in the Point D; and let 
I. . DC be F drawn from the Point D at Right Angles to 

AB, which let be produced to E. 
Then, if EC be * biſected in F, I ſay, the Point 

F is the Centre of the Circle AB . 
For, if it be not, let G be the Centre, and let GA, 
G D, GB, be drawn. Now, becauſe D A is equal to 
DB, and D G is common, the two Sides A D, D G, 
aære equal to the two Sides G D, DB, each to each; 
+ Def. 15.7, and the Baſe GA is t equal to the Baſe GB; for they 

Qi are drawn from the Centre G. Therefore the Angle 

8. 1. ADG is“ equal to the Angle GD B. But when 

Right Line ſtanding upon a Right Line, makes the 
adjacent Angles equa] to one. another, each of the 
equal Angles will + be a Right Angle. Wheretore 
the Angle GDB is a Right Angle. But FDB is 23 
| WS | ig t, 


+ Def. 10. 1. 
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Right Angle. Therefore the Angle FD is equal to 
the Angle G DB, a greater to a leſs, which is abſurd. 


| Wherefore G is not the Centre of the Circle ABC. 


After the ſame manner we prove, that no other Point, 
unleſs F, is the Centre. Therefore F is the Centre 
of the Circle ABC; which was to be found, © 


Right Line into two equal Parts, and at Right An- 
gles ; the Centre of the Circle will be in that cut- 
„ 8 
PRO POSITION II. 


| THEOREM. 


Coroll. If in a Circle, any Right Line cuts another 


If any two Paints be aſſumed in the Circumference 
of a Circle, the Right Line joining thoſe two 


Points ſhall fall within the Circle, 


4- which let any 
fay,a Right Line drawn from the Point A to the Point 
B, falls within the Circle. CET 0 oa abs 


" ET ABC be a Circle; in the Circumference of 
two Points A, B, be aſſumed. I 


For let any Point E be taken in the Right Line 


AB, and let DA, DE, DB, be joined. _ 
Then, becauſe DA is equal to DB, the Angle DAB 
will be * equal to the Angle DBA; and tince the 
dide AE of the Triangle D AE is produced, the An- 
gle DEB will be + greater than the Angle DA E. 
But the Angle DAE is equal to the Angle DBE; 


9 f. 15 


+ 16. 1. 


therefore the Angle DEB is greater than the Angle 


DBE. But the greater Side ſubtends the greater Angle. 


Wherefore DB is greater than DE. But D B only 


comes to the Circumference of the Circle; therefore 


DE does not reach ſo far. And ſo the Point E falls 
within the Circle. Therefore, if two Points are aſ- 


ſumed in the Circumference of a Circle, the Right Line 
joining thoſe two Points ſhall fall within the Circle; 
which was to be demonſtrated. 1 N 


roll. Hence, if a Right Line touches a Circle, it 
will touch it in one Point only, e 


— 


2 
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| brorosiTION III. 


TuORE M. 


Ii in a Circle a Right Line drawn thro the Cen- 
tre cuts any other Right Line not drawn thro 
the Centre, into equal Parts, it ſhall cut it at 
Right Angles ; and if it cuts it at Right Angle, 
it ſhall cut it into two equal Paris. 


1 ABC be a Circle, wherein the Right Lin b 
CD; drawn thro' the Centre, biſects the Right 


Line AB not drawn thro? the Centre. I ſay, it cuts it 4 
at Right Angles. ' | 


. x of this, For, find E the Centre of the Circle, and | 


EA, EB, be joined. _ 
Then, becauſe AF is equal to FB, and F EI is com · I t 
mon, the two Sides AF, FE, are equal to the two 
Sides BF, FE, each to each; but the Baſe EA AH! 
equal to the Baſe EB. Wherefore the Angle AFI 
ſ 

b 


S. 1. ſhall be + equal to the Angle BFE. But when a Right 


Line ſtanding upon a Right Line makes the adjacent 
Angles equal to one another, each of the equal Angle 
100. 10. 1. is T a Right Angle. Wherefore AF E, or BFE, iſ; 
a Right Angle. And therefore the Ric ght Line CD ] 
F thro? "the Centre, biſecting the Right Line A, 
not drawn thro? the Centre, cuts it at Right Angles, ( 
Now it CD cuts AB at Right Angles, I ſay, it wil 
biſect it, that is, AF will be equal to FR For the 
' fame Conſtruction remaining, becauſe E A, being 


drawn from the Centre, is equal to EB, the Angle EAF 


5. 1. hall be“ equal to the Angle EBF. But the Right Angle 


AF E is equal to the Right Angle BFE; therefore th: 
two Triangles EAF, EBF, have two Angles of the 
one equal to two Angles of the other, and he Side EF ! 
is common to both, Wherefore the other Sides 6 
+ 26. 1. the one ſhall be + equal to the other Sides of the other: 
And ſo A F will be equal to FB. Therefore, if in a Cir ] 
cle a Right Line drawn thro” the Centre cuts any othe 
Right Line not drawn thro* the Centre, into two equaiYth 
Parts, it ſhall cut it at Right Angles ; : and if tt cui 
it at Right Angles, it Halle cut it into two equal Parts dr 
which was to be demonſtrated. 
PRO 
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- PROPOSITION Iv. 


'Taroke. 
Tf in a Circle two Right Lines, not being drawn 


MM thro the Centre, cut each other, they will not 
5 a Cut each other into Iwo equal Parts. 


les, LI T AB CD be a Circle, wherein two o Right 
Lines AC, B D, not drawn thro' the Centre, 
| cut each other in the Point F. 1 ſay, they do not 
biſe each other. i 
For, if poſſible, let them bilect each other, ſo chat 
A E be equal to E C, and BE to ED. Let the Centre 
F of the Circle A BCD be * found, and join EF, 1 ei 
Then, becauſe the Right Line FE, drawn thro' the 
. biſects the Right Line AC, not drawn thro* _. 
ntre, it will + cut AC at Right Angles, And 3 of thi, 
: two b F A is a Right Angle Again, becauſe the 
A FA Line F E biſects the icht Line BD not drawn 
\ F Li thro” the Centre, it wil 4 cut BD at. Right Angles. 
Right Therefore FE B is a Right Angle. But F E A has 
acentW deen ſhewn to be alſo a Right Angle. Wherefore 
angle the Angle F E A will be equal to the Angle FE B, 
E, k 2 leſs 4 a greater; which i is abſurd. "Therefore AC, 
CD BD, do not mutually biſe& each other. And fo, f 
ne AB in a C ircle two Right Lines, not being drawn thro the 


COM: 


nglesW Centre, cut each other, they will not cut each other intd- 5 
it will (wo equal Paris; which was to be demonſtrated, 

or the 

al PROPOSITION * 

Ange f 
ore the THEOREM: 

of the . 
ide EF 1. two C ircles cut one another, they Gall not have 
ides 0 the ſame Centre. 
other ; , 
1a Cir L-t the two Circles AB C, CD G; cut each 
ny oth other in the Points B, . I ſay, they have not 


un equal the ſame Centre. 
For, if they have, let it be E, and join EC, and 


Nox, 


Fit cui 
Parts 


PRO 


draw E F at Pleaſure. 
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Now, becauſe E is the Centre of the Circle ABC, | 


CE will be equalto EF. Again, becauſe E is the 
Genre of the Circle CDG, CE is equal to E G. 


But C E has been ſhewn to he equal to EF. There- 


fore EF ſhall be equal to E G, a leſs to a greater, 
which cannot be. refore the Point E is not the 


Centre of both the Circles ABC, CDG. Where 


fore, if two. Circles cut one arotber, they ſhall not haut 
the ou Centre! ; which was to be demonſtrated. | 


PROPOSITION VI. 


Tu TORE M. 


77 two ' Circles touch one another imwardh, 30 


weill wot have one and the ſame Gre. 


" ET two Circles ABC, CDE, touch one an- 
other inwardly in the Point C. thay, they wil 

not have one and the ſame Centre. 
For, if they have, let it be F, and Join F C, and 


| draw FB any-how. 


Then, becauſe F is the Danes of the Circle AB C, 


CF is equal to FB. And becauſe F is only the Centre 


of the Circle CDE, CF ſhall be equal to E F. 


But CF has been ſhewn to be equal to F B, There- 

fore F E is equal to F B, a leſs to a greater; which can- 
not be. Therefore the Point F is not the Centre of 
both the Circles ABC, CDE. Wherefore, if two 


Circles touch one another inwardly, they will not have 


one and the ſame Centre 3 ; which was to be demon- 
ſtrated. e 


m4 


Book III. Euclids ELEMENTS. 
a ITION VI. 


IL HLXOREM. 


Us in tbe Din of 4 Circle ſome Potht be 1 
which is not the Centre of the Circle, and from 


that Point certain Right Lines fall on the Cir- 


cumference of the Circle, the greateſt of theſe 
Lines ſhall be that wherein the Centre of the 
Circle is; the leaſt, the Remainder of the ſame 
| Line, And of all the other Lines, the neareſt to 


that which was drawn thro* the Centre, is al- 
ways preater than that more remote, and only 


x two ir Lines fall from the aboveſaid Point 
| upon the Circumference, on each Side Y the 


leaſt or greateſ Lines. | 
JET A BC D be a (Circle whoth 8 is A D. 


FB, F C, FG, fall on the Circumference : I ſay, FA 


is the greateſt of theſe Lines, and FD the leaſt: and 
of the others F B is greater than F C, and 'F C 


greater than FG. 
For let B E, CE, GE, be bim d. 


ben, becauſe two Sides of every Triangle are 
greater than the third; BE, E F, are greater than & 20. r. 
BF. But A E is equal to B E., Therefore BE and 
E F are equal to A F. And ſo AF is greater than 


FB. 


Again, 0 BE is ; equal to C E, and FE is 1 


common, the two Sides B E and F E are equal to 


the two Sides CE, EF. But the Angle BE F is 
greater than the Angle CEF. Wherefore the Baſe 
BF is greater than the Baſe F C. For the ſame + 24. 7. 


Reaſon, C F is greater than FG. 


Again, becauſe G F and FE are * greater ton #25. 1. 


GE; and GE is equal to ED; GF and F E ſhall 
be greater than E D: and if F E, which is common, 


be taken away, then the Remainder G F is greater 


than the Remainder FD. Wherefore FA is the 
© 2 greateſt 


in which aſſume ſome Point F, which is not the | | 
Centre of the Circle. Let the Centre of the Circle 
be E; and from the Point F let certain 115 Lines - 


rn W 


1 23.1. 


#42, 


to F 

ſince F K is equal to F G, as alſo FH, F K, will be 
equal to FH, viz. a Line drawn nigher to that paſ- 
fing thro' the Centre, equal to one more remote, 
which cannot be. I/, therefore, in the Diameter of 
a Circle, ſome Point be taken, which is not the Centr, 
of the Circle, and from that Point certain Right Lint 
Fall on the Circumference of the Circle, the greateſt of 
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greateſt of the Right Lines, and F D the leaſt: Alſo MR 

F is greater than FC, and F C greater than FG. 
I fay, moreover, that there are only two equal 
Right Lines, that can fall from the Point F on 
AB Cb, the Circumference of the Circle on each Side 
the ſhorteſt Line FD. For at the given Point E, 
with the Right Line EF, make + the Angle F EH 
equal to the Angle G E F, and join FH. Now be- 
cauſe G E is equal to K H, and E F is common, 
the two Sides G E and E F are equal to the two Sides | 
H E and EF. But the Angle GE F is equal to the 
Angle HE F. Therefore the Baſe F G ſhall be f 
equal to the Baſe FH. I ſay, no other Right Lin: | 


falling from the Point F, on the Circle, can be equal 
G. For if there can, let this be FK. Now 


theſe Lines ſhall be that wherein the Centre of th! 
Circle is; the leaſt, the Remainder of the ſame Lint 


And of all the other Lines, the neareſt to that which 
was drawn through the Centre, is always greater than 
that more remote; and only two equal Lines fall from 


the aboveſaid Point upon the Circumference, on each Side 


e the leaſt or greateſt Lines; which was to be de- 
JJ... Pn ny 
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Wit 
wo PROPOSITION VIII. 
on 4 THEOREM. AY 
fide MOI en nas 4 5 e 
E, F ſome: Point be aſſumed without a Circle, and 
H from it certain Right Lines be drawn to the Cir- 
be · cle, one of which paſſes thro* the Centre, but 
** 8 the other any- bow; the greateſt of theſe Lines, 
the! is that paſſing thro the Centre, and falling upon. 
de the concave Part of the Circumference of the 
Line Circle; and of the others, that which is neaxeſt 
qual 7otbe Line paſſing thro* the Centre is greater than 
Now W that more remote. But the leaſt of the Lines 
il | that fall upon the convex Circumference of the 
ha Circle, is that which lies between the Point and. 
ern the Diameter; and of the others, that which is 
entf: nigber to the leaſt, is leſs than that which: is fur- 
Line ther diſtant; and from that Point there can be 
dran only two equal Lines, which ſhall fall on 
Aon the Circumference on each Side the leaſt Line. 
r ABC be a Circle, out of which take any | 
from Point D. From this Point let there be drawn 
Si ertain Right Lines DA, DE, DF, DC, to the 
+ the ircle, whereof D A paſſes thro* the Centre. I ſay, 
D A, which paſſes thro' the Centre, is the greateſt 
df the Lines falling upon AEFC, the. concave 
circumference of the Circle; and the leaſt is DG, 
iz, the Line drawn from D to the Diameter G A: 
Likewife DE is greater than DF, and DF greater 
han D C. But of theſe Lines that fall upon HL GK 
he convex Circumference of the Circle, that which 
5 neareſt the leaſt D G, is always lefs than that more 
remote; that is, D K is leſs than DL, and DL leſs 
VVV 
I For, find M the Centre of the Circle A B C, . % fbi. 
RO. and let ME, MF, MC, MH, ML, be joined. 


EM and MD. But EM and MD are + greater 
han ED ; therefore 1 D is alſo greater than E D. 
3 e 


1 
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Now, becauſe AM is equal to ME; if MD, 
hich is common, be added, AD will be equal to 


f 20. 


Again, 


1 n 
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Again, becauſe ME is equal to MF, and MD is 
common, then EM, M, ſhall be equal to M F, 
MD; and the Angle EMD is greater than the Angle 
+ 24. 1. FMD. Therefore the Baſe E D will be + greater 
than the Baſe F D. We prove, in the ſame manner, 
that F D is greater than CD. Wherefore D A is the 
panel of the right Lines falling from the Point D; 
5 8 is greater than DF, and DF is greater than 
4 2. 1. Moreover, becauſe MK and ED are * greater 
; | 8 than M D, and MG is equal to M K; then the Re- 
+ 4x.4 mainder K D will Þ be greater than the Remainder 
GD. And fo GD is leſs than K D, and conſe-Þ 
quently is the leaſt, And becauſe two rigatLines MK, 
1 KD, are drawn from M and D to the Point K, within 
121.1. the Triangle ML D, MK, and K D, are leſs than 
ML, and LD; but M K is equal to ML. Where 
fore the Remainder D. K is leſs than the Remainde: 
DL. In like manner we demonſtrate, that D L i; 
leſs than DH. Therefore D G is the leaſt. And 
D K is leſs than DL, and DL than DH. 
I I fay, likewiſe, that from the Point D only two 
equal right Lines can fall upon the Circle on each 
23. 1. Side the leaſt Line. For, make * the Angle DM at 
| the Point M, with the right Line MD, equal to 
the Angle KM D, and join DB. Then, becauſe 
MK is equal to MB, and M D is common, the 
two Sides K M, MD, are equal to the two Sides 
B M, M D, each to each; but the Angle K M i 
equal to the Angle BM D. I herefore the Baſe DR 
141. is equal to the Baſe D B. I fay, no other Line can 
þ be dfawn from the Point D to the Circle equal to 
[ nn. D K; for if there can, let DN, Now, fince P 15 
| cqual to DN, as alſo to DB, therefore DB ſhall be 
equal to DN, viz. the Line drawn neareſt to the 
leaſt equal to that more remote, which has been ſhewn 
to be impoſſible, Therefore, F ſome Point be afſun's 
without a Circle, and from it certain right Lines be 
| drawn to the Circle, one of which» paſſes through the 
N 5 Centre, but the others any-how; the greateſt of theſt 
g Lines is that paſſing through the Centre, and falling 
** the concave Part of the Circumference of the Cir- 
cle; and of the others, that which is neareſt ta thi 
Line paſſing through the Centre, is greater than that 
5 „ 
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s more remote. But the leaſt of the Lines that fall upon . 


the convex Circum yo Hogs of the Circle, 1s. that whith 
lies between the 


that which is farther diftant ; and from that Point 
there can be drawn only two equal. Lines, which ſhall 


| fall on the Circumference on each 87 the _ 


which was to be dmanfmted. 


PROPOSITION x 


Tus E- 


If a Point be red in a Circle, 200 from it 


more than two equal Right. Lines be drawn to 
the Circumference ; then that Point a 15 1 Cen- 
tre of the Circle. 


more than two equal right Lines to the Circumference, 


| viz. the right Lines DA, DB, DC. I fay, the aſ- 


ſum'd Point Di is the a of the Circle A BC. 


F or, if it be not, let E be the Centre, if poffible 5 


and join D E, which produce to G and F. 


"Then F G3 is a Diameter of the Circle AB C; and 


ſo, becauſe the Point D, not being the Centre of the 
Circle, is aſſum'd in the Diameter F G, DG will 


* be the greateſt Line drawn from D to the Circum- · 7 of th 
ference, and D C pore than DB, and DB than 


DA; but they are alfo equal, which is abſurd: There- 
fore E is not the Centre of the Circle A B C. And 


m this manner we prove, that no other Point, exce 0 | 


D, is the Centre; therefore D is the Centre of 


Circle ABC; which was to be 3 


— 


Otherwiſe : 
—_ AB C be the Circle, within which take the 


Point D, from which let more than two equal right 


Lines fall on the Circumference of the Circle, viz. 
the three equal ones DA, DB, DC: I ſay, the 
Point D is the Centre of the Circle AB C. . 

F 4 For, 


? 


int and the Diameter ; and 9 the 
| others, that which. 1s nigber to the leaſt, is leſs than 


[ET the Point D be aſſum'd within the Circle | 
ABC; and from the Point D, let there fall 


5x0 


4: 
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For, . AB, BC, which biſe& * in the Point, | 


E and Z; as alſo join K D, DZ; which produce to 
the Points H, K, O, L; then, becauſe AE i is equal 


'to E B, and E D is common, the two Sides AE, ED, 
ſhall be equal to the two Sides BE, ED. And the | 
Baſe DA is equal to the Baſe D B: Therefore the 
Angle AED will be * equal to the Angle BED: 

pen: ſo [by Def. 10. 1.] each of the Angles AED, 


BED, is a Right Angle: Therefore H K, biſecting 
AB, cuts it at Right Angles. And becauſe a Right 
Line i in a Circle, biſecting another Right Line, cuts it 
at Right * and the Centre of the Circle i is in 


the cutting Line, [by Cor. 1. # the Centre of the 
Circle AB C will bein HK. For the ſame Reaſon, 


the Centre of the Circle will be in OL. And the 


Right Lines HK, OL, have no other Point com- 


mon but D: Therefore D'is the Centre 9 the Circh 0 


ABC; ꝛbbich was to be 8 
PROPOSITION X. 


TA ZO. 


4 Circle cannot cut another Ci rele. in more  thak 


_ two Points. 


NOR if it can, let * Circle AB 4 cut the Circle 
' DEF i in more than two Points, viz. in B, G, 
F; and let K be the Centre of the Circle A BC, 


and join KB, KG, KF. 


Now, becauſe the Point K i is e! within the 


Circle DEF, from which more than two equal Right 


Lines K B, K G, K F, fall on the Circumference, 
the Point K ſhall be + the Centre of the Circle DEF; 
- ButK is t the Centre of the Circle ABC. There: 
fore K will be the Centre of two Circles cutting each 
other, which is abſurd, Wherefore a Circle cannot 


cut a Circle in more than two Points; which was to 


be demogſtrated. 


PRO: 


as — a WM am On 4 
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PROP OSIT ION. he 
| THEOREM. 


* two Circles touch each other on the Inſide, ns 
" the Centres be found, the Line joining their 


Centres will fall on be L of ] Comal? . 
thoſe Circles. 


LET two Circles AB c, ADE, touch one an- 


other inwardly in A, and et F be the Centre of 


the Circle ABC, and G that of ADE. I fay, a 


right Line joining the Centres G and F, being pro- 


| duced, will fall in the Point A. 


greater, which is abſurd. Wherefore. a Line drawn 


If this be denied, let the right Line, joining F G. 


cut the Circle i in D and H. 


Now, becauſe A G, G 7, axe reater than A F, 


E * that is, than FH; take away F G, which is com- * 20. To 
mon, and the Remainder A G is greater than the 


Remainder G H. But AG is equal to & D; there- 
fore G is greater than G H, the leſs than the 


thro". the Points F, G, will not fall out of the Point 
of Contact A, and ſo neceſlarily muſt fall in it; 


| which was to be PEST 


PROPOSITION XII. 


TIB IOoIIN. 


j 10 Circles touch ane another on the Outf . 


Right Line joining their Centres will paſs me ſy 
the [ Point of J Contact. ä 


ET two Circles ABC, ADE, touch one an- 
other outwardly in the Point A; and let F be the 
Sedere of the Circle AB C, and G that of ADE. 
l fay, a right Line drawn through the Centre F, G, 
will paſs thro* the Point of Contact A. bY 
For, if it does not, let, if poſſible, FC D G fall 8 
without it; and | join FA, AG, 


Now, finceF is the Centre of the Circle A B C, AF 


will be * to F C. And becauſe G is the Centre of 


the 


5 


has been thewn-ts) be equal to FC; t 
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the Circle A DE, A G will be equal to G D: But AF 
erefore FA, 

AG, are cal to FC, DG. And fo the Whole F G 
is greater than F A, AG: and alfo leſs, * which is 
abſurd. Therefore a right Line, dawn from the Point 


F to &, will paſs through the Point of Contact A ; 


which was to be ata 00 
PROPOSITION. XIII. 


THEOREM, 


One Grell es teach: axatior in more Prince 
than one, wobether it be inwardly or outwardly. 


Fo R, in the fir Plane, if this be denied, let 1 | 


Circle ABD C, if poſſible, touch the Circle 
 EBFD inwardly, in more Points than , vix. in 
BDP . 

And let G be the Centre of the Circle A BDC, 
and H that of EBFD. 
Then a right Line, drawn from theFoint G to H, 


+ 12 of this, will T fall in the Points B and D. Let this Line be 


BGH D. And becauſe G is the Centre of the Circle 
AB DC, the Line B G will be equal to G D. There- 
fore BG is —_ than H D, and B H much greater 
than HD. Again, ſince H is the Centre of the Cir- 
cle EBF D, the Line BH is equal tq H. But it 
has been prov'd to be much greater than it, which is 
abſurd. Therefore one Circle cannot touch another 
Circle inwardly in more Points than one. 

| Secondly, Let the Circle ACK, if poſſible, touch 
the Circle ABD C outwardly in more Points than 
one: viz. in A and C; and let A, C, be join; d. 

' Now, becauſe two Points A, C, are aſſum'd in the 
Circumference of each of the Circles ABDC, ACK, 


t of this, a Tight Line joining theſe two Points, will fall | 


within either of the Circles. 


But it falls within the 
Circle ABDC, and without the Circle ACK, which 
is abſurd. Therefore one Circle cannot Woch an- 
other Circle in more Points than one outwardly. But 
it has been prov'd, that one Circle cannot touch an- 
other Circle inwardly [in more Points than one]. 


W herefore one Circle cannot touch another in more 


Points 
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Points than one, whether it be inwardly or * ; 
which was to be demonſtrated. 


propoyizion X1V. 


TREOR E M. 


a Ripht Lines in a Circle are equally d ant | 
from the Centre; and Right Lines, which are 
_ equally diftant from the 0 entre, are equal be- 
. tween tbemſelves. 


LET ABDC bea Cirths; wherein are the equal 
right Lines AB, CD. I fay, theſe Lines are 
| equally diſtant from the Centre of the Circle. | 
For, let E be the Centre of the Circle ABDC; 
from which let there be drawn EF, FG, perpendi- 
| cular to AB, CD; and let AE, EC, be join'd, 
Then, becauſe a 9 Line E F, Wet thro? the 
Centre, cuts the right Line A B, not drawn thro? the 


| Centre, at right Angles, it will * biſect the ſame. « 5 of this, 


Wherefore A F is equal to F B, and fo AB is double 

to AF. 5 or the ſame Reaſon CD is double to CG, 

_ B is equal to CD. Therefore AF is equal to 
and becauſe AE is equal to E C, the Square of 

1 E ſhall be equal to the Square of EC. But the 

Squares of A F and FE are ꝗ equal to the Square of $47. 

AE. For the Angle at F is a rode Angle; and the 

Squares of E G, and GC, are equal to the Square of 

EC, ſince the Angle at Gi is a right one, here= 

fore the Squares of AF, and FE, are equal to the 

| Squares of CG, and G E. But the Square of AF 

is equal to the Square of CG; for AF is equal to 

CG. Therefore the Square of FE is equal to the 

Square of EG; and ſo F E equal to EG. Alſo 
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Lines in a Circle are 4 faid to be 5 diſtant from f Def. 4. 
the Centre, when Perpendiculars drawn to them from F bis. 


the Centre are equal. Therefore AB, CD, are m 
diſtant from the Centre. 

But if A B, C D, are equally diſtant from the Cen- 
tre, that is, if FE be equal to'E G;1 ſay, A B i is 
equal to CD. 

For the ſame Conſtruction being ſuppos 'd, we 45 
monſtrate,: as above, that A B is double to A F, and 


ED 


—— — & TA TI ** 
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CDtoCG; and becauſe AE is equal to E C, the 
Square of AE will be equal to the Square of EC. 
But the Squares of E F, and FA, are + equal to the 
Square of AE; and the Squares of E G, and GC, 
equal to the Square of EC. Therefore the Squares 

of EF, and F A, are equal to the Squares of 
and GC. But the Square of E G is equal to the 
Square of E F; for EG is equal to EF. Therefore 
the Square of AF is 
and ſo AF is equal to CG. But A B is double to 
A F, and CD to CG. Therefore equal Right Lines | 
in a Circle are equally diſtant from the Centre; and 
| Right Lines, which are equally diſtant 
ſelves; whic 


ual to the Square of CG; 


rom the Centre, 
arg equal between them was to be de-. 


monſtrated. 
PROPOSITION xv. 


THEOREM. 5 3 

he greateſt Line in a Circle; and of 

all the other Lines therein, that which is neareſt 
to the Centre is greater than that more remote, 


T ET ABCD be a Circle, whoſe Diameter is 
Ad, and Centre E; and let BC be nearer to 
the Diameter than FG. I ſay, 
and B C is greater than FG. 
For, let the Perpendiculars EH, E K, be drawn. 
from the Centre E to BC, FG. Now, becauſe B. C 
is neaxer to the Centre than FG, E K will be greater 
than EH. Let EL be equal to E H; draw LM 
through Lat Right Angles to E K, which produce to 
N; and let E M, EN, E F, E G, be joined. 
Then, becauſe E H is equal to EL, the Line BC 
be equal to MN#. And, ſince A E is equal to 
M, and DE to EN, AD will be equal to ME 
and EN. But ME and EN are 4 greater than MN: 
And ſo AD is greater than M N; and N M is equal, 
to BC. Therefore AD is greater than B C. And 
ſince the two Sides E M, E N, are equal to the two, 
Sides FE, E G, and the An 
1241. the Angle FEG, the Baſe 
than the Baſe FG. But M N is equal to BC. The 


Diameter is t 


ADs the greateſt, 


ME N greater than 
N ſhall be greater 


wiſe 1 
ferenc 
lame; 
Ag: 


ferenc 
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fore BC is greater than FG. And fo the Diameter 

AD is the greateſt, and BC is greater than F G. 

| Wherefore the Diameter is the greateſt Line in a Cir- 

cle; and of all the other Lines therein, that which is 

I neareſt to the Centre is greater than that more remote; 
which was to be demonſtrated. 


PROPOSITION VI. 


TH RFROR EM. 


A Line drawn from the extreme Point] of the 
Diameter of a Circle at Right Angles to that 
Diameter, ſhall fall without the Circle ; and 
between the ſaid Right Line, and the Circum- 
ference, no other Line can be drawn; and the 
Angle of a Semicircle is greater than any 
Kiss. ld acute Angle; and the remaining 

Angle (without any Circumference] i is leſs than 
any Right-lined Angle, 


JET AB C be a Circle, wh Centre i is 5. and 
Diameter AB. I ſay, a Right Line drawn from 
the Point A at N Angles to A B, falls without the 
Circle. 
For, if it does not, let it fall, if pollible, within 
the Circle, as AC; and join D 48 
| Now, becauſe DA is equal to DC, the Angle DAC 
{hall be * equal to the Angle A C D. But D A C is * 5. 7. 
a Right Angle; therefore ACD is a Right Angle: 
And accordingly the Angles DAC, ACD, are equal 
to two Right Angles; which is abſurd +. r 7. I. 
a Right Line drawn from the Point A at Right Angles 
to B A, will not fall within the Circle; and ſo like- 
wife we prove, that it neither falls in the Circum- 
ference. Therefore it will neceſſarily fall without the 
fame; which now let be AE. | 
Again, between the Right Line AE, and the Circum- 
ference C H A, no other Rigft Line can be drawn. 
For, if there can, let it be F A, and let +DG bet 12.1 
drawn at Right Angles from the Centre D to FA. 
Now, becauſe AG D is a Right Angle, and DA G 
ö leſs than a Right Angle, DA will be greater than 
DG“. But DA! is equal to D H. Therefore DH is * 29: 7. 
| preater 


5 —— — — —— ar, re pt. 
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greater than DG, the leſs than the greater; which iz 
| abſurd. Wherefore no right Line can be drawn be- 
tween AE, and the Circumference AHC. I ſay, more- 
over, that the Angle of the Semicirele, contain'd 
under the right Line B A, and the Circumference 
CHA, is greater than any right-lin'd acute Angle; 
and the remaining Angle contain'd under the Circum- 
ference C HA, and the right Line A E, is leſs than 
any rgablind Anne. ooo 5, 7 
For if any right-lin'd acute Angle be greater than 
the Angle contain'd under the right Line B A, and 
the Circumference C H A; or if any right-lin'd An- 
gle be leſs than that contain'd under the Circumference 
| CHA, and the right Line A E, then a right Line 
may be drawn between the Circumference C H A 


and the right Line AE, making an Angle great 
than that contain'd under the right Line BA, and the 


Circumference CH A, viz. which is contain'd under 

right Lines, and leſs than that contain'd under the 
Circumference C H A, and the right Line A E. But 
ſuch a right Line cannot be drawn, from what has 
been -prov'd. Therefore no right-lin'd acute Angle 
is greater than the Angle contain'd under the right 
Line BA, and the Circumference CH A; nor leſs 
than the Angle contain'd under the Circumference 
. CHA, and the right Line AE. 


Crroll. From hence it is manifeſt, that a right Line 
drawn at right Angles on the End of the Diame- 
ter of a Circle, touches the Circle, and that in one 
Point only, becauſe, if it ſhould meet it in two 

Points, it would fall within the ſame ; as has been 
 demmnſlrated. „„ 00G A. TORY 


PROP OSITION XVII 
PAN OR I E u. 


To draw 2 Rigbi Line from a given Point, that 
all touch a given Circle. 7 


| | T A be the Point given, and BCD the Circle. 


It is requir'd to draw a right Line from the Point], 


A, that ſhall touch the given Circle BCN. 


1 Let 
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Let E be the Centre of the Circle, and join AE; 
then about the Centre E, with the Diſtance E A, de: 
ſeribe the Circle A FG; draw D F & at right Angles * I1, I, 
to E A, and join E B F, and AB. I ſay, the right 
Line A B is drawn from the Point A, touching th 
Circle BCD. 
For, ſince E is the Centre of the Circles B C D, 
AF G, the Line E A will be equal to E F, and E 5 
10 ER Therefore the two Sides A E, E B, are equal 
| to the two Sides FE, ED, each to "each; and they 
contain the common Angle E. | Wherefore the Baſe 
DF is + equal to the Baſe AB, and the Triangle 14 I. 
DEF WR to the Triangle E B A, and the remain- 
ing Angles of the one — to the remaining Angles 
of the other. And ſo the Angle E B A is equal to 
the Angle EDF. But ED F is a Right Angle. 
| Wherefore E B A is alſo a Right Angle, and E B is 
Line drawn from the Centre; but a 25 Line, drawn 
3 the Extremity of the Diameter of a Circle at 
Right Angles þ to it, touches the Circle. Wherefore tor 15. of 
b touches the Circle; which Was to * M.. 


PROPOSITION XVII. 


THEOREM 


IF any Rig br Line touches a Circle, and from 
be = to the Point of Contact a Right 
Line be drawn ; that Line will be euch N 
cular to the Tangent. | 


ET a Rig be Line DE touch a Circle ABC 

in the "Pine: C, and let there be drawn the Right 
Ling FC from the Centre F. I ſay, F C is per- 
Ipendicular to DE. 

For, if it be not, let F G be drawn 5 from the # Mc „% 
Centre F, perpendicular to DE. 

Now, becauſe the Angle FG C isa Right Angle, 3 
Ithe Angle G C F will be + an acute Angle; and ac- f 34. Is 
cordingly the Angle F G C is greater than the Angle 
CG; but the greater Side ſubtends + the greater f 19. 

Angle. "Therefore FC is greater than FG. But FC 
equal to FB. Wherefore F B is greater than FG, 


i lets than the er; 3 Which is 5 abſurd, Therefore 
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F G is not perpendicular to D E. And in the ſame iſ 
manner we prove, that no other Right Line but FC 

is perpendicular to DE. Wherefore F C is perpendi- 
cular to DE. Therefore, if any Right Line touche 
a Circle, and from the Centre to the Point of Contat a 
Right Line be drawn, that Line will be perpendicular 
to the Tangent; which was to be demonſtrated. 


PROPOSITION XIX, 
6 | 


Tf any Right Line touches a Circle, and fron | 
the Point of Contact a Right Line be drawn at 
Right Angles to the Tangent, the Centre of the 


_ Circle ſhall be in the ſaid Line. 


L E T any Right Line DE touch the Circle A B 
in C, and let C A be drawn from the Point Cat 
1 u s Angles to DE. I ſay, the Circle's Centre is | 
For, if it be not, let F be the Centre, if poſſible; 
and join CF. LETT 4 
Then, becauſe the Right Line D E touches the 
Circle ABC, and F C is drawn from the Centre to | 
the Paint of Contact; FC will be perpendicular to 
18 of chis, DEX. And fo the Angle FCE is a right one. 
+ Frem tbe But ACE is alſo a right Angle f: Therefore the 
b. Angle FCE is equal to the Angle ACE, a leſs to 
. a greater; which is abſurd. Therefore F is not the 
: Centre of the Circle ABC. After this manner we 
' prove, that the Centre of the Circle can be in no 
bother Line, unleſs in AC. Wherefore, F any Right 
L ine touches a Circle, and from the Point of Contacf 
A Right Line le drawn at Right Angles to the Tangent, 
the Centre of the Circle ball be in the ſaid Line; 
which was to be demonſtrateeec. 


A 
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FG is not perpendicular toDE. And in the ſam: 


is perpendicular to DE. Wherefore F C is perpendi-ſſ 
cular to DE. Therefore, if any Right Line touchef 


| Right Line be drawn, that Line will be perpendicular : 


: if any Riebt Line touches a Circle, and freall 


manner we prove, that no other Right Line but FCI 


a Circle, and from the Centre to the Point of Contact a 


70 the * which was to be demonſtrated, 


PROPOSITION XIX, 


Tnzortm, 


the Point of Contact a Right Line be drawn at 
Right Angles to the Tangent, the Centre of abe. x 
Circle ſhall be in the ſaid Line. ; 


2 T any Rig ht Line DE touch the Circle A B C 1 


in C, 5 be C A be drawn from the Point C at d 


4 mv Angles to D E. I fay, the Circle's Centre is is ö 


"Me. if it be not, let F be the Centre, if poſlible ; = 


and join CF. 
Then, becauſe the Right Line D E touches the 


Circle ABC, and FC is drawn from the Centre to 


218 of this, 
| 4 Frem the 


"9 


the Paint of Contact; F C will be perpendicular ta 


DE#*. And ſo the Angle FCE is a right one, 
But ACE is alſo a right Angle : Therefore the 


Angle FCE is equal to the Angle ACE, a leſs to 
a greater; which is abſurd. Therefore F is not the 


Centre of the Circle ABC. After this manner we 


prove, that the Centre of the Circle can be in no 
other Line, unleſs in AC, Wherefore, F any Right 


Line touches a Circle, and from the Point of Contact 
4 Right Line be drawn at Right Angles to the Tangent, 


the Centre of the Circle hall be in the 808 Line; 
which was to be demonſtrated. 


-.ÞR04 


| Book III. Euclids EI EMENTS. 
sS PROPOSITION XX. 
THEORE M. 


the 48 at the Circumference, when the ſame 
Arci 7s the age of the Angles, 


[ET ABC be a Circle, at the Centre whereof 


Angle BAC. 
g F, or join A E, and produce it to . 
Then, becauſe EA is equal to EB, the Angle EAB 


Angles EAB, EBA, are double to the Angle EAB; 


ut the Angle BE F is F equal to the Angles EA B, + . 4 


EBA; therefore the Angle B E F is double to the 
Angle EAB. For the ſame Reaſon, the Angle FEC 


lis double to EAC. Therefore the whole Angle 
B EC is double to the whole Angle BAC. Again, 
let there be another Angle BDC; and join DE, 


which produce to G. We demonſtrate, i in the ſame 


manner, that the Angle G EC is double to the Angle 
GDC; whereof the Part G EB is double to the Part 
GDB. And therefore B E C is double to BDC. 
Conſequently, an Angle at the Centre of a Circle is 


double to the Angle at the Circumference, when the 


ame Arc is the Baſe of the Angles ; 5 which was to be 


demon ſtrated. 1 
PROPOSITION XXI. 


THEOREM. 


drgles that are in the ſame Segment in a circle, 
are equal to each other. 


JET ABCDE bea Circle, and let BAD, BED, 


be Angles in the ſame * Ns pk I ay, 
thoſe Angles are equal, 


8 For, 


; The Angle at the . of a Circle is double to 


[Lis the Angle B E C, and at the Circumference | 
the Angle BAC, both of which ſtand upon the ſame 


Arc B E. 1 fay, the Angle BECi is double to the 


mall be equal to the An th E BA®, Therdore the * ; 
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For, let F be the Centre of the Circle AB CDE; 
and join BF, FD. A 

Now, becauſe the Angle BFD is at the Centre, 
and the Angle BAD at the Circumference, and the 


ſtand upon the ſame Arc BCD; the Angle BF 


® 20 of this. will be * double to the Angle BA D. For the ſame 


= 32. 1. 


e 


3 


432. 1. 


BED. There 


are equal to two right Angles. 
1217 ebis, is 4 equal to the 


Reaſon, the Angle BF D is alſo double to the Angle 
ok the Angle BA D will be equal to 

the Angle BED. _ EY . 
If the Angles BAD, BED, are in a Segment leſs 


than a Semicircle, let A E be drawn; and then all 


the Angles of the Triangle A B G are + equal to all 


the Angles of the Triangle DE G. But the Angles 


AB E, A D E, are equal, from what has been before 


| prov'd ; and the Angles AGB, DG, are alſo equal; 


for they are vertical Angles. Wherefore the remain- 
ing Angle BAG is equal to the remaining Angle 


GE D. Therefore, Angles that are in the ſame Seg* WM 
ment in a Circle, are equal to each other ; which was | 


to be demonſtrated. — 
PROPOSITION XXII. 


THEOREM, 


be oppoſite Angles of any quadrilateral Figure, di- 


 fſeritfdinaCrcle,areequal to two right Angles. 


LET AB DC be a Circle, wherein is deſcrib'd the 


quadrilateral Figure AB CD. I ſay, two oppo- 


fte Angles thereof are equal to two right Angles. 
JJV | 


Then, becauſe the three Angles of any Triangle arc 


equal to two right Angles, the three Angles of the 


Triangle ABC, viz. the Angles CAB, ABC, BCA, 
But the Angle ABC 
Angle ADC; for they are both in 
the ſame Segment ABD C. And the Angle A C B is 
+ equal to the Angle AD B, becauſe they are in the 
ſame Segment AC DB; therefore the whole Angle 


BDC is equal to the Angles ABC, AC B; and if 
the common Angle B A C be added, then the Angles 


BAC, ABC, ACB, are equal to the Angles BAC, 
BDC; but the Angles BAC, ABC, ACB, . 
5 e e 
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equal to the two right Angles. Therefore likewiſe, * 32. 1. 
the Angles B AC, BDC, ſhall be equal to two right 
Angles, And after the ſame way we prove; that the 

Angles ABD, AC D, are alſo equal to two right 

| Angles. Therefore the oppoſite Angles of any quadri- 

| lateral Figure, deſcrib'd in a Circle, are equal to tuo 

right Angles ; which was to be demonſtrated. 


ne” FE | 
; Two fimilar and unequal Segments of two Circles 
cannot be ſet upon the ſame right Line, and 


on the ſame Side thereof, 


© TOR if this be poſſible, let the two ſimilar and un- 

1 cqual Segments ACB; ADB, of two Circles ſtand . 

upon the right Line AB on the ſame Side thereof. ] 

Draw A CD, and let CB, BD, be join'd. Now, : 

© becauſe the Segment A CB is ſimilar to the Segment 

A B, and ſimilar Segments of Circles are * ſuch « pe ,;.,* 

which receive equal Angles z the Angle A C B will ij. 
be equal to the Angle A D B, the autwatd one to the 

| inward one; which is + abſurd. Therefore ſimilar + 16. 1. 

| and unequal Segments of two Circles cannot be ſet 

| upon the ſame right Line, and on the ſame Side there- 

V; which was to be demonſtrated. | 


PRO POSITION XXIV, | 1 — 


„ THEOREM. 
Similar Segments of Circles, being upon equal right 
L.ines, are equal to one another, 


ET AEB, CFD, be equal Segments of Circles = 
* ſtanding upon the equal right Lines AB, CD. I 1 
fay, the Segment AE B is equal to the Segment CFD. 1.4 

For the Segment AE B being applied to the Seg- 5 
ment CF D, ſo that the Point A coincides with C, 1 
and the Line AB with C D; then the Point B will 
coincide with the Point D, ſince AB and CD are 
equal. And ſince the right Line A B coincides with 

N 82 e Wn 
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- CD, the Segment AE B will coincide with the 
Segment CFD. For if, at the ſame time that AB 
_ coincides with CD, the Segment A E B ſhould not 


. 10 of this. 


coincide with the Segment C F D, but be otherwiſe, 
as CGD; then a Circle would cut a Circle in more 
Points than two, viz. in the Points C, G, D; which 
is * impoſſible. Wherefore, if the right Line AB 


coincides with CD, the Segment A E B will coin- 


cide with, and be equal to, the Segment CFD. There- 
fore ſimilar Segments of Circles, being upon equal right 
Lines, are equal to one another; which was to be de- 
Eh . 


| P'R OP OSITI ON XXV. x 


JJ 


5 4 Segment of a Circle being given, to deſcribe the 


Circle whereof it is the Segment. 


= T ET ABC be a Segment of a Circle given. It 


is a Segment, 


® 16, | 
| F II. 1. 


is requir'd to deſcribe a Circle, whereof ABC 
Biſect * AC in D, and let DB be drawn + from 
the Point D at right Angles to AC; and join AB, 


| Now the Angle A BD is either greater, equal, or leſs 


* 6. 1. 


than the Angle BAD. And firſt let it be greater, and 
make + the Angle BAE at the given Point A, with 


the right Line B A, equal to the Angle AB D; pro- 


duce 


B to E, and join EC. 
Then, becauſe the Angle ABE is 


equal to the An- 


gle BAE, the right Line BE will be * equal to E A. 


And becauſe AD is equal to DC, and DE common, 
the two Sides AD, DE, are each equal to the two 


Sides CD, DE; and the Angle ADE is equal to the 
Angle CDE; for each is a right one. Therefore 


the Baſe A E is equal to the Baſe EC. But AE has 


been prov'd to be equal to EB. Wherefore BE i 


alſo equal to EC, And accordingly the three right 
Lines AE, EB, EC, are equal to each other. There- 
fore a Circle deſcrib'd about the Centre E, with ei- 
ther of the Diſtances AE, E B, EC, ſhall paſs thro' 


the other Points, and be that requir'd to be deſcrib'd. 


But it is manifeſt, that the Segment A BC is leſs than 
85 , = 1 a Semi- 
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a Semicircle, becauſe the Centre thereof is without 
PW. ] ·ð 'm 1 
But if the Angle ABD be equal to the Angle BAD; 
then if A D be made equal to B D, or D C, the three 
Right Lines AD, DB, DC, are equal between 
S themſelves, and D will be the Centre of the Circle 
to be deſcrib'd; and: the Segment A BC is a Semi- 
circle. 3j 88 
But if the Angle ABD is leſs than the Angle BAD, 
iet the Angle BAE be made, at the given Point A 
with the right Line B A, within the Segment ABC, 
equal to the Angle A BDP. 3 
E Then the Point E, in the right Line D B, will be 
the Centre, and ABC a Segment greater than a Semi- 
circle. Therefore a Circle is deſcrib'd, whereof a 


Legment is given; which was to be done, £6 
PRO POSITION XXVI 


| 1 . 
In equal Circles, equal Angles ſtand upon equal 
= Circumferences, whether they be at their Cen- 
tres, or at their Circumferences. = 


ET ABC, DEF, be equal Circles; and let BGC, 
EHF, be equal Angles at their Centres; and 
BAC, EDF, equal Angles at their Circumferences. 
$1 fay, the Circumference B K C is equal to the Cir- 
11 oO 8 
F or, let BC, EF „ be join'd. Becauſe ABC, DEF 5 
are equal Circles, the Lines drawn from their Centres 
will be equal. Therefore the two Sides BG, GC, 
are equal to the two Sides EH, HF; and the Angle 
G is equal to the Angle at H. Wherefore the Baſe 
BC is * equal to the Baſe EF. Again, becauſe the + 
Angle at A is equal to that at D, the Segment BAC 
will be +. ſimilar to the Segment EDF; and they are + Def. 11. 
upon equal right Lines BC, EF. But thoſe ſimilar * F- 
degments of Circles that are upon equal right Lines, 
are + equal to each other. Therefore the Segment: ,, e bit. | 0 
BAC will be + equal to the Segment EDF. But 4 De 11. 
the whole Circle AB C is equal to the whole Circle | 
DEF. Therefore the remaining Circumference BRC d 
„„ G 3 = ſhall li 


"Re A 


7 
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ſhall be equal to the remaining Circumference E L b. 


Therefore, in equal Circles, equal Angles ſtand upm | 


equal Circumferences, whether they be at their Centre, 
treunferences 3 ; Which was to be demon 


br at their 


ſtrated g 


| PROPOSITION XXVII. 


TAuRBORE M. 


Angles that ftand upon equal Cirtumfermes i 1 


equal Circles, are equal to each other, whetbe 


they be at their Centres or Circumferences. 


LET the Ang les BG C, EHF, at the Centres of if 


the equal Circles A B o DE F, and the Angle 


"BAC, ED F, at their Circumferences, ſtand upon 
BC, EF. I ſay 
Angle BGC is equal to the Angle EHF, and te 


the equal Circumferences 


a le BAC to the Angle EDF. 

F or if the Angle B GC be equal to the 
FHF, it is manifeſt, that the Angle BAC 
equal to the Angle EDF: But if oY let 
them be the reader, as BGC, and make & the 
BG , at the Point G, with the Line B G, eq 


% 23. I, 


8 
1s alſo 
one of 
Angle 


ual to 


F 26 of this, the Angle EHF. But equal Angles ſtand + upon equi 
Circumferences, when they are at the Centres. Where 


fore the Circumference B K is e 
ference E F. 
the Circumference BC. Therefore BK is 


qual 'to the Circum 
But the Circumference E F is equal 


ko 
equal ti 


BC, a leſs to a greater, which is abſurd. "Where 


fore the Angle 
F H F, and ſo it muſt be equal to it. 
at A is one half of the Angle BG C; and the 


at D one half of the Angle EHF. Therefore th 


G C is not unequal to the Angl 
But Una 


Angle 


Angle at A-is equal to = Angle at D. Wherefot 


Aacles that fand upon equal Circumferences in equi 
Circles, are equal to tach other, whether they be d 


their Centres or Circumſerentes; z which was to be de 


monftrated. 
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„the 
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PROPOSITION XXVII. 


THEOREM. 


In equal Circles, equal Right Lines cut off equal-- 
Parts of the Circumferences; the greater equal 


to the greater, and the leſſer equal to the leſſer. 


E 7 ET ABC, DEF, be equal Circles, in which 


are the equal right Lines BC, E F, which cut 


: off the greater Circumferences BAC, ED F, and 
the leſſer Circumferences B GC, EHF. I ſay, the 


greater Circumference B A C is equal to the greater 


Y Circumference E D F, and the lefler Circumference 
BGC to the lefler Circumference EHF. 


For, aſſume the Centres K and L of the Circles; 


W 2nd join B K, K C, E L, LF. 


Becauſe the Circles are equal, the Lines drawn 


from their Centres are * alſo equal. Therefore the » 
E two Sides B K, K C, are equal to the two Sides 
EL, LF; and the Baſe B C is equal to the Baſe E F. 

Therefore the Angle B KC is + equal to the Angle t 8. 1. 
ELF. But equal Angles ſtand upon equal Circum- t 26 of this, 


ferences, when they are at the Centres. Wherefore 


the Circumference BG C is equal to the Circumfe- 


rence EHF, and the whole Circle ABC equal to 


the whole Circle DEF; and fo the remaining Cir- 
cumference BAC ſhall be equal to the remaining 


Circumference E DF. Therefore, in equal Circles, 


equal right Lines cut off equal Parts of the Circum- 


f erences; wwhach — to be demonſtrated. 
PROPOSITION XXIX. 
TaxzonzM 


In equal Circles, equal Right Lines ſubtend equal 
Circumferences. | 


LET there be two equal Circles, ABC, DEF; | 


and let the equal Circumferences B G C, EHF, 
be aſſum'd in them, and BC, EF, join'd. I fay, 
the right Line B C is equal to the right Line EF. 


fe 1. 


G 4 =. 


4 
| 
1 
"4 
? 
| 
1 
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For, find * the Centres of the Circles K, L. 3 and 
join B K, KC, EL, L F. | 


Then, becauſe the 13 BGC is 
the Circumference E HF, the A 
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ual to 
ngle B K C ſhall be 


+ 27 of this. I equal to the Angle EL F. And becauſe the Circles 


ABC, DEF, are equal, the Lines drawn from their 
Centres ſhall be, t equal. Therefore the two Sides 
B K, K C, are equal to the two Sides EL, LF; and 
they contain equal Angles: Wherefore the Baſe BC is 
+ equal to the Baſe. EF. And ſo, in equal Circles,equal 

Circumferences ſubtend equal right. Lines; which Was 
to be demonſtrated, 


1 Def. 1. 


44.1. 


PROPOSITION XXX, 


PROBLEM. 


To cut a 5 given Circumference into two e equal 
„ 


Ir. the given Caine be A DB. It i is re- 

quir*d to cut the ſame into two equal Parts, 
4 10. 1. 
Line C D be drawn from the Point Cc at right * 
gles to A B; and join AD, DB. 

Now, becauſe A C is equal to CB, and C Di is 
common, the two Sides A C, C D, are equal to the 
two Sides BC, CD; but the Angle ACD is equal 

to the Angle BC D; for each of them is a right 

+47 Angle: Therefore the Baſe AD is + equal to the 

128 of this. Baſe BD. But equal right Lines cut + off equal 
Circumferences. Wherefore the Circumference A D 
ſhall be equal to the Circumference B D. There- 
fore a given Circumference is cut into two equal 
Parts; ; which was to be done. 


PRO 


Join A B, which biſect * in C; and let the right: 


Book 


ina 


Angle 
leſs tl 
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PROPOSITION XXXI. 5 b 

I THEOREM. . 

n a Circle, the Angle that is in a Semicircle, is a 
Y Right Angle; but the Angle in a greater Segment, * 
is Jeſs than a Right Angle; and the Angle in a 
leſſer Segment, greater than a Right Angle: 
Moreover, the Angle of a greater Segment is 


greater than a Right Angle; and the Angle of 
a leſſer Segment is leſs than a Ages 15 


ET there be a Circle A BC D, whoſe Diame- 
T meter is BC, and Centre E; and join BA, 
AC, AD, DC. I fay, the Angle which is in the 
Semicircle BAC is a Right Angle; that which is in 
| the Segment A B C being greater than a Semicircle, 
vi. the Angle ABC, is leſs than a Right Angle; . 1 
and that which is in the Segment A D C, being lels - 
| than a Semicircle, that is, the Angle A D C, is greater | 
than a Right Angle. 1 
| For, join AE, and produce BA to F. — 1 288 
Then, becauſe BE is equal to EA, the Angle FAB T2 
ſhall be * equal to the Angle EB A And becauſe * 5. 5 i | 
AE is equal to EC, the Angle ACE will be * equal | | 
to the Angle CA E. Therefore the whole Angle 
BAC is equal to the two Angles ABC, AC B; E 
but the Angle FAC, being withaut the Triangle 5 | 
| ABC, is + equal. to the two Angles ABC, ACB: 32. 1. 
Therefore the Angle BAC is equal to the Angle 
FAC; and fo each of them is + a Right Angle. 4 Def. 10. 1. 
Wherefore the Angle BAC in a Semicircle is a Right | 
| Angle. And becauſe the two Angles ABC, BA T, 
of the Triangle ABC *, ae leſs than two Right rn ks = 
Angles, and BAC is a Right Angle ; then ABC is 
leſs than a Right Angle, and is in the Segment ABC 
greater than a Semicirele. . | 
And ſince ABCD is a ne Figure in a "> 
Circle, and the' oppoſite Angles of any quadrilateral | 
Figure deſcribed in a Circle, are + equal to two Right f 32 of Br. 
Angles ; the Angles AB C, ADC, are equal to two | | 
Right Angles, and the Angle ABC is leſs than a TEES 
Right Angle : Therefore the remaining Angle _ Ly 
WI | 


AC, isaRig 
Circumference AB C, and the Right Line AC, will I 
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will be greater than a Right Angle, and is in the Seg- 


ment ADC, which is leſs than a Semicircle. 

I fay, moreover, the Angle of the greater Segment 
contained under the Circumference AB C, and the 
Right Line A C, is greater than a Right Angle; and 
the Angle of the leſſer Segment, contained under the 
Circumference ADC, and the Right Line AC, is leſs 


than a Right Angle. This manifeſtly appears; for, be- 


cauſe the 1 contained under the Right Lines BA, 
: Angle, the Angle contained under the 


be greater than a Right Angle. Again, becauſe the 


Angle contained under the Right Line C A, AF, is 


a Right Angle, therefore the Angle which 1s con- 
tained under the Right Line AC, and the Circum- 


ference ADC, is leſs than a Right Angle. There- 


fore, in a Circle, the Angle that is in a Semicircle, ix 


@ Right Angle; but the Angle in a greater Segment it 


E r . leſſer Seg- 
ment greater than a Right Angle : Moreover, the An- 


gle of a greater Segment is greater than a Right Angle; 


and the Angle of a leſſer Segment is leſs than a Right 
Angle; which was to be demonſtrated, 


PROPOSITION XXXIL, 


.F any Right Line touches a Circle, and a Right 


Line be drawn from the Point of Contact cui. 
ting the Circle; the Angles it makes with the 


Tangent Line, will be equal to thoſe which are 


made in the alternate Segments of the Circle. 

| Bak any Right Line E F touch the Circle ABCD 
in the Point B, and let the Right Line BD be 
any-how drawn from the Point B cutting the Circle. 
I ſay, the Angles which B D makes with the Tangent 
Line EF, are equal to thoſe in the alternate Segments 


of the Circle; that is, the Angle FB D is equal to an 


Angle made in the Segment DAB, viz. to the Angle 
DAB; and the Angle DB E equal to the Angle 
PCB, made in the Segment D.C B. For, 


Draw 
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Draw * BA from the Point B at Right Angles to 11. 1, 
EF; and take any Point C in the Circumference © 
BD; TG AILDD CH ot 
Ten, becauſe the Right Line EF touches the Cir- 

dle AB CD in the Point B; and the Right Line BA 

is drawn from the Point of Contact B at Right Angles 


to the Tangent Line; the Centre of the Circle 


ABCD will F be in the Right Line BA; and fo f 19. 4. 
= BA is a Diameter of the Circle, and the Angle ADB, 
in a Semicircle, 1s 1 Angle. Therefore the f 31 of H. 
other Angles BAD, A BD, are * equal to one Right * 32. 1 
Angle. But the Angle ABF is alſo a Right Angle: 
= Therefore the Angle AB FE is equal to the Angles 
BAD, ABD; and if ABD, which is common, be 
taken away, then the Angle DB F remaining, will 
be equal to that which is in the alternate Segment of 
E the Circle, viz. equal to the Angle BAD. And be- 
E cauſe AB CD is a quadrilateral Figure in a Circle, 


and the oppoſite Angles thereof are + equal to two + 22 sf this 


Right Angles 3 the Angles DBF, DBE, will be ,, 
© equal to the Angles BAD, BCD. But BAD has 
been proved to be equal to DB F; therefore the An- 

{ gle DBE is equal to the Angle made in D CB, the 
alternate Segment of the Circle, viz. equal to the 
Angle DC B. Therefore, F any Right Line touches 

a Circle, and @ Right Line be drawn from the Point 

| of Contact cutting the Circle; the Angles it makes 

with the Tangent Line, will be equal to thoſe which 

are made in the alternate Segments of the Circle ; 
which was to be demonſtrated, : 


- PROPOSITION XXXIIL 


To deſcribe, upon à given Right Line, a Segment 
M a Circle, which ſhall contain an Angle 

_ equal to g given Right-lined Angle. 

ET the given Right Line be AB, and C the given 

*- Right-lined Angle. It is required to deſcribe the 
Segment of a Circle upon the given Right Line AB, 
Fontaining an Angle equa] to the Angle =” " 


— th —_ a 2 rn ings oY 
- 
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A At the Point A, with the Right Line AB, make the Point 
1 23. 1. f the Angle BA D equal to the Angle C, and draw to that in 
* 11.1, AE from the Point A, at Right Angles, to A D. Angle F! 
+ 10. 1. Likewiſe biſet AB in F, and let FG be drawn r in 
from the Point F, at Right Angles, to A B, and - D. 

9 join GB. 2 h 
Then, becauſe A Fi is equal to F B, and F G is com- bat 35 
mou, the two Sides AF, F G, are equal to the two was to be 


 _ _ Sides BF, FG; and the Angle AFG is equal to the 
3 Angle B F G. Therefore the Baſe AG is + equal R 
os, to the Baſe GB. And ſo, if a Circle be deſcribed £ P 
about the Centre G, with the Diſtance A G, this ſhall 
paſs through the Point B. Deſcribe the Circle, which 1 
let be ABE, and join EB. Now, becauſe AD is F /wo - 
drawn from the Point A, the Extremity of the Diame- other, 
er. 16. ter AE, at the Right Angles to AE, the ſaid AD will * ments 
n touch the Circle. And ſince the Right Line AD Aer t. 
touches the Circle AB E, and the Right Line A Bis 
drawn in the Circle from the Point of Contact A, IN the 
+ guof thi the Angle DAB is + equal to the Angle made in the 1 ally 
alternate Segment, viz. equal to the Angle A E B. Rectang 
| But the Angle DAB is equal to the Angle C. There- tte Rea 
N fore the Angle C will be equal to the Angle AEB. If A( 
5 Wherefore the Segment of a Circle AEB is deſcribed be the C 
upou the given Right Line AB, containing an Angle WW ſince A! 
AEB, equal to a N Angle. C; which was to be done, angle un 


I der DE 
PROPOSITION XXXIV. But it 
a ſſume t 
THEOREM. _ 0 J 
20 cut off a Segment from a given Circle, that hen 
hall contain an Angle vo ta a given Right- me Cen 
ind Angle. 3 the Cen 
ſame. 
L ET the given K be A \B C, and the Right- cauſe th 
lined Angle given D. It is required to cut off a in the P 
ent from the Circle A B C, containing an An- ReQang 
A equal to the Angle D. of EG. 
117 f this, Draw + the Ri ght Line EF, 83 the Cireled in the com 
* 23-1: the Point B, and = * the Angle FBC at the Point nele ; 


Be ual to the Angle D. | EG, 
hen, becauſe the Right Line EF touches the : Cir- the hh 
a ce ABC in the Point B, and BC is drawn * GF, : 
5 e 


ks 
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he Point of Contact B; the Angle FBC will be“ equal * 32 F bir. 
o that in the alternate Segment of the Circle; but the _ 
angle FBC is equal to the Angle D. Therefore the ; 
Angle in the Segment B A C will be equal to the 

Angle D. Therefore the Segment B A C is cut off 

rom the given Circle ABC, containing an Angle 

qual to the given Right-lined Angle D; which 


was to be done. F 5 £1 

PROPOSITION XXXV. | 
4; TreoReEM 

If two Right Lines in a Circle mutually cut each 
other, the Rectangle contained under the Seg- 


ments of the one, is equal to the Rectangle un- 
dier the Segments. of the other, AS 


N the Circle AB C D, let two Right Lines mutu- 
ally cut each other in the Point E. I fay, the 
Rectangle contained under AE, and E C, is equal to 
the Rectangle contained under DE, EB. =: 

If AC and DB paſs through the Centre, ſo that E 

be the Centre of the Circle ABCD ; it is manifeſt, 
ſince AE, EC, DE, EB, are equal; that the Rect- 
angle under AE, EC, is equal to the Rectangle un- 
%%% Ta et „„ 
But if AC, DB, do not paſs through the Centre, 
aſſume the Centre of the Circle F; from which draw 
FG, FH, perpendicular to the Right Lines AC, DB; 
Ihen, becauſe the Right Line G F, drawn through 
the Centre, cuts the Right Line AC, not drawn thro! 

the Centre, at Right Angles, it will alſo biſect “ the « , of 4c, 
ſame. Wherefore AG is equal to GC: And bee 
cauſe the Right Line AC is cut into two equal Parts 

in the Point G, and into two unequal Parts in E, the 
Rectangle under AE, EC, together with the Square 

of EG, is + equal to the Square of GC, Andif...,, 
the common Square of GF be added, then the Ret- 
I under AE, E C, together with the Squares of 

EG, GF, is equal to the Squares of CG, GF. But 5 
the Square of F E is + equal to the Squares of E G, f 45. 1. 

G F, and the Square of F C equal © to the — 5 

fg 


| 


4 
f 
4 
* 


2 
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of CG, GF. Therefore the Rectangle under AE, 
EC, together with the Square of FE, is equal to the 
Square of FC, but CF is equal to F B. Therefore 

the Rectangle under AE, E C, together with the 
Square of E F, is equal to the Square of F B. For 

the ſame Reaſon, the Rectangle under DE, E B, to- 
gether with the Square of F E, is equal to the Square 

of FB. But it has been proved, that the Rectangle 
under AE, EC, together with the Square of F E, is 

alſo equal to the Square of FB. Therefore the ReQ- 

angle under AE, EC, together with the Square of 


FE, is equal to the Rectangle under DE, EB, toge- i 


ther with the Square of FE. And if the common 
Square of F E be taken away, then there will remain 
the Rectangle under AE, E C, equal to the Rectangle 
under DE, EB. Wherefore, :f teu Right Lines in 
a Circle mutually cut each other, the Rectangle con- 
tained under the Segments of the one, is equal to the 
Rectangle under the Segments of the other; which 


was to be demonſtrate. a 
PROPOSITION XXXVI | 
Z 


If ſome Point be taken without a Circle, and from 
bat Point two Right Lines fall to the Circle, ont 
e which cuts the Circle, and the other touches it; 
_ #he Rectangle contained under the whole Secant 
Line, and its Part between the Convexity of the 
Circle and the aſſumed Point, will be equal 10 


the Square of the Tangent Line, 


I ET any Point D be aſſumed without the Circle 
2- ABC, and let two Right Lines DCA, DB, 


fall from the ſaid Point to the Circle; whereof DCA 


cuts the Circle, and D B touches it. I ſay, the Rec- 

as under AD, D C, is equal to the Square of DB. 

| Now, DCA either paſſes thro? the Centre, or not. 

In the firſt Place, let it paſs thro' the Centre of the 

Circle AB C, which let be E, and join EB. Then 

18 of this. the Angle EB D is “* a Right Angle. And fo, ſince 
= the Right Line AC is biſcHed in E. and CD is added 
thereto, the Rectangle under AD, DC, together 


with 


Book 1 


with the 


of ED. 


Rectang 
of EB, is 
of ED is 


| the Angl 


Rectangl 
oſ E B, I 
if the co 
Rectangl 
to the 89 
Now, 
Circle A 


draw EI 


ED. 1 


| cauſe a P 
cuts a R 


through 1 


| Angles ; 
the Right 


with the 


E of F D. 


then the 
the Squar 
of DFa 
to the 5q 
a Right 0 
Square of 


under A 


is equal ti 
EB. W 
gether wi 
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with the Square of EC, ſhall * be equal to the Square 
FED. But E C is equal to E B; wherefore the 
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1 6. 2. | 


Rectangle under AD, DC, together with the Square 


f E B, is equal to the Square of ED. But the Square 
f E D is + equal to the Square of E B, and BD. For 
he Angle EB D is a Right Angle: Therefore the 


＋ 47. r. 


Rectangle under AD, DC, together with the Square 
EB, is equal to the Squares of E B and B D; and 
f the common Square of EB be taken away, the 


Rectangle under AD, DC, , will be equal 
o the Square of the Tangent Line BBP). 

Now, let D CA not paſs through the Centre of the 
Circle AB C; and find } the Centre E thereof, and 
raw E F perpendicular to AC, and join E By E C, 
E D. Therefore EFD is a Right Angle. And be- 
auſe a Right Line E F, drawn through the Centre, 
uts a Right Line A C at Right Angles, not drawn 
hrough the Centre, it will * biſect the ſame at Right 
\ngles; and ſo AF is equal to FC. Again, ſince 
he Right Line AC is biſected in F, and CD is added 


t 1 of this 5 


* 2 of thits | 


— 


hereto, the Rectangle under AD, D C, together 


vith the Square of F C, will be * equal to the Square 


fFD. And if the common Square of E F be added, 


hen the Rectangle under AD, D C, together with 
he Squares of FC and F E, is equal to the Squares 


DF and FE. But the Square of DE is equal 


o the Squares of DF and FE ; for the Angle EF D is 


Right one: And the Square of CE is equal to the 


quare of C F and FE. Therefore the Rectangle 


nder AD, DC, together with the Square of C E, 
equal to the Square of E D; but CE is equal to 
B. Wherefore the Rectangle under AD, DC, to- 


ether with the Square of EB, is equal to the Square 
ED. But the Squares of EB and BD are + equal 
o the Square of ED; ſince the Angle EB D is a Right 


ne. Wherefore the Rectangle under AD and DC, 
gether with the Square of EB, is equal to the 
quares of EB and BD. And if the common Square 
fEB be taken away, the Rectangle under AD and 


)C, remaining, will be equal to the Square of DB. 
herefore, if any Point be taken without a Circle, and 
rom that Point two Right Lines fall to the Gircle, one 
F which cuts the Circle, and the other touches it; the 


angle contained under the whale Secant Line, and 


its 
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its Part between the Convexity of the Circle and the 
aſſumed Point, will be egual to the Square of the Tan- 
gent Line; which was to be demonſtrated, 


"PROPOSITION xxxVII. 


TRHTOREM. | I 


i FR Point be taken without a Circle, axd tn to Col. 
Right Lines be drawn from it to the Circle, ſo ſevera 


' that one cuts it, and the other falls upon it * . 


| 1 and if the Rectangle under the whole Secant Line AE, | 
= and the Part thereof without the Circle, be WW the T: 
equal to the Square of the Line falling upon the BA, 2 


„„ ele, then this laſt Line will touch the Circle. tte Re 
| ſame d 


E I ſome Point D be aſſumed without the Circl ſhall be 
ABC, and from it draw two Right Lines DCA, 
DB. to the Circle, in ſuch manner, that D C A cuts 
the Circle, and DB falls upon it: And let the ReR- 
angle under A D, DC, be equal to the Square of 
ä Right Line D B touches the Circle. 
i '® 17of this, For, let the Right Line DE be drawn * touching 
1 the Circle ABC, and find F the Centre of the Circle, 
| .- andjon EF, FB, RUAG. „ 
T8 .bin. Then, the Angle FEDis +a Right Angle. Ani 
becauſe DE touches the Circle AB C, and DCA 
cuts it, the Rectangle under A D, and D C, will be 
equal to the Square of D E. But the Rectangle un- 
1 By Hyp. der AD and DC is t equal to the Square of DB, 
Wherefore the Square of D E ſhall be equal to the 
Square of DB. And fo the Line D E will be equal 
to the Line DB. But EF is equal to FB: There 
4 fore the two Sides DE, E F, are equal to the two 
4 Sides DB, BF; add the Baſe F D is common. 
Wherefore the Angle DEF is equal to the Angle 
DBF; but DEV is a Right Angle; wherefore DB 
1 is alſo a Right Angle, * FB produced is a Dia- 
5 meter. But a Right Line drawn at Right Angles, on 
l the End of the Diameter of a, Circle, touches the 
| Circle; therefore BD neceſſarily touches the Circle, 
4 We prove this in the ſame manner, if the Centre: 
: : of the Circle be in the Right Line CA. 7Uf therefore 
N N oy Point be aſſumed without a Circle, and tws Right 
Line 


— 
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ines be drawn from it to the Circle, ſo that one cuts 
and the other falls upon it; and if the Rectangle 
der the whole Secant Line, and the Part thereof, 
ithout the Circle, be equal to the Square of the Line 
ling upon the Circle; then this laſt Line will touch 
Circle; which was to be demonſtrated. | 


roll. Hence, if from any Point, without a Circle, 
ſeveral right Lines AB, AC, are drawn, cutting 


the Circle; the Rectangles comprehended under 


the whole Lines A B, A C, and their external Parts 
AE, AF, are equal between themſelves. For, if 
the Tangent AD be drawn, the Rectangle under 
BA, and A E, is equal to the Square of AD; and 
the Rectangle under CA, and AF, is equal to the 


ſame Square of AD: Therefore the Rectangles 


ſhall be equal. 


The END of the Third Book. 
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DEFINITIONS. 


in a right-lined Figure, when eve 

one of the Angles of the inſcribed H 
gure ds every one of the $ zaes of the N 
gure, wherein it is deſcribed. 

II. In like manner a Figure is ſaid to be deſcribe 
about a Figure, when every one of the Sides 
the Figure, circumſcribed, touches every on 
of the Angles of the Figure, about which iti 

circumſcribed. 0 2 

III. A right-lined Figure is . aid to be in ſcribe . 

in a Circle, when every one of the Angles ]] . 

that Figure which is inſcribed, touches the Cir 
cumference of the Circle, 

IV. A right-lined Figure is ſaid to be deſcribed 
about a Circle, when every one of the Sides 0 
the circumſeribed Figure touches the Circum 
—_ ＋ the Circle. 


I. A Right-lined Figure is ſaid to be inſerib 


J 


1 


— * 
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which it 15 inſcribed. 


1 the Circle, 
PROPOSITION 1, 


PROBLEM. 


7 0 ph a Right Line in a given Cirele, equal to 


a given Right Line, whoſe Length does not 
exceed the Diameter of the Circle. 


L* the Circle given be AB C, and the given 


right Line, not greater than the Diameter, be 


D. It is requir'd to apply a 245 Line in the 


Circle AB C, equal to the right Line D 


Draw BC the Comes of the Circle ; then, if BC 
be equal to D, what was requir'd is done : For in the 
Circle ABC there is 1 the right Line BC, equal 


to the right Line D: But if not, the Diameter BC 


So likewiſe a Circle is ſaid to be inſcribed in a 
right-lined Figure, when the Circumference of 
the Circle touches all the Sides of the Figure in 


VI. A Circle is ſaid to be deſtribed about a Figure, 
when the Circumference of the Civele touches all 
the Angles of the Figure which it circumſcribes. 
VII. A right . Line is ſaid to be applied in a Circle, 
when its Extremes are in the ka dad of | 
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s greater than D, and put * CE equal to D; and» 3. 1. 


about the Centre C, hh the Diſtance C E, let the 
Circle A EF be deſerib-d; and join CA. 
Then, becauſe the Point C is the nere of the 


Circle AEF, CA will be equal to C E; but D is 
equal to C E. Wherefore AC; is equal to D. And 
ſo, in the Circle A BC, there is applied a right Line 


A C, equal to the given right Line D, not greater 
tan the Diameter; which was to . done: 


os 3 $M Os 


_ — 2. Aly ae Se =, SLIT — — > IO 4 2 
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PROPOSITION IL » 

/ ; "PROBLEMS. © | * 
In a given Circle to deſcribe a T riangle eguian 

gular to a given 7 riangle. x 

400] 


112 x AB C be a Circle given, and DEF a given 
Triangle. It is requir'd to deſcribe a Trianik P. 
in the Circle ABC, equiangular to the Triangle DEF, Ni 
* 17.3 Draw the right Line G A H touching * the Circle Nele 
AB in the Point A, and with the right Angle AH, e. 
+ 23. 1. at the Point A, make + an Angle HAC, equal to tie fn 
Angle DEF. Likewiſe, at the ſame Point A, with WE 
the Line AG, make the Angle GAB equal to the | 
Angle DFE; and join BC. D. 
Then, becauſe the right Line H A G touches the An 
Circle ABC, and A Cj is drawn from the Point of D. 
Contact in the Circle „ the Angle HA C ſhall be el 
1 32.3. I equal to ABC, the Angle in the alternate Segment 
5 of the Circle. But the Angle HAC is equal to the I 
Angle DEF; therefore alſo the Angle ABC is equal 
to the Angle DEF: For the ſame Reaſon, the Ab EI 
>: ACR is likewiſe equal to the Angle D F E. Where- aul 
1 Cor. 2. fore the other Angle BAC ſhall be + equal to the > 
32. 1. other Angle EDF; and, conſequently, the Triangle 
ABC is equiangular to the Triangle DEF, and is 
deſcrib'd 1 in the Circle A B C; which was to be done. 


PROPOSITION I. 


PROBLEM. 


About | a given Circle to deſcribe a Ti riangle, equi- 
angular to à Triangle given. 


LE T ABC be the given Circle, and DEF the 
given Triangle. It is requir'd to deſcribe a Ti- 
angle about the Circle AB C, equiangular to the 
Triangle DEF. 
—— the Side E F both ways to the Points G 
and H, and find the Centre of the Circle K, and any- 
how draw the Line K B. Then at the Point K, = 
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PDE; and the Angle B K C at the ſame Point K 

on the other Side the Line K B, equal to the Angle 
PDF; and thro' the Points A, B, C, let the right 
Lines LAM, MB N, NC L. be drawn touching 
the Circle A BC. 
Then, becauſe the Lines LM, MN, N L, touch 
the Circle ABC in the Points A, B, CT and the Lines 
KA, KB, K C, are drawn from the Centre K to the 
: Points A, B, C; the Angles at the Points A, B, C, 
will be + "right Angles. And becauſe the four An +18. 4 
les of the quadrilateral Figure AM B K are equal to 
Four right Angles, (for it may be divided into two 


5 Triangles) and the Angles K AM, K BM, are each 
N right Angles 3 therefore the other Angles AK B, 
he AM B, are equal to two right Angles. But DEG, : 


DEF, are equal to two right Angles; therefore the 
[Angles AKB, AMPB, are equal to the Angles DEG, 

E F, whereof A K Bis equal to DE G. Where- 

fore the other Angle AMB is equal to the other An- 

gle DE F. In like manner we demonſtrate, that the 
Angle LNB is equal to the Angle DFE. Therefore 

the other Angle MN is f equal to the other Angle f Cor. 2. 2. 
EDF. Wherefore the Triangle LN M is equian- 3* ** 
gular to the Triangle DE F, and is deſcrib'd about 
the Circle AB C; which was to be done. 


ll PROPO SI 110 N 1V, 


| Ps b. 
7 0 inſeride a Circle in a given T! angle. 


[ET ABC be a Triangle g given, It is  requir'd to 
inſcribe a Circle in the ſame. 

Cut * the Angles ABC, BCA, into two equal 9. 1. 
farts by the right Lines B 2D E, meeting each 

ther in the Point D. And from this Point draw 


BC, AC. 
Now, becauſe the Angle EBDis equal to the An- 


s Ge F BD, and the right Angle BED is equal to the 
any ht Angle BFD; then the two Triangles EBD, 
with DR P, have two Angles of the one equal to two 


K B 0-3 Angles 


IKB make * the Angle B K A equal to the Angle 23. 1. 


-E, D F, D G, + perpendicular to the Sides A B, + 12. 1. 
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Angles of the other, and one Side DB common to both, 

viz. that which ſubtends the equal Angles ; therefor 

26. 1. the other Sides of the one Triangle ſhall be * equal u 
| the other Sides of the other; and ſo DE ſhall be equ 
to DF. And for the ſame Reaſon, DG is equal to DF 
Therefore DE is alſo equal to DG. And fo th 

| three right Lines DE, DF, DG, are equal betwee 
themſelves. Wherefore a Circle deſcrib'd about th 

Centre D, with either of the Diſtances DE, DF, DG 

will alſo paſs thro? the other Points. And the Sid 

AB, BC, AC, will touch it; becauſe the Angles y 

E. F, and G, are right Angles. For if it ſhould cy 

them, a right Line drawn on the Extremity of th 
Diameter of a Circle at right Angles, will fall wit 

+ 16.3. in the Circle; which is + abſurd. Therefore a Circk 

deſcerib'd about the Centre D, with either of the D) 

ſtances DE, DF, D G, will not cut the Sides Al 

BC, CA; wherefore it will touch them, and wi 

be a Circle: deſcrib'd in the Triangle A BC "There 

fore the Circle EFG is deſcrid'd i in the Sven Triang 

ABC; which was te be done. 


PROPOSITION v. 


| PROBLEM. 
To deſeribe a Circle about a given E riangle. 


Ja ABC be a given Triangle.” It is requir'd t 
> deſcribe a Circle about the ſame. 
10 Biſect * the Sides AB, AC, in the Points D, 
F 21.11 from which Points let Pb, EF, be drawn Þ at rig 
Angles to AB, AC, which will meet either within! 
Triangle AB Te or in the Side BC, or without t 
Triangle. 
e 1 Let them meet in the Point F w eithin the T 
angle, and join BF, FC, FA. Then, becauſe AD 


equal to DB, and DF is common, and at right At 
= to AB; the Baſe A F will be 4 equal to the Ba 


B. And after the ſame manner we prove, that't 
Baſe CF is equal to the Baſe F A. Therefore alſo 
45 A's to OF: And ſo the three rig ht Lines F. 

— are equal to each other. W 


tle eferld'y Shout the Centre F, with either of i 
Diffand 


erefore a Cl 


\ 
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Diſtances FA, FB, FC, will paſs alſo thro' the other 
Points, and will be a Circle deſcrib'd about the Tri- 
angle ABC. Therefore deſcribe the Circle AB C. 

| Secondly, Let DF, E F, meet each other in the 
point F, in the Side B C, as in the Second Figure, 
and join AF. Then we prove, as before, that the 

ce Point F is the Centre of a Circle deſcrib'd about the 

ti Triangle ABC. „ 

Lutiy, Let the right Lines D F, E F, meet one 
W:nother again in the Point F, without the Triangle, 

es as in the third Figure, and join AF, F B, FC. And 

d culbecauſe A D is equal to D B, and DF is common, 
Wand at right Angles, the Baſe AF ſhall be equal to the 

ii Baſe BF. So likewiſe we prove, that CF is alſo 

equal to AF. Wherefore BF is equal to CF. And 

so again, if a Circle be deſcrib'd on the Centre F, W 

vith either of the Diſtances FA, FB, F C, it will vl | 
Wpaſs through the other Points, and will be deſcrib'd 1 
about the Triangle AB C; which was to be done. 1 


« » 
„ 
— 


Coroll. If a Triangle be right-angled, the Centre of j 

the Circle falls in the Side oppoſite to the right — | 
Angle; if acute-angled, it falls within the Triangle; 5 3 
and if obtuſe-angled, it falls without the Triangle. | 


, PROPOSITION . | 
rdt : PROBLEM. 3 
3 To inſcribe a_Square in a given Circle, | 85 | 


rig LET AB CD be a Circle given. It is requir'd to 
-inſcribe a Square within the ſame. „ 
ut i Draw AC, DB, two Diameters of the Circle, 
cutting one another at right Angles; and join AB, 
e T BC, CD, DA. e . 
AD Then, becauſe BE is equal to E D, (for E is the | 
t A Centre) and EA is common, and at right Angles to : 5 . 
e HB D, the Baſe BA ſhall be * equal to the Baſe AD; 4. 1. ; 
at and for the ſame Reaſon BC, CD, as alſo BA, AD, | a 
alſo Ware all equal to each other. Therefore the quadri- 1 
s F Fkteral Figure AB CD is equilateral. I ſay, it is alſo 
a CillieQangular, For, becauſe the right Line DB is a 
of M Diameter of the Circle AB CD, BAD will be a Se . 
n ee 3 i 
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micircle. Wherefore the Angle BAD is * a right 
Angle. And for the ſame Reaſon every one of the 


Angles ABC, BCD, CDA, is a right Angle. There. 


fore AB CD is a rectangular quadrilateral Figure; 
But it has alſo been prov'd to be equilateral. Where. 


© TETABCD bea Circle given. It is requir'd ia 


Points A, B, C, D, draw * 
Tangents to the Circle AB CD. 


fore it ſhall neceſſarily be a Square, and is deſcrib'd in 


the Circle ABCD; which was io be done, 


PROPOSITION: vn. 


PROBLEM. 


= Fo deſeribe a Square about a given Circle. 


deſcribe a Square about the ſame. _ 
Draw A C, BD, two Diameters of the Circle 
cutting each other at right Angles ; and through the 
FG GH, HK, KF 


Then, becauſe FG touches the Circle ABCD, and 


EA js drawn from the Centre E to the Point of Con- 


tat A, the Angles at A will be + right Angles. For 
the ſame Reaſon, the Angles at the Points B, C, D, 


are right Angles. And ſince the Angle AE B is a 


34. 1. 


right Angle, as alſo E BG, GH ſhall be f parallel 
to AC; and for the ſame Reaſon, AC to KF, In 


this manner we prove likewiſe, that GFand HK 
are parallel to BED; and ſo GF is parallel to HK. 


Therefore GK, GC, AK, FB, BK. are Parallelo- 
rams; and ſo GF is * equal to H K, and GH to 
F K. And fince AC js equal to BD, and AC * equal 


to either GH, or FK; and BD equal to either GF, 


or HK; GH, or FK, is equal to GF, or HK. There- 
fore F GH K is an equilateral quadrilateral Figure: 


1 fay it is alſo equiangular. For, becauſe GBEA is 
a Parallelogram; and AEB is a right Angle, then 
A GB ſhall be alſo a right Angle. In like manner 

we demonſtrate, that the Angles at the Points H, K, F, 


are right Angles. Therefore the quadtilateral Figure 


FGHK is rectangular; but it has been prov'd to be 
equilateral likewiſe. Wherefore it muſt neceſſarily be 


2 Square, and is deſcrib'd about the Circle A BCD; 


«hich was to be dane, 
8 PRO- 


th 
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1 PROPOSITION VIII. 


St PROBLEM. 
1 2 0 deſcribe a Circle in a given Square, 


LET the given Square be AB CD, It is requir'd 

to deſcribe a Circle within the fone: 
Biſe& * the Sides AB, AD, in the Points F, E; 19. r. 
and draw + EH thro' E, poralle to AB, or DC; and f 31. 1. 

FK thro? F, parallel + to BC, or AD. 'Then AK, 

KB, AH, HD, AG, GC, BG, GD, are al] Paralle- 
lograms, and their oppoſite Sides are 7 equal. And be- f 34 1 
cauſe D A is equal to A B, and AE is Ipalf of AD, : I | 
and AF half of AB, AE ſhall be equal to AF; but 133 

je the oppoſite Sides are alſo equal. Therefore F G is 1 | 

e cqual to GE. In like manner we demonſtrate, that 3 

„, or GK, is equal to either FG, or GE. There- 3 

* I fore GE, GF, GH, GK, are equal to each other: | 

id And fo a Circle being deſcrib'd about the Centre A 

with either of the Diſtances GE, GF, GH, GE, 

will alſo paſs thro* the other Points, and ſhall touch 

) the Sides AB, BC, CD, DA, becauſe the Angles at 

"EF. H, K, are right Angles. For if the Circle 

* ſhould cut the Sides of the Square, a right Line, 

In drawn from the End of the Diameter of a Circle, at Dy 

K niht Angles, will fall within the Circle; which is 

7 8 * abſurd. Wherefore a Circle deſcrib'd about the # 76. 3. 

0. Centre G, with either of the Diſtances GE, GF, 

to 6, GE, will not cut AB, BC, CD, DA, the 

it Sides of the Square. Wherefore it ſhall neceſſarily 

F. | touch them, and will be deſcrib'd in the Square 

Sg BY C D * which was to be done. 
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Ire To deſeribe a Girele about a Square given. 


be LET ABe D be a Square given. It is requir'd te 8 | | 
circumſcribe a Circle about the ſame. _ - | 

Join AC, BD, mutually cutting one another in 5 | 

-d Point E. And \ 
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is biſected by the right Line AC. In the ſame man- 
_ CDA, are biſected by the right OE g 4 AC, 'DB. 
gle ABC, and the Ange EAB is half of the 188 


Sides BA, AC; but the Baſe DC is equal to the Baſe 


p under AB, BC, ſhall be equal to the Square of 
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And ſince D A is equal to A B, and A C is com- 
mon, the two Sides DA, A C, are equal to the two 


BC. Therefore the Angle DA C will * be equal to 
the Angle BAC: And conſequently the Anglo DAB 


ner we prove, that each of the Angles ABC, B CD, 
Then, becauſe the A le DAB is equal to the An- 


AB, and the Angle EBA half of the Angle ABC 
the Angle E AB ſhall be equal to the Angle E BA: 


And fo the Side EA is + equal to the Side EB. In like the 


manner we demonſtrate, that each of the right Lines, iſ ca 
EC, ED, is equal to each of the right Lines E A, I for 
E B. Therefore the four right Lines EA, EB, EC, Al 


E D, are equal between themſelves. "Wherefore 2 Ar 


Circle being deſcrib'd about the Centre E, with either B. 


of the Diſtances EA, E B, EC, ED, will alſo paß B! 


thro? the other Points, and will be deſcrib'd about the C 


Square A BCD; whzch was to be done. D 
| 
PROPOSITION X. 8 I: 
PROBLEM. nes Y 


T o make an Ih ſceles Triangle, having each of I 
Angles at the Baſe double to the other Angle. in 


; Cv T* any given right Line AB in the Point C, 


ſo that the Rectangle contain'd under AB, B 0 
be equal to the Square of AC; then about the Cen- 
tre A, with the Diſtance AB, "let the Circle BDE 
. be defcrib'd ; ; and 4 in the Circle BDE apply the 


9 Line B D equal to A C; which is not greater Ti 


than the Diameter. This being done, ; join DA, DC, 
. and deſcribe t a Circle ACD about the Triangle 
ADC. 
Then, becauſe the Rectangle ARC is equal to the 
Square of AC, and A C is equal to BD, the Rectan- I g 


D. And becauſe ſome Point, B, is taken without 
the Circle ACD, and from that Point there fall two 
right Lines, BCA, BD, to the Circle, one of which 

4 : Cuts 
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cuts the Circle, and the other falls on it, and ſince 

the Rectangle under AB, BC, is equal to the Square 

of BD, the right Line B D mall * touch the Circle * 33. 3. 
ACD. And — BD touches it, and DC is drawn 

from the Point of Contact D, the Angle B D C is 
equal to the Angle in the alternate Segment of the _ 
Circle, viz. equal + to the Angle DAC. And me? a 323. 


che Angle BDC is equal to the Angle DAC; 


CDA, which is common, be added, the whole gy 

ole B DAis equal to the two Angles CDA, DAC. 
Bur the outward Angle BCD is ꝓ equal to C DA, f 32. 1. 
DAC. Therefore BDA is equal to ”B CD. But f 
the Angle BDA * is equal to the Angle C BD, be- 5. 1, 
cauſe the Side A D is equal to the Side AB. Where- 
fore DB A ſhall be . to BC D: And fo the three 
Angles BD A, DBA, BCD, are equal to each other. 
And ſince the Angle DBC is equal to the Angle 
BCD, the Side BD is + equal to the Side DC, But Me 6. x, 
BD is put equal to CA. Therefore C A is equal to 
CD. And fo the Angle C DA is equal to the Angle 
D A C. Therefore the Angles CDA, DAC, — — 
together, are double to the Angle D AC. But the 
Angle BCD is v to the Angles CDA, DAC. 
Therefore the Angle BCD is double to the Angle 
DAC. But BCD is equal to BDA, or DBA. 
Wherefore B DA, op DBA, is double to BDA. 
Therefore the Iſoſe Es Trian « ABD is made, have- 
ing one of the Ang] he Baſe double to the other 
Angle; 3 which was fo be done. . 


PROPOSITION I 


PROBLEM. 


Ti 0 deſcribe an equilateral and ger Pen 
gen ina given Circle. 


1 T ABC DE be a i Circle given. It is requir' d 


to defcribe an equilateral and equiangular Penta - 
gon in the ſame. 
Make an Iſoſceles Trian ole FGH, having * each * 107 tb 
of the Angles at the Baſe GH, double to the other 
Angle F; and deſcribe the Triangle ADC in the Circle 
ABCDE, equiangular + to the Triangle FG H; Ea + 2of this,” 


$2.5 4% e 


119 


263, 


+ 29s 
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that the Angle CAD be equal to that at F, and ACD, 


CDA, ps 5 to the An gles G or H. Whereforo 


the An gles ACD, CDA, are Lick double to the Angle 
CA D. This being done, biſect * AC D, CD A, 
by the right Lines C E, D B, and join A B, B 8 


DE, E A. 


Then, becauſe each of the Abies ACD, CDA, is 


double to CAD, and they are biſected by the right 
Lines CE, DB; the five Angles DAC, ACE, ECD, 
CDB, BDA, are equal to each other. But equal 
Angles ſtand & upon equal Circumferences. There- 
fore the five Circumferences AB, BC, CD, DE, EA, 
are equal to each other. But equal Circumferences 
ſubtend + equal right Lines, Therefore the five 
right Lines AB, BC, CD, DE, EA, are equal to 


each other. Wherefore ABCDE is an equilateral 


Pentagon. I fay, it is alſo equiangular ; for becauſe 
the Circumference AB is equal to the Circumference 
DE, by adding the Circumference BC D, which is 


common, the whole Circumference AB C Di is equal 


to the whole Circumference EDC B; but the Angle 
AE D ſtands on the Circuntervace ABCD, and 


BAE on the Circumference E DCB: Therefore the 


Angle BAE is equal to the Angle AE D. For the 
fame Reaſon, each of the Angles ABC, BCD, CDE, 


is equal to BAE, or AED. Wherefore the Pentagon 
ABCDE is equiangular ; but it has been prov'd to 


be alfo equilateral. And conſequently there is an 
| equilateral and equiangular Pentagon inſerib'd in a 


given Circle 3 3 zwhich was to be done. 
PROPOSIT ION XIL 


PROBLEM. 


To , deſeribe an equilateral and equiangular pus 


gon about a Circle Ban 


* T ABCDE be the given Circle. It is requir d 


to deſcribe an equilateral and equiangular Penta- 


gon about the ſame. 
Let A, B, C, D, E, be the angular Points of a Pen- 
tagon ſuppos'd to be inſcrib'd * in the Circle; ſo that 


the — AB, BC, CD, DE, EA, be 


equal; 3 


| of FB. Wherefore the Square of 
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»”— : 


equal ; and let the right Lines GH, HK, KL, LM, 


MG, be drawn, touching + the Circle in the Points + 17.2. 


A, B, C, D, E: Let F be the Centre of the Circle 

ABC DE, and join FB, F K, FC, FL, FD. 
Then, becauſe the right Line K L touches the Cir- 

ce ABCD E in the Point C, and the right Line FC 


is drawn from the Centre F to C, the Point of Conn? 
tat; FC will be f perpendicular to K L: And ſo 118. 3. 

| both the Angles at C are right Angles. For the ſame 
Reaſon, the Angles at the Points B, D, are right 


Angles. And becauſe FCK is a right Angle, the 
Square of FK will be * equal to the Squares of FC, * 47. 1. 
CK: And for the ſame Reaſon, the Square of FK 
is equal to the Squares of FB, BK. Therefore the 
Squares of FC, CK, are equal to the Squares of FB, 
BK. But the Square of F C is equal to the Square 

© K ſhall be equal 
to the Square BK; and ſo BK is equal to CK. And 
becauſe F B is equal to FC, and F K is common, 
the two Sides BF, F K, are equal to the two CF, 
F K, and the Baſe B K is equal to the Baſe KC; and 
ſo the Angle BF K ſhall be + equal to the Angle 4 g,,, 
KFC, and the Angle B K F to the Angle FK TC. 
Therefore the Angle B F C is double to the Angle 
KFC, and the Angle BK C double to the Angle 
FK C: For the fame Reaſon, the Angle CFD is 
double to the Angle CF L, and the Angle CLD 
double to the Angle CLF. And becauſe the Cir- 
cumference B C is equal to the Circumference C D, 


the Angle BF C ſhall be equal to the Angle CFD. f 25. 3. 


But the Angle BF C is double to the Angle K FC, 

and the Angle D F C double to LF C. Therefore 

the Angle K F C is equal to the Angle CFL. And 

ſo FK C, FLC, are two Triangles, having two An- 

gles of the one equal to two Angles of the other, 

each to each, and one Side of the one equal to one 

Side of the other, viz. the common Side FC; where: 
fore they ſhall have the other Sides of the one equal + 26. :. 
to the other Sides of the other; and the other Angle 
of the one equal to the other Angle of the other.. 
Therefore the right Line K C is equal to the right 

Line CL, and the Angle FE C to the Angle FLC. 

And ſince K C is equal to CL, KL ſhall be double 

o KC. And by the ſame Reaſon we prove, 3 
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H K is double to BK. Again, becauſe BK has been 


prov'd equal to K C, and K L the double to K C, 2 


alſo H K the double of B K, H K ſhall be equal to 


K L. So likewiſe we prove, that GH, GM, and 
MIL, are each equal to H K, or KL. Therefor 
the Pentagon GH K LM is equilateral. I ſay alſo, 
it is equiangular ; for becauſe the Angle FK C is equal 


to the Angle FLC; and the Angle H K L has been 


prov'd to be double to the Angle FK C; and alſo 


L M double to FLC: Therefore the Angle H KL 


ſhball be equal to the Angle K LM. By the ſame 
Reaſon we demonſtrate, that every one of the Angle 
KHG, HGM, GML, is equal to the Angle HKL, 
or KLM. Therefore the five Angles, GH K, HKL, 
K LM, LMG, MGH, are equal between them- 


ſelves. And ſo the Pentagon G HK L M is equian- 
Zular, and it has been prov'd. likewiſe to be equilateral, 
and deſcrib'd about the Circle ABCDE ; which was 


to be done. 


| PRO POSITION XIII. 


PROBLEM. 


25 deſeribe a Circle in an equilateral and equian 


_ gular Pentagon. 


LE ABCD E be an equilateral and equiangulat 


— Pentagon, It is requir'd to inſcribe a Circle in 
Wm ms: » IE 


Biſect the Angles BC D, CDE, by the Right 


Lines CF, DF; and from the Point F, wherein CF, 


DF, meet each other, let the Right Lines FB, FA, 
FE, be drawn, Now, becauſe BC is equal to C D, 


and CF is common, the two Sides BC, CF, are 
equal to the two Sides DC, CF ; and the Angle 
BCF is equal to the Angle DCF. Therefore the 
Baſe BF is + equal to the Baſe FD; and the Triangle 
BFC equal to the Triangle D CF, and the other 
Angles of the one equal to the other Angles of the 


other, which are ſubtended by the equal Sides: There- 


fore the Angle CBF ſhall be equal to the Angle 


CDF: And becauſe the Angle C DE is double to 
the Angle CDF, and the Angle CDE is 6 hy 
Angle 
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Angle ABC, as alſo CDF, equal to CBF; the Angle 
CBA will be double to the Angle CBF; and fo the 
Angle ABF equal to the Angle CBF. Wherefore 
the Angle AB C is biſected by the Right Line BF. 


| After the ſame manner we prove, that either of the 
| Angles BAE or AED is biſected by the Right Lines 


FL, FM, perpendicular to the Right Lines AB, BC, 
CD, DE, EA. Then, ſince the Angle HC F is 
equal to the Angle K CF, and the Right Angle FHC 
equal to the Right Angle FK C; the two Triangles 
FHC, FK C, ſhall have two Angles of the one equal 
to two Angles of the other, and one Side of the one 
equal to one Side of the other, vig. the Side FC com- 
mon to each of them. And ſo the other Sides of the 


and the Perpendicular FH equal to the Perpendicular 
FK. In the ſame manner we demonſtrate, that FL, 
FM, or F G, is equal to FH, or FK. Therefore 
the five Right Lines FG, FH, F K, FL, FM, are 
equal to each other. And ſo a Circle deſcrib'd on the 
Centre-F, with either of the Diſtances FG, FH, FK, 
FL, FM, will paſs thro? the other Points, and ſhall 
touch the Right Lines AB, BC, CD, DE, EA; 
: fince the Angles at G, H, K, L, M, are Right An- 
an. deen For if it does not touch them, but cuts them, a 
ight Line drawn from the Extremity of the Diame- 
ter of a Circle at Right Angles to the Diameter, will 


ular 

e in Circle deſcrib'd on the Centre F, with the Diſtance 
cf any one of the Points G, H, K, L, M, will not 

aht Neat the Right Lines AB, BC, CD, DE, EA; and 
F, Io will neceſſarily touch them; which was to be done. 


D, NCoroll. If two of the neareſt Angles of an equilateral 
are and equiangular. Figure be biſected, and, from the 
ngle Y Point in which the Lines biſecting the Angles meet, 
the Y there be drawn Right Lines to the other Angles of 
ngle Y the Figure, all the Angles of the Figure will be 
ther Y biſected. 1 N > 
the COTE. 
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AF, FE. From the Point F draw * FG, FH, FK, 12. 2. 


one will be + equal to the other Sides of the other, + 26. r. 


fall within the Circle, which is ꝓ abſurd. Therefore t 16. 3, 
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PROPOSITION XIV. 
15 PROBLEM. NE 
To deſcribe a Circle about a given equilateral and 
1  equiangular Pentagon. 


LE T ABCD E be an equilateral ard equiangulat 
Pentagon. It is requir d todeſcribe a Circle about 


the ſame. 


Biſect both the Angles BC D, CD E, by che right 
Lines CF, FD; and draw FB, FA, FE, from the 


Point F, in which they meet. Then each of the An- 


| * Cor. of — 


Prered. 5 


1 6. I, 


les CB A, BAE, AED, ſhall be biſected * by the 
right Lines B F, FA, FE. And ſince the Angle 


BCD is equal to the Angle C DE; and the Angle 


FCD is half the Angle BCD, as likewiſe CDF 
half CDE; the Angle FCD will be equal to the 
Angle FDC; and ſo the Side CF ꝗ equal to the Side 
FD. We demonſtrate, in like manner, that FB, 
F A, or FE, is equal to FC, or FD. Therefore the 
five right Lines FA, FB, FC, FD, F E, are equal 


to each other. And ſo a Circle being deſcrib'd on 
the Centre F, with any of the Diſtances FA, FB, 
FC, FD, FE, will paſs through the other Points, and 


will be deſcrib'd about the equilateral and equiangulat 


Pentagon AB CDE; which was to be done. 


PROPOSITION XV, 


bt 1 AMES TW > 

To inſcribe an equilateral and equiangular Hexagon 
NR in a given Circdie. 

T Er ABCD EF be a Circle given. It is requir d 

*— to inſcribe an equilateral and equiangular Hexagon 


therein. 


Draw AD, a Diameter of the Circle ABCD EF, 


and let G be the Centre; and about the Point D, as 
2 Centre, with the Diſtance DG, let a Circle EGCH, 


be deſcrib'd ; join E G, GC, which produce to the 


Points B, F : Likewiſe join AB, BC, CD 5 DE 5 * 
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r A. I ſay, ABCD E Fi is an equilateral and equi- 
angular Hexagon. 
For, ſince the Point Gi is ahi Centre of the Circle 
ABCDEF, GE will be e > to GD. Again, 


Lech the Point D is the Centre of the Circle 

EG CH, DE ſhall be equal to DG: But GE has 

been prov'd equal to G D. Therefore G E is equal 

to E D. And fo EGD is an equilateral Triangle; and 
conſequently the three Angles thereof, EGD, GDE, - 
DEG, are * equal between themſelves : But the * Cr. 4 1. 
three Angles of a Triangle are + equal to two right + 32. 
Angles.. Therefore the Angle EG is a third Part 

of two right Angles. In the ſame manner we de- 
nonſtrate, that BGC is one third Part of two right 

angles: And ſince the right Line CG, ſtanding upon 
the right Line EB, makes 5 the adjacent Angles t 13. 1. 
EGC, CG; the other Angle, CG B, is alſo one 
tird Part of two right Angles. Therefore the An- 

ges EGD, DGC, C GB, are equal between them- 

flves : And the Angles that are vertical to them, viz. 

the Angles BG A, AGF, FGE, are * equal to che # . 
Angles EG, D GC, CGB. Wheretore the ſix 

Ang les EGP, DGC, CGB, BGA, AGF, FGE, 
ue ual to one another. But equa] Angles Rand + on 4 26. 3. 
equal Circumferences. Therefore the ſix Circumfe- 

rences, AB, BC, CD, DE, EF, FA, are equal to 
ach other. But equal richt Lines" ſubtend + + equal  :9. 3. 
Cicumferences. Therefore the fix right Lines are 

equal between themſelves ; and according] y the Hexa- 

n ABC DEF is equilateral: I ſay, it is alſo equian- 

lar. For, becauſe the Circumference A F is equal 

tothe Circumference ED, add the common Circum- 

krence AB C D, and the whole Circumference 
ABCD is equal to the whole Circumſerence 

LD CBA. But the Angle FED ſtands on the Cir- 
cumference FA BCD; and the Angle AF E, on the 
(ircumference E D C BA, Therefore the Angle 


E is * equal to the Angle D EF. In the ſame * 27. 3. 
manner we prove, that the other Angles of the Hexa- 

2 ABC DEF are ſeverally equal to AFE, or FED. 
Therefore the Hexagon AB CD E F is equiangular. 

but it has been prov'd to be alſo equilateral, and is 
aſcrib'd 1 in the Circle A BC D E F; Which was to be 


; ine, 


I rell, 
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Coroll. From hence it is manifeſt, that the Side of the 
1 Hexagon is equal to the Semidiameter of the Circle. 
1 And if we draw thro? the Points A, B, C, D, E, , 
F Tangents to the Circle, an equilateral and equian 
2 | gular Hexagon will be "deſcrib'd about the Circle, 
as is manifeſt, from what has been ſaid concerning 
the Pentagon. And ſo likewiſe may a Circle be 
inſerib'd and circumſcrib'd about a 12 Hex 
gon which was to be done. = 


PROPOSITION XVI. 


Noir 


7 0 h an equilateral and equiangular Quin 
| decogon i in a given Circle, 


L T AB CD be a Cel giren. 161 is requir'd to 
deſeribe an equilateral and equiangular Quinde- 
cagon in the fame. _ 
Let AC be the Side of an \.equilateral Triangle in. 
ferib'd | in the Circle A BCD, and AB the Side of: 
Pentagon. Now, if the whole Circumference of th 
Circle AB CD be divided into fifteen equal Parts, 
1 the Circumfeſtnce A B C, one Third of the Whole, 
tall be five of the ſaid fifteen equal Parts; and the 

tee ofthe A B, one Fifth of the Whole, will be 


ree of the ſaid Parts. Wherefore the remaining 
Circumference BC will be two of the ſaid Parts 
And if BC be biſected in the Point E, BE, or EC, 
will be one fifteenth Part of the whole Circumference 
ABCD. And ſo, if B E, EC, be join'd, and either 
EC, or EB, be continually applied: in the Circle, there 
hall be an equilateraband equiangular Quindecagon de- 
. ſcrib'd 1 in the Circle ABC D; ; which was to be done. 


> v2 15, according to what FR hw 944 of hi Pentagcs 
right Lines are drawn thro” the Diviſions of the 
Circle touching the ſame, there will be deſerib'd 
about tbe Circle an equilateral and equiangul: 
Quindecagon. And, moreover, a Circle may vl 
inſcrib'd, or circumſcrib'd, about a given equilate 

ral and equiapgular Quindecagor. 
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PEFINITIONS. 


. Part is a Magnitude of 4 Magnitude, 
A the Leſs of the Greater, when the Leſ⸗ 


fer meaſures the Greater. 
II. But a Multiple is a, Magnitude of a Magni- 


tude, the Greater of the Leſſer, when the 


Leſſer meaſures the Greater. 


III. Ratio is a certain mutual Habitude of Magni- 


tudes of the ſame Kind, according to Quantity. 
IV. Magnitudes are ſaid to: have Proportion to 


each other, which, being multiplied, can exceed 


one another. 


V.. Magnitudes are ſaid to bei in the ſame Ratio, 
the firſt to the ſecond, and the third to the 
fourth, when the Equimultiples of the firſt and 


third, compared with the Equimultiples of the 
| ſecond and fourth, according to any Multipli- 


cation <whatſoever, are either both together 


greater, equal, or leſs than the Equimultiples 


of the ſecond and fourth, if thoſe be taken tbat 
anfezer each other. 15 
1 That 
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That is, if there be four Magnitudes, and you take 
any Equimultiples of the firſt and third, and alſo any 
Equimultiples of the ſecond and fourth; and if the 


Multiple of the firſt be greater than the Multiple of 
the 8 and alſo the Multiple of the third greater 


than the Multiple of the fourth: Or, if the Multiple 
of the firſt be equal to the Multiple of the ſecond; 


and. alfo the Multiple of the third equat to the Mal 
tiple of the fourth: Or, laſtly, if the Multiple of the 


firſt be leſs than the Multiple of the ſecond ; and alſo 


that of the third leſs than hat of the fourth, and theſe 
Things happen according to every Multipl ication what: 
ſoever ; then the four Magnitudes are in the ſame Ra- 


” tio, the firſt to the ſecond, as the third to the fourth, 


VI. Magnitude that have the ſame Proportion 


are called Preportionals, 


Expounders uſually hy down here that Definition 


which Euclid has given for Numbers only, in hi 


8 Book; viz. That 


AMagnitudes are ſaid to be Pr ang, then th 


fr t is the ſame Equimultiple of the ſecond, as the third 
is 5 of the fourth, or the ome Part or LCF 


But this Definition appertains only to Numbers, and 
commenſurable Quantities ; and fo, fince it 15 not uni- 
verſal, Euclid did well to reject it in this Element, 
which treats of the Properties of all Proportionals; 
and to ſubſtitute another general one, agreeing to al 
Kinds of Magnitudes. In the mean time, Expounders 
very much endeavour to demonſtrate the Definition 


here laid down by Euclid, by the uſual receiv'd Defi- 


nition of proportional Numbers; but this much eaſter 
flows from that, than that from this; ; which may be 
thus demonſtrated: | 


1 
FirftyLet A, B, C, D, be four Magnitudes, which 


are in the ſame Ratio, according to the Conditions 


that Magnitudes in the ſame Ratio muſt have laid 
down in the fifth Definition. And let the firſt be a 
Multiple of the ſecond. I fay, the third is alſo the. 
ſame Multiple of the fourth, For W Let A 

. 2 
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ou take Mhz equal to.5B. Then C ſhall be equal to 5D. Take 
lo any Hany Number, for Example, 2, by which let 5 be 
if the Wmultiplied,and the Product will 1 


tiple of be 10: And let 2A, 7 be | . 
greater WEquimultiples of the firſt and 

Lultiple third Magnitudes A and C: 2A, 10B, 20, 10D 
econd ; Alſo, let 10B and 10D be Equimultiples of the ſe- 


e Mul Wcond and fourth Magnitudes B and D. Then (by 


> of the Def. F.) if 2A be equal to 10B, 2C ſhall be equal | 
5. But ſince A (from the Hypotheſis) i is five 


nd alſo 
1d theſe 
n what 
me Ra- 
ourth, 


to 10 
times B, 2A ſhall be equal to 10B; and fo 20 equal 


me P. W.W.D. 

Secondly, Let A be any Part of B; ; then C will be 
the ſame Part of D. Fo: or, becauſe A is to B, as C is 
to D; and ſince A is ſome Part of B; then B will be 


ortion, 
finition lf 
„ in his 


ben the 
be third 
| plied by 4, then 4A will be equal to 5B. And ſo, 


if the Equimultipl of the firſt 

rs, and ind third, viz. 4A, 4C, be aſ- A: B 0 ö 
um'd; as alſo the Equimulti- 8 * 

panes ples of the ſecond and fourth, 4h, 5B, 46 50 


g to all 
zunders 
finition 
Defi- 
h eaſter 
may be 


5B; then 4C is equal to 5D. But 4A has been proy'd 


C equal to 4D. W. W. D. 


equal to = D. For let A and C 


a” de mulciglied by n, and B and 
, which D by n. And becauſe Als equal 
anon. —B; mA ſhall be equal to nA, aB, 10, "D 


we laid 
rſt be a 
lſo the 
Let A 
.. 8 


A 0 D 


and C equal to . W. W. * 
| 1 3 VII. ben 


o 10D, and C equal to 5D; that 1 is, C will be five 


a Multiple of A: And ſo (by Caſe 1 1.0 D will be the 
ame Multiple of C, and accordingly C ſhall be the 
ſame Part of the Magnitude D, as A is of B. W. W. D. 
Thirdly, Let A be equal to any Number of what 
ſoever Parts of B. I ſay, C is equal to the ſame 
Number of the like Parts of D. For Example: Let 
A be a fourth Part of five times B; that is, let Abe 
equal to CB. I fay, C is alſo equal to LD. For, 
cauſe A is equal to 2B, each of them being multi- 


biz. 5B, 5 D: And ( 3 Definition) if 4A is equal to 
equal to 5B, and ſo 40 ſhall be equal to 5D, and 
And * if A be equal o — - B, C wil be 


5 ; wherefore (by Def. 5.) mC will be equal to „D, 
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vII. When of Equimultiples, the Multiple of th 


firſt exceeds the Multiple of tube ſecond, but th 
Multiple of the third does not exceed the Mul. 
 tiple of the fourth; then the firſt to the ſecond 
is ſaid to. have 4 greater Proportion than th 
third to the fourth. 


VIII. Analog) is a Similitude of Proportions. 
IX. Analogy at leaſt conſiſts of three Terms, 
X. Mben three Magnitudes are Proportionals, th 


firſt is ſaid to have, to the third, a duplicat 
| Ratio to what it has to the ſecond. 


. Xl. But when four Magnitudes are Proportional, 


the firft ſhall have a triplicate Ratio to th 
fourth of what it has to the ſecond ;, and ſo al 
ways one more in Order, as the Proportional 


ſhall be extended. 


XII. Homologous Mag nies or Magnitudes « 


aà lite Ratio, are ſaid to be ſuch whoſe Ante. 
cedents are to the AMecedents, and C onſe quent 
o the Conſequents. EO 
XIII. Alternate Ratio is the comparing of th 
- Antecedent with the Antecedent, and the Con. 
ſequent with the Conſeg uent, 


XIV. Inverſe Ratio is when the Conſequent i i 


taken as the Antecedent, and fo compared with 
the Antecedent as a C onſeguent. 


XV. Compounded Ratio is when the Anteceden 


and Conſequent, taken both as one, is compare 
tothe 7 i ſelf, 


XVI. Divided Ratio is abeh the Exceſs, where- 


in the Antecedent exceeds the Conjequent, is con · 
pared with the Conſeguent. 


XVII. Converſe Ratio is when the Antecedent i i 


ompared with the Exceſs, by which the Antt- 
ceqent exceeds the Conſequent. 
XVIII. Ratio of Equality is where there are taken 


more than two Magnitu des in one Order, * 
lite 


ok V. 


F th 
but th 
e Mul. 
ſecond 
han th 


Ms. 

| he 
als, th 
iplicat 
tional, 
| to lh 
d ſo al 
tional 
tudes i 
e Ani. 


ſequenti 


of th 
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ent i 
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Lecedent 
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like Number of Magnitudes in another Order, 


comparing tivo to two being in the ſame Pro- 


portion; and it ſhall be in the firſt Order of 
Magnitude, as the firſt is uo the laſt, ſo in the 
ſecond Order of Magnitudes is the firſt to the 
laſt : Or otherwiſe, it is the Compariſon of the 
Extremes together, the Means being omilted. 


XIX. Ordinate Proportion is, when as the Ante- 


cedent is tothe Conſequent, ſo is the Antecedent io 
the Conſequent ;" and as the Conſequent is to any 
other, ſo'is the Conſequent to any other, 
XX. Perturbate Proportion is when there are 
three Magnitudes, and others alſo, that are equal 
to theſe in Multitude, as in the firſt Magnitudes 
the Antecedent is to the Conſegueni; ſo in the 


' ſecond Magnitude is the Amtecedent to the Con- 


ſequent : And as in tbe firſt Magnitudes the * 


ſequent is to ſome other, ſo in the ſecond Mag- 


* 


aieudes, is ſome ather io the Antecedem. 


AXIOMS 


I. 2uimuitiples of the ſame, or of equal Mag- 


nitudes, are equal to each other, _ 
Il. Thoſe Magnitudes that have the ſame Equi- 
multiple, or whoſe Equimultiples are equal, are 


equal ſo each oiber. 


77 there be any Number of Magnitudes Equimul. 


2 T there be any Number of Magnitude, i 
: AB, CD, Equimultiples of a like Numb«W 
the fame Multiple AB, and © 
and F together. 
and F, as many Magnitudes equal to 
into Parts equal to E, which let be AG, G4 
83; and C into Parts equal to F, I 
VIZ. CH, HD. Then the Multitude "yp Y 
Parts, CH, HD, ſhall be equal to the B |} 
tince AG is equal to E, and CH to F; C 5 


to E and F together. By the ſame Rea- 
ſon, becauſe GB is equal to E, and H 


10 E and F together. Therefore, as 1 0 


| Euclid s ELEMENTS. Book. : 
PROPOSITION I. 


THEOREM. 

J 

 tiples of a lite Number of Magnitudes, ea 
to each, whatſoever Multiple any one of th 
Former Magnitudes i is of its correſpondent ont, 
_ the ſame Multiple are all the former Magni : 
 Tudes of all the latter. Z 


of ee E, F, each of each. I fay, g 
what Multiple the Magnitude AB is of LW 
p, together, is of | 


For, becauſe AB and C D are Equimultpls of of Ll 


E, that are in AB, ſo many ſhall be A 
equal to F in C D. "Now. divide AB J 


6 


147 
I 
>> — 


Multitude 1 Parts AG, GB. And 
AG and CH, together, ſhall be equal 1 


HD to F, GB and HD will be equal _ 


often as E is contain'd in AB, ſo often | 
is E and F contain'd in AB and CD. D 4 * | 
And fo, as often as E is contain'd in 
AB, fo often are E and F, together, contain'd in 
AB and CD together. Therefore, if there are am 
Number of Magnitudes Equimultiples of a like Num- 
ber of Magnitudes, each to each; whatſoever Multiple 
any & of the former Magnitudes is of its correſpondent 
one, the ſame Multiple are all the former Magnitudes of 
ail the latter ; which was to be demonſtrated. 


P R O- 
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THEOREM 

be firſt be the ſame Multiple of the ſecond, 
23 he third. is of ibe fourih; and if the 
10 be the ſame Multiple of the ſecond, as 
the ſixth is of the fourth z then ſhall the firſt, 
added to the fifth, be the ſame Multiple of the 
= ſecond, as the third, added to the mn «th, 15 is of 
dhe fourth. 


E T the firſt A B be the fame Multi ple of the 65 
; cond C, as the third D E is of the fourth F; and 
iet the fifth B G be the ſame | 
Multiple of the ſecond C, as A1 D 
the ſixth EH is of the fourth | , 
F. I fay, the firſt added to B e 
the fifth, viz. AG, is the ſame r 
Multip le of the ſecond C, halt ne "LO TH 
he third added to the Nac 1 1 
viz, D H, is of the fourth F. G 3 H C 
For, becauſe ABis the ame 
Multi ple of C, as D E is of F; there are as many 
Magnitudes equal to C in AB, as there are Magnitudes 
equal to F in DE. And for the ſame Reaſon, there 
ee as many Magnitudes equal to C in B G, as there 
are Magnitudes equal to F in E H. Therefore there 
are as many Magnitudes equal to C, in the whole AG, 
| as there are Magnitudes equal to F in DH. Where- 1 
tore A G is the ſame Multiple of C, as DH is of F. 
And ſo the firſt, added to * fifth A G, is the ſame 
Multiple of the ſecond C, as the third, added to the 
lixth DH, is of the fourth F. Therefore, if the firſt 
be the ſame Multiple 2 the ſecond, as the third is of 
the fourth ; and 7 the Fife 1 be the fame Multiple of 
the ſecond, as the ſixth is of the fourth; then ſhall 
the firſt, added to the fifth, be the ſame Multiple © 
the ſecond, as the third, added to the ſixth, is my the 
Perth: ; which Was to be demonſtrated. 
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Now, divide EF into the Magnitu 
to A, and GH into the 
to C. Then the Number of the Mag * EK, 


| If the firſt be the fame Multiple of the frcond, 9 


the ſame Multiple of A, 


as there are Magnitudes 


Book V. 
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THEOREM, 
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% 


= third is of the fourth, 40 there be taln 


quimultiples of the firſt and third; 3 then wil 
14 of the Magnitudes taten be by 


of the ſecond and fourth. 
LE T the firſt A be the ſame Multiple of the ſe- 


cond B, OE the 1 

let EF, GH, be Equi- hy 

multiples of A and C. 
I fay, E F is the ſame 
| Multiple of B, * GH 
is of D. 


For, becauſe EF "et 


as GH is of C, there 
are as many Magni- 
tudes equal to Ain EF, 


equal to C in GH. # 

* Ek, KF, equi 
Magnitudes GL, LH, equal 
K F, will be equal to the Number of the Magnitude 


"oF L LH. "And becauſe A is the ſame Multiple of 


B, C is of D, and E K is 
C : EK will be the ſame Multiple of B, as GL is of 


D. For the ſame Reaſon, KF ſhall be the ſame 


Multiple of B, as LH is of D. Therefore, becauſe 
__ the ful E K is the ſame Multiple of the ſecond B, as 


* 2 of #bis 


the third G L is of the fourth D, and K F, LH, are 
Equimultiples of the ſecond B and fourth D; the firſt 
added to the fifth E F, fhall be * the ſame Multiple 
of the ſecond B, as the third added to the ſixth GH 
is of the fourth D. /, therefore, the firſt be the 3 
Multiple of the ſecond, as the third is by the fourth,and 


there be taken — oe of the firſt and third ; then 
will each of the Magnitudes taken be E quimultiples of 
the ſecond and fourth ; which was to be demonſtrated. 


P R O- 


equal to A, and GL to} 


and le 
multip 


| any-hc 
E, thi 


and D 
F is tc 
For 


ME: 


| H. 


The 
ſame 
is of 
taken 
F, K. 
Multi) 
5 
M is 
B, as 
A is 
and R 


* 0 
| an 


B anc 
thi 
if equ: 
And 
of E, 
other! 
There 


Af 


—— 


Book V.  Enchd's ELEMENTS. 
PROPOSITION IV. 


EIS T HxzOREM. A WE PR 
If the firſt have the ſame Proportion to the ſecond, 
as the third to the fourth, then alſo ſhall the Egui- 
multiples of the firſt and third have the ſame 
Proportion to the Equimultiples of the ſecond and 
fourth, according to any Mulliplication whatſo- 
ever, if they be jo taken as io anſwer each other. 
JE the firſt A have the ſame Proportion to the 
ſecond B, as the third C hath to the fourth D; 
and let E and F, the Equi. oe 
multiples of A and C, be 
any-how taken; as alſo G, 
H, the Equimultiples of B 
and D. I fay, E is to G as 
For take K and L, any 


uimultiples of E and F;: 
0 alſo M and N of G and 


Then, becauſe E is the 
fame Multiple of A, as F 
is of C, and K, L, are 
taken Equimultiples of E, 
F, K, will be * the ſame 
Multiple of A, as L is of L 
C. For the ſame Reaſon, 
M is the ſame Multiple of 
B, as N is of D. And ſince 
A is to B, as C is to D, 5 
and K and L are Equimul- | I 
15 of A and C; and alſo 
M and N Equimultiples of 
B and D; if K exceeds 
M, then + L will exceed N; | 


g N N . 


if equal, equal; or leſs, leſs. 
And K, L, are Equimultiples 
of E, F, and M, N, an 
other Equimultiples of GH. 
Therefore, as E is to G, fo 


A 


5 
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t D 5. ſhall + F be to H. Wherefore, F the firft have the 

ſame Proportion to the ſecond, 4 the third to the 

fn en alſo ſhall . E a of the firſ 

and third havet e ſame Proportion to the Equimultiple 

of the ſecond and fourth, according to any Multili- 

cation whatſoever, if they be ſo taken as to Joy 

each; which was to be de onſtrat 

Becauſe it is demonſtrat „if K exceeds M, then“. 

will exceed N; and if it de equal to it, it will be 

ual; and if less, leſſer. It is manifeſt, likewiſe, if 

| exceeds K, that N ſhall exceed L; if equal, equal; 

- but if leſs, leſs. And therefore as G is to E, ſo i 
* Def. 5. Ho F. 


Coroll. F rom hence it is ninnifelt; if fouk Magnitude 
be proportional, that 3 will be alfo Nate 
proportional. 


PROPOSITION v. 7 


7 
Trzonty. 7 


if one Magnitude be the ſame Multiple of another e 
— Magnitude, as a Part taken from the one is of 
2 Part taken from the other ; then the Reſidue 
ef the one ſhall be the ſame Multiple of the Re. 
fidue of the other, as the Whole is of the Whole. 


EF T the Magnitude A B be the ſame Multiple of 
the Magnitude CD, as the Part taken away 
A E is of the Part taken away CF, Il ' 

ſay, that the Reſidue EB is the ame B 

| Multiple of the Reſidue FD, as the 16G 
whole A B is of the whole CD. = a4 
For, let EB be ſuch a Multiple of E 

CG, as AE is of CF. 4 
Then, becauſe A E is the ſame Mul- 1 
tiple of C F, as EB is of CG, AE 

1 this, wil be * the ſame Multip le of 'c F, : 
as AB is of GF. Be Aud AB AD: 

are put Equimultiples of CF and CD. 
"Therefore AB is the ſame Multiple of G F as of 
t2 Axim CD; and ſo GF is + equal to CD. Now, let CF, 


. hich i is common, be taken away; and the "oe 
0 1 
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GC is equal to the Reſidue DF. And then, becauſe 


AF is the ſame Multiple of C F, as E B is of CG, 


üple of C F, as E B is of FD. But A E is put the 
ame Multiple of CF, as AB is of CD. Therefore 
EBis the ſame Multiple of F D, as AB is of CD; 
and ſo the Reſidue E B is the ſame Multiple of the 
Reſidue FD, as the whole A B is of the whole C D. 


of another Maguitude, as a Part taken from the one 


the one ſhall be the ſame Multiple F the Refidue of the 
Luther, as the Whole is of the Whole ; which was to be 
demonſtrated. Rs, e 5 


PROPOSITION VI. 

. 2 Ta E 0 > 3 U. 5 5 5 
If two Magnitudes be Equimultiples of two Mag- 
nitudes, and ſome Magnitudes, Equimultiples of 


multiples of them. 85 
ET two Magnitudes AB, C D, be Equimulti- 


tudes AG, CH, Equimultiples of the fame E, 


of them. 


alſo equal to F. For let CK be 
qual to F. Then, becauſe AG & 

the ſame Multiple of E, as CL K 
Sof F; and GB is equal to ;; | 
nd CK to F; ABwill be * the [| | 


eme Multiple of E, as KHis | | C 
HF. But AB and CD are put . | ; 
quimultiples of E and F. G 1 HI 
dere KH the ſame ' 1 1- 
| Multiple of F, as CD is of Fo 3 D E F 
F And becauſe K H and CD e ee 
e Equimultiples of F; K H will be equal to C D. 


lug 


$ Take 


and C G is equal to DF; AE ſhall be the ſame Mul- 


Wperefore, if one Magnitude be the fame Multiple 


U H a Part taken from the other; then the Reſidue of 


the ſame, be taken away; then the Reſidues are 
r WW cither equal to thoſe Magnitudes, or elſe Equi- 


ples of two Magnitudes E, F; and let the = : 
3 


be taken from AB, CD. I ſay, the Reſidues G B, 
HD, are either equal to E, F, or are Equimultiples 


For, firſt, Let G B be equal to E. 1 fay, H D IS | 
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taken at Pleaſure: Therefore, if | 


* Def. fo 


 Magnitudes, and ſome Magui- 
a 7 Equimultiples of the Toe be taken away 5 then 


E * of them 3 which was to be demonſtrated 


h Equal Magus tudes have the fame Propert on to the 


JET A, B, be equal Mt; nitudes,, and let C be 
wiſe C has the lame Proportion to [ Fa 
of A and B; ae let * be any . | : 
other Multiple of C. DA | 
Multiple of A, as E is of B, and | $ | 


Euchd's ELEMENTS, Book V. 
Take away CH, which is com- IP 


mon ; then the Reſidue K N 
equal to the Reſidue HD. But A 


/ 

K KC is equal to F. Therefore | C : 
HD is equal to F; and ſo GB | 

tall be equal to E, NH. | 7 

F. 81H HTS al 

In like manner we demon- * c 
ſtrate, if GB was a Multiple of | | : 

E, that H D is the like Multiple 1 ': | V 
of F. Therefore, if te Mag- | I | 5 


nitudes be Equimuliiples of tba B D E F 


the Reſidues are either equal to thoſe Magnitudes,or el: iſ 


PROPOSITION VII. 


r 


ſame Magnitude; and one and the fame Magni 
tude has the famtPr roportionth equal Magnitude 


any other Magnitude. I ſay, A and B have the 
ſame Proportion to C; and like- 


A as to B. 
For take D, E, Equimultiples 8 


Now, becauſe D is the ſame 


A is equal to B, D ſhall be OG CO - 
equaltoE; but F is a Magnitude „ 
C |} 


7 exceeds F, then E will exceed E 

; if D be equal to F, E will be pe 
eh to; and if leſs, lefs. But D, E, are Equimul- 
tiples of A, B; and F is any Multiple of C. I here 
fore it vill be an A is to C, ſo is B to C. 


I fay, 


. 


e 
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Aas to B. For the ſame Conſtruction remaining, we 


fore, if F exceeds D, it will alſo exceed E; if it be 
equal to D, it will be equal toE; andif it beleſs than 
D, it will. be leſs than E. Bur if F is Multiple of C; 
and D, E, any other Equimultiples of A, B; there- 


| equal Magnitudes have the ſame Proportion to the ſame 
W Magnitude, and the ſame Magnitude to oqual's ones; 
which was to be demonſtrated. 


PROPOSITION vin. 


THEOREM. 


tuo Magnitudes, than it has to the greater. 


C, than it has to AB. 
Becauſe AB is greater than ( . make 0 E Foul to 

C, that is, let A B exceed C 

AE; then AE, multiplied 

ſome Number of Times, will 

be greater than D. Now let 6 

AE be multiplied until it ex- | A 

ceeds D, and let that Multiple 

of AE, greater than D, be FG. Al E |, 

Make GH the ſame Multiple 

of EB, and K of C, as FG 1 H B 

is of A E. Alſo, aſſume L 

double to D, P triple, and ſo 1 

on, until ſuch a Multiple . 

D is had, as is the neareſt | 


ul- greater than K; let this be c, a 10 


and let M be a Multip! le of B f 1 114 
the neareſt leſs than N. 


deareſt Multiple of D greater N M P 


I ſay, moreover, that C has the ſame Proportion to 


prove, in like manner, that D is equal to E. Dhere- 


fore as Ci is to A, ſo ſhall * C be to B. "Wherefore · Def 8. 


Y 7he greater of any two unequal Magnitades bas 
a greater Proportion to fome third Magnitude, 
than the leſs has; and that third Magnitude 
bath a greater Proportion to the leſſer of . the 


JET AB and C be two unequal Magnitudes, where- 
of AB is the greater; and let D be any third Mag- 

nitude. I fay, A B has a greater Proportion to 5. 

than C has to D; and D has a ner Proportion to 


Now, becauſe N is the | | | 1 


than 
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than K, M will not be greater than K; that is, K 
will not be leſs than M. And fince FG is the ſame 


Multiple of AE, as GH is of EB; FG ſhall be 
* the ſame Multiple of AE, as F H is of AB; but 
FG is the ſame Multiple of AE, as K is of C; 
wherefore F H is the fame Multiple of A B, as K is 
of C; that is, FH, K, are Equimultiples of A B and 


C. Again, becauſe-G'H is the ſame Multiple of 


E, as K is of C, and EB is equal to C; G H ſhall 


F. 1. 


1 Def. 7. 


be + equal to K. But K is not leſs than M. There- 
fore GH ſhall not be leſs than M; but FG is greater 


than D. Therefore the whole F H will be greater 


than M and D; but M and D together are equal to 


N, becauſe M is a Multiple of D, the neareſt leſſer 
tban N: Wherefore FH is greater than N. And ſo, 
ſince FH exceeds N, and K | 
K are Equimultiples of AB and C, and N' is another 


does not, and F H and 


Multiple of D; thereforè AB will have þ a greater 
Ratio to D, than C has to D. I ſay, moreover, that 


D has a greater Ratio to C, than it has to AB; for the 


ſame Conſtruction remaining, we demonſtrate, as be- 


fore, that N exceeds K, but not FH. And N isa 


Magnitudes which have the ſame Proportion iu 
one and the ſame Magnitude, are equal to ont 


Multiple of D, and FH, K, are Equimultiples of 


ABandC. Therefore D has 4.3 greater Proportion 
to C, than D hath to B. 


berefore the greater 
of any two unequal Magnitudes has à greater Pro- 


portion to ſome third Magnitude, than the leſs has; 
and that third Magnitude hath a greater Proportion 
to the leſſer of the two Magnitudes, than it has to the 


greater. 12 
PROPOSITION IX. 


Turo. 


another ; and if a Magnitude has the ſame Pro- 


Pl 


are equal to one another. 


portion to other Magnitudes, theſe Magnitudes 


E I the Magnitudes A and B have the ſame Pro- 
portion to C. I fay, A is equal to B. | 


Tor, 


of 


c—_; 0 0 TOP _: OF. "©. Tp. a_ . TT 


141 5 


© X 2 £< 
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For, if it was not, A and B would not * have the 3% chit 


ton to A as to B. I lay, A is equal 


fame Proportion to the ſame Magni- 
tude C; but they have. Therefore K 
is equal to B. ; 1 B 

Again, let C have the faine Propor- 


to B. 1 | C 
For, if it be not, Cwill not have hs 1 1 15 
ſame Proportion to A as to B; but it 


hath: Therefore A is neceſſarily equal A 


to B. Therefore, Magnitudes that 1 
have the ſame Proportion to one and the 
ſame Magnitude, are equal to one another; and, if 42 


| Magnitude has the ſame Proportion to other Magni- 
| tudes 5 7 heſe Magnitudos are equal to one another; 5 8 
which was to be demonſtrated. 


PROPOSITION X. 


TREOREM. 


Of Magnitudes having Proportion to the ſame 
Magnitude, that which has the greater Pro- 
portion, is the greater Magnitude : And the 
Magnitude to which the ſame bears à greater 
Proportion, is the leſſer Magnitude, 


LL T A have a greater Proportion to C, than B 
has to C. I fay, A is greater than B. 

For, if it be not greater, it will either be oqual or 
leſs. But A is not equal to B, becauſe 
then both A and B would have b the 
ame Proportion to the ſame Magni- A 
tude C; but they have not. Therefore 
A is not equal to B: Neither is it leſs 1 


than B; for then A would have t a les _ | C 18 of this, 


Proportion to C, than B would have; | 
but it hath not aleſs Proportion: There- B 
fore A is not leſs than B. But it has ; 
deen prov'd likewiſe not to be equal to , 
it: Therefore A ſhall be greater than B. 
Again, let C have a greater Proportion to £ den to 
_ ſay, Bi is leſs than A. 


K For, 


bi 


701. 


not greater than A. But it has alſo been prov'd n 


132 Euclid's ELEMENTS. Book VB 
| For if it be not leſs, it is greater or equal. No G 

* - of this. B is not equal to A, for then C would have“ 1 lel 
ſame Proportion to A as to B; but this it 2 not. are 
Therefore A is not equal to B; neither is B gream B, 

than A; for if it was, C would have a leſs 5 Bon on. 

tion to B than to A; but it has not: Teen Bi an 


to be equal to it. Wherefore B ſhall be leſs tha 


A. Therefore, of Magnitudes having Proportim 
the ſame Magnitude, that which has the greats 


Proportion, is the greater Aaornitude :* And that Aae: 
nitude to which the ſame bear: 4 greater Proportia If 


is the * ; which was to be demo: 


5 | ſtrated. Io 
PROPOSITION XI. 7 
THEORAN. * 
Proportions that are one and the ſame 7 any thi x 
are alſo the Jame to one another, 8B. 
L 
JET A be to B, as C is to D; and C to D, 251 

to F. I fay, A is to B. Fitter, ſo 
For, take G, H, K, „Eauimaliple- of A, C, E; ul ar 
A — — — E— — an 
— Bòdulʒl... — 8 
C 
1 M, N, other Equimultiples of B, D, F. Then, if 
becauſe A is to B, asC is to D, and there are taken w. 
G, H, the Equimultiples of A and C, and L, M, al to 
IF Def of Equimultiples of B, D; if G exceeds L, * then H vi al 
exceed M; and if G de equal to L, H will be equal lik 
to M; and if leſs, leſſer. Again, becauſe as C is toll eq 
, ſo is E to F; ; and H and K are taken EquimulY to 
tiple of C and E; as likewiſe M, N, any Equimult G 
ples of D, F; if H exceeds M#, then K will exceed be 
; and if H be equal to M, K will be equal to NA m 


ws if G exseeds L, K will alſo exceed N; and i 


and if leſs, leſſer. But if H exceeds M, G will al' to 
exceed L ; if equal, equal; and if leſs, leſs. Where 


Gbe 


Book V. Euclid's ELEMENTS. 133 
G be equal to L, K will be equal to N; and if leſs, 

leſs. But G, K, are Equimultiples of A, E; and L, N, 
dre Equimultiples of B, F. Conſequently, as A is to 
WW ſo * is E to F. Therefore, Proportions that are * Def. 5. of 
cone and the ſame to any Third, are alſo the ſame to one eis. 
another; which was to be demonſtrated, 


PROPOSITION XII. 
| 5 TuzokEU. 5 
„ If any Number of Magnitudes be proportional, as 


one of the Antecedents is to one of the Conſequents, 
fo are all the Antecedents io all the C onſequents, 


|T ET there be any Number of proportional Mag: = 
; nitudes, A, B, Go D, E, F; whereof 28 Ais to 55 


1 — kk 
ir A ä — 3 — 1 E- — — 
L 5 2 M — N- — 


ſo C is to D, and ſo E to F. I ſay, as A is to B, fo 

ui are all the Antecedents A, C, E, to all the Conſe- 
| quents B, D, F. 5 55 . i 5 
— For, let G, H, K, be Equimultiples of A, C, E; 
and L, M, N, any Equimultiples of B, D, F. 

Then, becauſe as A is to B, ſo is C to D, and 
o E to F; and G, H, K, are Equimultiples of A, 

C, E; and L, M, N, Equimultiples of B, D, F; 
hen if G exceeds L, H * will alſo exceed M, and K. p# S. 
akenſ will exceed N; if G be equal to L, H will be equal bis. 

Wt M, and K to N; and if leſs, leſs. Wherefore, 
alſo, if G exceeds L, then G, H, K, together, will 
likewiſe exceed L, M, N, together; and, if G be 
equal to L, then G, H, K, together, will be equal 
to L, M, N, together; and if leſs, leſs: But G, and 
G, H, K, are Equimultiples of A; and A, C, E; 
becauſe, if there are any Number of Magnitudes Equi- 
multiples to a like Number of Magnitudes, each 
to the other, the ſame Multiple that one Magnitude _ - 
is of one, ſo ſhall + all the Magnitudes be of all. + 1 cz, 
And, for the ſame Reaſon, L, and L, M, N, are 


2 Equi- 
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F quimultiples of B, and B, D, F. Therefore, 2 


, fore, if there be any Number of Magnitudes prop. 


tional, as one of the Antecedents is to one of the Conſe- 
quents, ſo are all the Antecedents to all the Conſeguent; 
which was to be demonſtrated. |_ 


PRO POSITION XII. 


| THEOREM. 

be firſt bas the ſame Proportion to the ſecond, 

as thethird to the fourth; and if the third ba 

a greater Proportion to the fourth, than the fil 

to the ſixth; then alſo ſhall the firſt have 

' greater Proportion to the ſecond, than the fi 

| has to the ſixth, © Co | 1 

LE T the firſt A have the ſame Proportion to the 

. — ſecond B, as the third C has to the fourth D; 
and let the third C have a Pon Proportion to the 


fourth D, than the fifth E to the ſixth F. I ſay, 


—— H— 6 — — 1 
12 — ——— 83 — 
N K — —— Bl Line nn 


Likewiſe, that the firſt A to the ſecond B has a greater 
Proportion, than the fifth E to the ſixth Fo 
For, becauſe C has a greater Proportion to D, than 
„„ ber E has to F; there are & certain Equimultiples of C and 
this, E, and others of D and F, ſuch that the Multiple 
of C may exceed the Multiple of D; but the Mut 
tiple of E not that of F. Now let theſe Equimul- 
tiples of C and E, be G and H; and K and L, thoſe 
of D and F; fo that G exceeds K, and H-not L: 
Make M the fame Multiple of A, as G is of C; and 

N the ſame of B, as K is of D. 5 
Then, becauſe A is to B, as C is to D; and M and 
G are Equimultiples of A, C; and N, K, of B, D. 
+; Def, If M exceeds N, then + G will exceed K; and if M 


be equal to N, G will be equal to K; and if 1 


leſs. But G does exceed K. Therefore M will 7 


— Go. 
* 7 4 


N 
3 
1 
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ſo exceed N. But H does not exceed L. And M, 


H. are Equimultiples of A, E; and N, L, any others 

of B, F. Therefore A has a * greater Proportion to * 7 D 
B, than E has to F. Wherefore, if the firſt has the bois. 

| ſame Proportion to the ſecond, as the third to the 

| fourth; and if the third has a greater Proportion to 

| the fourth, than the fifth to the ſixth ; then, alſo, ſpall the 

| firſt have a greater Proportion to the ſecond, than the 

| f/th has to the ſixth ; which was to be demonſtrated. 


' PROPOSITION XIV. 


THEOREM. 


If the firſt has the ſame Proportion to the ſecond, 


as the third bas to the fourth; and if the firſt be 


| greater than the third; then will the ſecond be 


greater than the fourth. But, if the firſt be equal 


a to the third, then the ſecond ſhall be equal to the 


| fourth; and, if the firft be leſs than the third, 


then the ſecond will be leſs than the fourth. 


ET the firſt A have the ſame Proportion to the 
ſecond B, as the third C has to the fourth D: 


| And let A be greater than C. I fay, B is alfo greater 


For, becauſe A is greater than C, 


and B is any other Magnitude: A will 
have * greater Proportion to B, than | 8 of this... 
C hastoB; butas A is to B, ſoisC | 5 
to D; therefore, alſo, C ſhall + have 
a greater Proportion to D, than — 
hath to B. But that Magnitude to | 
which the ſame bears a greater Pro- 
portion, is f the leſſer X1 
Wherefore D is leſs than B; and con- | | | IE 
ſequently B will be greater than D. In ABC DU 
like manner we demonſtrate, if Abe 
equal to C, that B will be equal to D; and if A be 
leſs than C, that B will be leſs than D. Therefore, 
if the firſt has the ſame Proportion to the ſecond, as 
the third has to the fourth ; and if the fir/t be greater 
than the third ; then will the ſecond be greater than 
"72. the 


+23 of this, 


: N 5 
lagnitude: | | | | tio 


vob 


1 of this, 4 
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the fourth. But if the firſt be equal to the third, they 
the ſecond ſhall be equal to the 7 and if the fri 
be leſs than the bird, then the ſecond will be leſs tha 
the fourth; which was to be demonſtrated. 


PROPOSITION XV. 


Tauren u. 


Parts have the ſame Proportion as their like Mul. 
tiples, if taken correſponaently. 


* T AB be the ſame Multiple of C DEI 
L of F. I ſay, as Ceis to F, is AB to DE. 
For, becauſe AB and DE are 
Equimultiples of C and F, there 5 
ſhall be as many Magnitudes TTY 
ual to C in AB, as there are 1 
| Mognitad equal to F in DE. G4 
Now, let A B be divided into © } _ 
the Magnitudes AG, GH, HB, | K 
each equal to C; and E D into wk 
the Magnitudes DK, KL, LE, - 1.1 | 
each equal toF ; then the Num- „„ „ 1 
ber of the Magnitudes AG, G, „ 
HB, will be equal to the Num- 1 M C 1 * 
ber of the Magnitudes DK, KL, 


LE. Now, becauſe A G. G H, HB, are equal, as 


- 


7 gun, likewiſe DK, KL, 7 ill au AOL. 


DK, 65 to K L, and ſo. is HB to LE. But 
as one of the Antecedents is to one of the Conſe- 
uents, ſo + all the Antecedents to all the Conſe- 
quents. Therefore, as AG is to D K, fois A B to 
DE. But AG is equal to C, and DK to F. Whence, 
as C is to F, ſo Tall A B be to DE. Therefore, 
Paris have. the ſame Proportion as their like Multi- 
E 0 taken correſpongently 3 ; which was to be demon- 
rate 


PR O- 


B. 


A, as F is of B, and i 5 F255 
Parts have the ſame Proportion * to their like Mul- ;,,r:4;,, 
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PROPOSITION XVI. 


THEOR EM. 8 


| If four Magnitudes of the ſame Kind are propor- 


tional,they ſhall alſo be alternately propurtional. 


g LET four Magnitudes A, B, C, D, be proportional; 


whereof A is to B, as C is to D. I fay, likewiſe, 


| that they will be alternately proportional, viz. as A 
zs to C, fois B to D; for take E, F, Equimultiples 
of A and B; and G, „„ oo us 5 


H, any Equimulti- E— ————G———— 
| ples of C, D. 1 A— — — 2 ä 

| Then, becauſe Eis B D—_—_ 
the lame Multiple of Fk H- ; 


tiples, if taken correſpondently ; it ſhall be, as A is 


to B, ſo is E to F. But as A is to B, fois C to D). 


| Therefore, alſo, as Cis to D, ſo ꝶ is E to F. Again, + 11 F &is, 


becauſe G, H, are Equimultiples of C and D, and 


Parts have the ſame Proportion with their like Mul- 


tiples, if taken correſpondently, it will be, as C is to 
D, o is G to ; but as C is to D, ſo is E to F. 


Therefore, alſo, as E is to F, ſo is G to H; and if 


four Magnitudes be proportional, and the firſt greater 
than the third, then the ſecond will be 1 greater than g 14 /d. 
the fourth; and if the firſt be equal to the third, the 

ſecond will be equal to the fourth; and if leſs, leſs. 
Therefore, if E exceeds G, F will exceed H; and if 

E be equal to G, F will be equal to H; and if leſs, 

leſs. But E, F, are any Equimultiples of A, B; and 

G, H, any Equimultiples of C, D. Whence, as A 

is to C, ſo ſhall B be * to D. Therefore, if four « n,- 8. 
Magnitudes of tþe ſame Kind are proportional, they * 
Hall alſo be alternately proportional, . 


* 
1 
or. 
. 
bo 
. 
** 
35 
2 
1 — 
7 5 
. 
„ 
1 
* 
Sl 
* 
* 


n 
n 


hs 


- 0 2 9 * 
K ESE 
Y . 
* . 


3 
72 
1 
3 
* 
1 
x $ 
if Fo 
1 
3 
"2 * 4 


N 
7 J 

; * 
| 

43 4 


17 
73 
. 
: * 
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PROPOSITION XVII. 
THEOREM. 


If Magnitude com pounded are proportional, they 
ſhall alſo be proportional when divided. 


| JET the compounded Magnitudes AB, BE, CD, 


DF, be proportional; that is, let AB be to BE. 
as CD is to DF. I ſay, theſe Magnitudes divided are 


proportional, viz. AS AE i is to EB, fo is of to FD. 


For, let GH, HK, LM, 


MN, be Equimultiples 1 


E B, F = YO p 
1 Becauſe GH is the ame 7 
Multi ple of AE, as HK is of =o | 

EB; herofors GH * is the * | N 

ſame Multiple of AE, as GK H“ D 
is of AB. But GH is the 1 IM 

ſame Multiple of AE, as LM I F BW © 

is of CF, Wherefore GK 8 W C L 


NP, an Equimultiples of 


AE, EB, CF, FD; andKX, | 


is the ſame Multiple of AB, 
as LM is of CF. Again, 38 LM is the ſame 
Multiple of CF, as MN is of FD, LM will be 


* the ſame Multiple of CF, as LM is of CD. 


Therefore G K is the ſame Multip leof AB, as LN 


is of CD. And fo GK, LN, il be Equimulti 


ples of AB, CD. Again, becauſe H K is the ſame 
Multiple of E B, as MN is of F D; as likewiſe KX 


CE. 1 Multiple of EB, as N P is of FD; the 
- + 2of 270 


compounded Magnitude H Xi is + alſo the ſame Mul- 
tiple of EB, as MP is of FD. Wherefore, ſince it 


is, as ABis to BE, ſo is CD to DF; an GK, LN, 


1 


are Equimultiples of AB, CD; and alſo HX, MP, 
any Equimultiples of EB, FD; ; if GK exceedSHX, 
then LN will + exceed MP: And if GK be equal to 
HX, then LN will be equal to MP; if leſs, leſs. 
Now let G K exceed HX; then, if H K, which is 

common, be taken away, GH ſhall exceed K X. 
But when G K exceeds HX, then LN exceeds MP; 


therefore L N does exceed M P. If MN, which is 


common; 
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| common, be taken away, then LM will exceed NP. 
| And ſo, if G H exceeds K X, then LM will exceed 
NP. In like manner we demonſtrate, if G H be 
equal to K X, that LM will be equal to NP; and if 
Jeſs, leſs. But GH, LM, are Equimultiples of AE, 
CF; and KX, NP, are any A M N ES 
FD. Whence, Fas AE is to EB, fo CF to FD. pe, 5. 
Therefore, if Magnitudes compounded are proportion” © 
| al, they fhall alſo be + als when divided; which 
| was to be demonſtrated. e | 


PROPOSITION XVII. 
THEOREM, 


| If Magnitudes divided be proportional, the ſame 
| alſo, being compounded, ſhall be proportional. 


E T the divided proportional Magnitudes be AE, 
- EB, CF, FD; chat is, as A E is to EB, ſo is 
CF to FD. I ſay, they are alſo pro- 
| fortional when compounded; viz. as A 
ABis to B E, ſo is CD to DP. C 

For, if A B be not to B E, as C D is . 
to DF, AB ſhall be to BE, as CDiscto | | 
: nee, either greater or leſs than E F 
| Fiſt, Let it be to a leſſer, viz. to . 
Then, becauſe AB is to BE, as CD is to ( 
DG, compounded Magnitudes are pro- 63 D 
portional; and conſequently * they will! «+, ru. 
be proportional when divided. Therefore A E is to 
EB, as CG is to GD. But (by the Hy.) as AE is to 
EB, fo is CF to FD. Wherefore, alſo, as CG is to 
GD, ſo + is CF to FD. But the firſt CG is greater + ,; Fb. 
than the third CF; therefore the ſecond DG ſhall be | 
greater than the fourth DF, But it is lefs, which is f 14 J is. 
abſurd. Therefore AB is not to B E, as CD is to 
DG. We demonſtrate in the ſame manner, that AB 
to BE is not as CD to a greater than DF. Therefore 
AB to BE muſt neceſſarily be as CD is to DF. And 
ſo, if Magnitudes divided be proportional, they will 
alſo be proportional when compounded ; which was 
to be demonſtrated, Et Wi 

| PRO- 
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PROPOSITION XX. 


TUEORE N. 


Tr the Whole be to the Whole, as a Part taken away 
ts to a Part laken away; then ſhall the Reſidue 
| betothe Reſidue, as the Whole is to the bole. 


ET the Whole AB be to the Whole CD, as the 
Part taken away AE 1s to the Part taken away 
CF. I fay, the Reſidue E Bis to the Reſidue FD, 
as the Whole A Bis to the Whole CD. | 
For, becauſe the Whole AB is to the Whole CD, 


*26s/ bt as AE is to CF; it ſhall be * alternately as AB is to 


AE, ſo is CDtoCF. Then, becauſe compounded 
Magnitudes, being proportional, will be 


+ Nn. f allo proportional when divided ; as A 


BE BEA, os DF-oFc: And - 
again, it will be by Alternation, as BE to C 
JF, fois EA to FC. But as EA to FC, x | 
ſo (by the Hyp.) is A B to CD. "And | | 
therefore the Reſidue EB ſhall be to the |] | 
| Reſidue F D, as the Whole AB to the |: |! 
Whole CD. Wherefore, i if the M pole be B U 
o the IA pole, as a Part taken away is to a 
Part taken away ; then ſball the Reſidue be to the Re- 
fue, as the Whole i is to the M hole; which was to be 
demonſtrated. 
Coroll. If four Maenitudes be proportional, they wil 
be likewiſe converſly proportional, For let AB 
be to BE, as CD to DF; then (by Alternation) it 
ſhall be, as AB is to CD, fo is BE to DF. Where- 
fore, ſince. the Whole ABi is to the Whole CN, as. 
the Part taken away BE is to the Part taken away 
DF; the Reſidue AE to the Reſidue C F ſhall be 
as the Whole AB to the Whole CD. And again, 

(by Inverſion and Alternation) as AB is to AL, ſo 

is CD to CF. Which is by converſe Ratio. 

- The Demonſtration of converſe Ratio, laid doton in 
this Corollary, ts only particular, For Alternation 
(which is uſed herein) cannot be a ee but when the 
four proportional e ere are all of the ſame Kind, 


_ as will appear from the 4th and 17th Definitions 1 
Book, But converſe Ratio may be uſed when the Terms | 


f 


— 


— 
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; the firſt Ratio are not of the ſame Kind with the Terms 
of the latter. Therefore, inſtead of that, it may not be im- 
proper to add this Demonſtration following : If four Mag- 
nitudes are proportional, they will be fo converſly : For 
lt AB be to BE, as CD te DF. And then dividing, 
Yu, as AE is to BE, ſo is CF to DF: And this inver ſly 
ue , BE is to AE, ſo is DF 20 CF; which by compound- 


ing becomes, as AB is to AE, ſo is CD to CF; which by 


he WY 17th Definition is converſe Ratio: By S. Cunn. 
LM PROPOQSIT 10 N XX, 
D, FF 


in each Order, are in the ſame Ratio; and if the 


| firſt Magnitude be greater than the third,then the 
C fourth will be greater than the ſixth: But if the 


ITET A, B, C, be three Magnitudes, | 

N- and D, E, F, others equal to them 1 

be in Number, taken two and two in each f F 
Order, are in the ſame Proportion, viz. } | 


E to F; and let the firſt Magnitude A be 
greater than the third C. I ſay, the fourth 


A be equal to C, D is equal to F. But 
if A be leſs than C, D is leſs than F. | 
For, becauſe A is greater than C, and B | | 
8 any other Magnitude; and ſince a great 


tion to the ſame Magnitude than a lefler 
hath, A will have a greater Proportion to | | .L 
B, than C to B. But as A is toB,foisDto V E F 
E; and inverſly, as C is to B, ſo is Fto E. 1 
Therefore alſo D will have a greater Proportion to E, 


1 Proportion 


ed V there be three Mag nitudes, and others equal to 


| firſt be equal to the third, then the fourth will be 
| equal to the ſixth ;, and if the firſt be leſs than the 
bird, the fourth will be leſs than the ſixth. 


kt Abe to B as D is to E, and B to Cas 1 
| | | 


Dis alſo greater than the fixth F. And if A B C N 


chan F has to E. But of Magnitudes having Propor- 
Jon to the ſame Magnitude, that which has the greater 
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er Magnitude hath * a greater Propor- | * 8 of cis. 
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® 10 of this. Proportion is * the greater M agnitude. Therefore D 
is greater than F. In the ſame manner we demonſtrate, 

if A be equal to C, then D will be alſo equal to F; 
and if A be lefs than C, then D will be les than F. 
Therefore, if there be three Magnitudes, and others 
equal to them in Number, which being taken two and 
two in each Order, are in the ſame Ratio; if the firſt 
Magnitude be greater than the third, then the fourth 
will be greater than the ſixth : But if the firft be equal 

to the third, then the fourth will be equal to the fixth; 

and if the firſt be leſs than the third, the fourth will be 

/. ban t A *th; which was to be demonttrated. 
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THEOREM. 


1 77 there be three Mag nitudes, and others e aual to 
A them in Number, which,taken two and PR. are 
Y in the ſame Proportion, and the Proportion be 
1 | perturbate; if the firſt Magnitude be greater than 
_ the third, then the fourth will be greater than the 
ſixth; but, if the firſt be equal to the third, then 
is the fourth equal to the þ ib; if leſs, lofi. 


E I three Magnitudes, A,B, * be proportional; 

and others, D, E, F, equal to them in Number. 

Let their Analogy likewiſe be pertur- 

bate, viz. as A is to B, ſo is E to F; and 

as B is to C, GaDoE; if the firſt 

Magnitude A be greater than the third | ,_ 
C, I ay, the fourth D is alſo greater than 3 | 

the ſixth F. And if Abe equal toC, then 

P is equal to F; but if A be leſs chan C, 55 

then D is leſs tha F. NS 

For, ſince A is greater than C, and Bis 

»3 of ebis, ſome other Magnitude, A will have * a 
reater Proportion to B, than C has to B. 

Bot as A is to B, ſo is E to F; and in- . 

verſiy, as C is to B, ſo is E to D: Where- | , | 


— 


fore alſo E ſhall havea greater Proportion 
to F, than E to D. But that Magnitude to 1 
which the ſame Magnitude has a greater D E þ 


+ roof this, Proportion, is 7 the leſſer Magnitude. 
| Therefore 


JYuge 
ge 142 1 


_— — — 
B 
P 
* 3 — 
— — — — 
6 — — 
— — — 
— 
% 
* 
* 
- 
. 
| 
KI 
* 
- 
* 
* 
* 
1 
> 
' 
* 
2 
* 
» * 
* 
. 
A 
) 
- 
, 
* 
' 
* 
. 
* 
0 
P 
4 
. 
. 
4 2 : 
« 


ock V. Euclids ELEMENTS. 143 
E Therefore F is leſs than D; and fo D ſhall be greater 
chan F. After the ſame manner we demonſtrate, if 
A be equal to C, D will be alſo equal to F; and, if A 
be leſs than C, D will alſo be leſs than F. Hf}, there- 
bore, there are three Magnitudes, and others equal to 
them in Number, whith, taken two and two, are in the 
ſame Proportion, and the Proportion be perturbate; if 
tbe if Magtitude be greater than the third, then the 
hgaurth will be greater than the ſixth ; but, if the firſt 
Fe equal to the third, then is the fourth equal to the 
th; if leſs, leſs; which was to be demonſtrated. 


PROPOSITION XXIL 


HE 3 

| 17 there be any Number of Magnitudes, and others 
equal tothem in Number, which,taken two and 
| two, are in the ſame Proportion; then they 
Hall be in the ſame Proportion by Equality. 
ET there be any Number of Magnitudes, A, B, C, 


b L and others, D, E, F, equal to them in Numbet, 
| which, taken two and two, are in the ſame Proportion, 
| that is, as A is to B, fois D to E; and as B is to C, 
E hy era 8 

| alſo proportional by Equality, 
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For, let G, H, be Equimul- 1 | ; 


| tiples of A, D; and K, L, any | | 
Equimultiples of B, E; and | | 
likewiſe M, N, any Equi- A B 
multiples of C, F. Then, be 
cauſe A is to B, as D is to E; G K M H 
13 


A 
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K = ram aches: 


and G, H, are Equimultiples 
of A, D; and K, L, Equi- 
multiples of B, E; it ſhall 
de, * x G is to K, fo is H | 
to L. For the ſame Reaſon, 1-1 
alſo, it will be, as K is to M, | |] E 
lo is L to N. And ſince \ ! 
there are three Magnitudes - 
1, K, M, and others H, L, N, equa! to them in 
Num- 


e — fit. 
— 
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Number, which, being taken two and two in each 
Order, are in the ſame Proportion; if G exceeds M, 
20 f this. & H will exceed N; if G be equal to M, then H ſhall f 
be equal to N; and if G be leſs than M, H ſhall be le 
than N. But, G, H, are Equimultiples of A, D; and 
5 M, N, any other Equimultiples of C and F. Whence, 
Def. 5. as A is to C, ſo ſhall + D be to F. Therefore, if 
of this. there be any Number of Magnitudes, and others equal 
to them in Number, which, taken two and two, are 
the ſame Proportion; then they ſhall be in the ſame Pri. if 
portion by Equality ; which was to be demonſtrated, 


PROPOSITION XXI. 


| THEOREM; ; 

Tf there be three Magnitudes, and others equal u 
them in Number, which, taken two and tus, 
are in the ſame Proportion; and if their An 
logy be perturbate, then ſhall they be alſo in tb 
fame Proportion by Equality, = — 


T.= 7 there be three Mag- 
* nitudes A, B, C, and o- 1 DT” 
thers equal to them in Num- 4 
ber, D, EL, | which, taken I þ ES 73 
two and two, are in the ſame 
Proportion, and their Analo- | 
gy be perturbate, that is, as A 


- x C= 5 


multiples of A, B, D, and 
K, M, N, any Equimultiples 
H e, E, F, <a 
Then, becauſe G, H, are | 
Equimultiples of A and B, and 1 

ſince Parts have the ſame Pro- 
portion as their like Multiples, when taken corte- 
15 of this, ſpondently, it ſhall be*, as A is to B, ſo is G to Hil 
and by the ſame Reaſon, as E is to F, ſo is M to N. 
T1 ofthis. But A is to B, as E is to F. Therefore, +as G is to 
H, fo is Mo N. Again, becauſe B is to C, as 
Za Wo Mugs — 


s to B, ſo is E to F; and as A B CD E 
B is to C, ſo is D to E. I ay, hl 
as A is to C, ſo is D to F. GHK L MN 
For, let G, H, L, be Equi-4 „ 

| | 
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each is to E; and H, L, are Equimultiples of B and D; as 
likewile K, M, any Equimultiples of C, E; it ſhall be, 


I ſhall 28 H to K, fois L to M. But it has been alſo prov'd, 
be leß that as G is to H, ſo is M to N. Therefore, becauſe 
; and three Magnitudes, G, H, K, and others, L, M, N, 
ence, I equal to them in Number, which taken two and 
Tre, if two are in the ſame Proportion, and their Analogy is 
equal perturbate; ; then if G exceeds K, alſo L* will exceed * 21 of bin. 
are u N; and if G be equal to K, then L will be equal to 
e Pro- N; and if G be leſs than K, L will likewiſe be leſs 


than N. But G, L, are Equimultiples of A, D; and K, 
N, E quimultiples of C, F. Therefore, as A is to C, 0 
: ſhall 2 be to F. Wherefore. if there be three Magni- 
| rudes, and others equal to them in Number, which taken 


| 2200 and tuo are in the F Proportion; and if their ; '% 
E Analogy be perturbate, then hall they be alſo in the ſame * 
775 vs Proportion by E Py] which was to be demonſtrated. 1 
a tuo, * 
r Anil PROPOS ITI ON XXIV. „ "i 
TREO REM. 1 
N the 2 Magnitude bas the ſame ard "= : 
bbe ſecond, as the third to the fourth ;, and if the © 70 
| FJ ſib bas the ſame Proportion to the ſecond, as the il 
tb bas to the fourth, then ſhall the firſt, com- | 
| | pounded with the fifth, 10 
Ih have the ſame Proportion G 1 
JE FI 70 the ſecond, as the third, | 5 8 9 
compounded with the ſixth, \| H 1 
L 1 bas to the fourth. ; 40 
E the firſt Magnitude AB 1 PE. 4 
| have the ſame Proportion to | 1 8 
| | the ſecond C, as the third DE has B 5 1 
„ W i 
| BC have the ſame Proportion to 4 11 
che ſecond C, as the ſixth EH hass ] ES ij 
n corre-Wto the fourth F. I ſay, AG the : = 
3. to Hi frſt compounded with the fifth, ! . 
Mi to N bas the ſame Proportion to the | | 
is G is tollecond C, as DH the third com- | — — 
OE. a8 U pounded with the ixth; has to. 4 Dr 
II che fourth F. For, 
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a For, becauſe BG is to C, as EH is to F, it ſhall be 
(inverſly) as C is to BG, ſo is F to EH. Then, fine 

AB is to C, as DE is to F; and as C is to BG, fois F: 
* 22 of ehis. to EH; it ſhall be * by Equality, as AB is to BG, ſo i 
DE to EH. And becauſe Magnitudes; being divided, 
+ 18 bir, are proportional, they ſhall alſo be + proportional when 
c.ompounded. Therefore, as AG is to GB, ſo is DE 
1p. to HE: But as GB is ꝗ to C, ſo alſo is HE to F. 

1 Wherefore, by Equality“, it ſhall be, as AG is to C, 

ſo is DH to F. Therefore, if the firſt Magnitude hai 
the ſame Proportion to the ſecond, as the third to the 
fourth; and if the fifth has the ſame Proportion to th 
ſecoud, as the ſixth has to the Feng ; then ſhall the firſt, 

. - compounded with the fifth, have the ſame Proportion u 
the ſecond, as the third, compounded with the ſixth, ha 
40 the fourth; which was to be demonſtrated; 


„ orie 


V „ 
If four Magnitudes be proportional, the greateſt ani 


be leaſt of them will be greater than the other tus 
LET four Magnitudes, AB, CD, E, F, be propor- 
L tional, whereof A B is to C D, as E is to F; kt 
AB be the greateſt of them, = 
and F the leaſt, I ſay, AB, and BY 
F, are greater than CD, and KE. 
For, let A G be equal to E, 
and CH to F. Then, becauſe | 
AB is to CD, as E is to F; and G 
ſince AG, and CH, are each 1 
cqual to E and F; it ſhall be as ID] |» 
AB is to DC, ſo is AG to | | | | 
CH. And becauſe the Whole 1 1 
AB is, to the Whole CD, as the | HP] | 
Part taken away AG, is tothe | | | IB 
Part taken away CH; it ſhall | 1 
19 of rhis, allo be, “ as the Reſidue G B to 5 
the Reſidue HD, ſo is the A CEN 
Whole AB to the Whole CD 
But AB is greater than CD; therefore, alſo, GB ſhal 
be greater than H D. And ſince AG is equal to b 
. RS 


— 
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allbe and CH to F, AG and F will be equal to C a 


fl E. But if equal Things are added to unequal Things, 
5 4 the Wholes ſhall be unequal. * Therefore G B, HD, 
„ foi being unequal, for GB is the greater; if AG, and 
vided F, are added to GB ; and CH, and E, to HD; AB 


When 
8 DH 
to F. 

to C, 
de hai 
to the 
; to the 


e fir, 


ton 10 


th, hai 


Wherefore, if four Magnitudes be proportional, the 
gleateſt and the leaſt of them will be greater than the 
Lother tiob; which was to be demonſtrated. k 
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| F; let 


and F will neceſſarily be greater than C D and E. 
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s III. A right Line is ſaid to be cut into mean ani 


IV. The Altitude of any Figure is a perpendict- 


EUCLID's| 
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BOO K W 5 
DEFINITIONS. 
LENIMILAR gbr linel Figures are fu 


as have each of their ſeveral Angles equi if 

to one another, and the Sides about th 

equal Angles proportional to each other. 

II. Figures are ſaid to be reciprocal, when i 
antecedent and conſequent Terms of the Ratin 
are in each Figure, 


extreme Proportion, when the Whole is to tht 
greater Segment, as the N Segment ts to 
the leſſer. 


lar Line drawn from the T. Op, or Veriex, i 
the Baſe. 


£ V. A Ratio is ſaid to be compounded of Ratios 
when the Quantities of the Ratios, being mull 


* into one another, do produce a Ratio. 


p R O- 


fcb 
5 equal 
11 the 


en tht 
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 PROPOSITIONI, 


THEOREM. 


8 Triangles and Parallelograms, that bave the ſamt 


Allilude, are to each other as their Baſes. 


| * the Triangles ABC, A CD, and the 


Parallelograms E C, CF, have the ſame 


Altitude, viz. the Perpendicular drawn 


from the Point A to BD. I ſay, as the 


Baſe BC is to the Baſe CD, fo is the Triangle ABC 


to the Triangle AC D; and fo is 
EC to the Parallelogram CF. ORs 
For, produce BD both ways to the Points H and L, 
and take GB, GH, any Number of Times equal to 
the Baſe BC; and DK, KL, any Number of Times 


* 


e Parallelogram 


| equal to the Baſe CD; and join AG, AH, AK, AL. 
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Then, becauſe CB, BG, GH, are equal to one 
another, the Triangles AH G, AGB, ABC, alſo, 


will be * equal to one another: Therefore the fame + 
Multiple that the Baſe HC is of BC, ſhall the Trian- 


90 AH C be of the Triangle ABC. By the ſame 
eaſon, the ſame Multiple that the Baſe LC is of 
the Baſe C D, ſhall the Triangle AL C be of the Tri- 


angle AC D. And if HC be equal to the Baſe CL, 
the Triangle AH C is alſo * equal to the Triangle 
ALC: And if the Baſe H C exceeds the Baſe CL, 
then the Triangle A H C will exceed the Triangle 
ALC. And if H C be leſs, then the Triangle AH C 
will be leſs. Therefore ſince there are four Magni- 
tudes, viz. the two Baſes BC, C D, and the two 
Triangles ABC, ACD; and fince the Baſe H C, 
and the Triangle AHC, are Equimultiples of the 
Baſe BC, and the Triangle ABC: And the Baſe 
CL, and the Triangle AL C, are Equimultiples of 
the Baſe CD, and the Triangle ADC: And it has 
been proved, that if the Baſe H C exceeds the Baſe 
C L, the Triangle AH C will exceed the Triangle 
ALC; and if equal, equal; if le, leſs: Then, as 


38. 1. 


the Baſe B C is to the Baſe CD, fo + is the Triangle 3 Def & 


AB C to the Triangle AC D. 


14 . And becauſe the Parallelogram E C is + double wil 


111.5. Jelogram CF ; it ſhall be, t as the Baſe BC is to the 


Tat Then the Triangle BDE is * equal to the Triangt 


117 bu. ADE, fo tis B D to DA; for ſince they have tit 
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the Triangle ABC; and the Parallelogram FC dou. iſ 
ble + to the Triangle ACD; and Parts have the ſame iſ 
Proportion as their like Multiples: Therefore, as the 
Triangle ABC is to the Triangle A CD, ſo is the 
Parallelogram E C to the Parallelogram CF. Ani 
ſo, ſince it bas been proved, that the Baſe B C is to 
the Baſe CD, as the Triangle ABC is to the Tri 
angle AC D; and the Triangle ABC is to the Tri 
angle ACD, as the Parallelogram EC is to the Paral: 


Baſe CD, ſo is the Parallelogram EC to the Paralle- 
logram FC. Wherefore, Triangles and Parallel. 
grams, that have the ſame Altitude, are to each other 
as their Baſes; which was to be demonſtrated. 


THEOREM. 

If a right Line be drawn parallel to one of th 
Sides of a Triangle, it ſhall cut the Sides of th 
Triangle proportionally; and if the Sides of i 
Triangle be cut proportionally, then a right 
Line, joining the Points of Section, ſhall be ju 
rallel to the other Side of the Triangle. 


U LE T DE be drawn parallel to B C, a Side of the 

+ Triangle ABC. I ſay, DB is to DA, as CE 

For, let BE, CD, be joined. 

CDE; for they ſtand upon the ſame Baſe D E, ani 

are between the ſame Parallels D E and BC; au 

ADE is ſome other Triangle. But equal Magni 

17. 5 tudes have the ſ2me Proportion to one and the ſam 

M,agnitude. Therefore, as the Triangle BDE bt 

the Triangle A D E, ſo is the Triangle C D E to ti 
Triangle A D E. N TE 

But as the Triangle B D E is to the Triangl 


ſame Altitude, viz. a Perpendicular drawn from tit 
Point E to AB, they are to each other as their Baſs 
And, for the ſame Reaſon, as the Triangle CDE 
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le w to the Triangle ADE, fois CE ta EA: And there- 
dou- J fore, as BDis to D A, ſo * is CE to EA. * 11,3, 


fame And if the Sides AB, AC, of the Triangle ABC, 
as the WW be cut proportionally, that i is, ſo that BD be to DA, 
is the as CE is to EA; and if DE be joined; 1 ſay, DE is 
k And parallel to BC. 
i to For, the ſame Conſtruction remaining, becauſe BD 
e Tn. is to DA, as CE is to EA; and B is + to DA, as Fi of this 
e Tr Wl the Triangle BDE is to the Triangle ADE; and 
Pan. CE is to EA, as the Triangle CDE is to the Triangle 
to the ADE; it ſhall be, as the Triangle BDE is to the Tri- 
arall- WE angle ADE, fo is“ the Triangle CDE to the Triangle 
rallel» ADE. And fince the Triangles BDE, CDE, have 
h other the ſame Proportion to the Triangle ADE, the Tri- 
angle B D E {hall be + equal to the Triangle CDE; 19.5. 
and they have the * Baſe DE: But equal Tri- 
"i angles, being upon the ſame Baſe, f are between the t 39. 1. 

ſame Parallels; therefore DE is parallel to BC. 

WW Wherefore, if à right Line be drawn parallel to one 
- of the Sides of a 7 5 it ſhall cut the Sides of the 
of the Triangle proportionally ; ; and if the Sides of the Tri- 
s of angle be cut proportionally, then a right Line, joining 


s of 1h the Points of Section, ſhall be parallel to the other Side 5 — 
a right of the Triangle; which was to be demonſtrated. Ee TR 
be fu 6 nd a IS | 
PROPOSITION III. 
e of th HEOREM. « 
as CE T 


If one Angle of a Triangle be biſocted, and the 
right Line, that biſects the Angle, cuts the Baſe 


Triangk alſo then the Segments of the Baſe will have 
) E, all the ſame Proportion as the other Sides of the 
C; - Triangle. And if the Segments of the Baſe 
1 M2 


. have the ſame Proportion that the other Sides 


| the of the Triangle have; then a right Line, 
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E to il drawn from the Vertex to the Point of Section ''q 
x 1 of {he Baſe, wil the Angie FN ihe Tri- 9 
Triang angle. | n 
have tit 1 
from MI E T there be a Trirngle ABC, and let its Angle 4 | 
heir Bal BAC be * biſeRed by the right Line AD. I. 9.1. bi 
Cb ky, as BD is toDC, ſo is BA to AC. 18 
L3 t or, 1 


3 


2 E y 9 S 
+ & 7 — 


152 


= . 31. I. 


- duce BA, till it meets CE in the Point E. 


+ 29» 1. 


1 6. I, 
© 2 of this, 


: T I 5. 


right Line AD be joined; then, I ay, the Ange 


For the ſame Conſtruction remaining, becauſe N 


to AE; and, accordingly, the Angle AEC is equal 


E 25.7, 


and ſo the Angle BAC is biſected by the right Line 
ſected, and the right Line, that biſe&s the Angle, cut 


the ſame 
And if the Segments of the Baſe have the ſame Proper. 


Parallels AD, EC, the Angle ACE will be + equi 


Line AD is drawn parallel to C E, the Side of th 


BA to AE; but AE is equal to AC. Therefore, a 
BD is to DC, ſo is + BA to AC. ey 


is t BA to AE; for AD is drawn parallel to one 


* to the outward Angle BAD; and the Angle ACE 
equal to the alternate Angle CAD. Wherefor 


Euclids ELEMENTS. Book VI. 
For, thro C draw“ CE parallel to D A, and pro- 


Then, becauſe the right Line AC falls on th 


to the Angle CA D: But the Angle CAD by th 
Hypotheſis) is equal to the Angle BA D. Therefor 
the Angle B AD will be equal to the Angle ACE 
Again, becauſe the right Line BA E falls on th 
Parallels A D, E C, the outward Angle BAD j 
+ equal to the inward Angle AEC; but the Angk 
ACE has been proved equal to the Angle B AJ: 
Therefore AC E ſhall be equal to AEC; and ſo the 
Side AE is equal to the Side A C. And becauſe th 


Triangle BCE, it ſhall be,“ as BD is to DC, foi 


And if B D be to DC, as B A is to AC; andth 
BAC is biſected by the right Line A 
is to DC, as BA is to AC; and as BD is to DC, þ 


Side EC of the Triangle BCE; it ſhall be, as BA! 
to AC, ſo is BA to AE, Therefore A C is equi 


to the Angle E CA: But the Angle AE C is equi 


the Angle BAD is alſo equal to the Angle CAD; 
A D. Therefore, if the Augle of a Triangle be bi 


the Baſe ay then the Segments of the Baſe will halt 
roportion as the other Sides of the Triangl. 


tion that the other Sides of the Triangle have; then 
right Line, drawn from the Vertex to the Point 
Section of the Baſe, will biſect the Angle of the Tri 


angle; which was to be demonſtrated, 


PR O 
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n 

"20 PROPOSITION Iv. 

on the 
F equal Fd 2, 
oy The Sides about the equal Angles of equiangular 
Act Triangles are proportional ; and ' the Sides 
on ch which are ſubtended under the equal Angies, | 
ADiſ are bomologous, or of like Ratio. 
e Angt 
BAY: [ ET ABC, DCE; be equiangufar Triangles, 
d ſo the having the Angle ABC equal to the Angle DCE, 
auſe thWthe Angle A CB equal to the Angle DE of and the 
e of angle B A C equal to the Angle nr. ſay, the 
C, ſo i Piaes that are about the equal Angles of the Triangles 


fore, MAB C, D C E, are proportional ; and the Sides that 

are ſubtended under the equal Angles, are homologous, = 

or of like Ratio. 
Set the Side BC in the ſame right Line with the 


Side CE; and becauſe the Angles 8 BC, AC B, are 


and th 
e Ange 


auſe . leſs than two right Angles, and the Angle A c BY 17. 1. 
DC, equal to the Angle DEC, the Angles ABC, DEC, 

to onefare leſs than two right Angles. And ſo B A, E D, 
as BA produced, will meet f each other; let them be pro- + Ax. 12, 
is equalMduced, and meet in the Point F. Then, becauſe the 

is equa Angle DCE is equal to the Angle ABC, BF ſhall 
le cy + parallel to DC. Again, becauſe the Angle ACBt 28. r. 
le 


i equal to the Angle DEC, the Side AC will bet 
parallel to the Side FE; 3 therefore FAC Dis FE. 
Jrallelogram, and conſequently FA is * equal to DC, 1 34. 7. 
and AC to FD; and becauſe A C is drawn paralſei 


herefor 
CAD; 
cht Line 
ole be bi 


1% cu:5BA is to AF, ſo is BC to GE. ; and (by Alterna- 
will hart tion) as BA is to B C, fois CD to CE. Again; J 
TriangitMbecauſe CD is parallel to BF, it ſhall be, + as BC is 
» PropuSto CE, fois FD to DE; but FD is equal to AC. 
5 then Therefore, as BC is to CE, ſo is 4 AC to DE: Andt 7: "a 
Point Wo (by Alternation) as BC is to CA, ſo is CE to ED. 
the Tre Wherefore, becauſe it is demonſtrated, that AB is to 
BC, as D Cis to CE; and as B C is to CA. ſo is 
CE to E D ; it ſhall be, by Equality, as BA is to * 21. 1. 
AC, fois CD to DE. Therefore, the Sides about 
the equal Angles of equiangular Triangles are propor- 
p R O- tional; and the Sides which are ſubtended under the. 
8 E-4- equal 
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to F E, the Side of the Triangle FBE, it ſhall + be, + : of this. 
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1 4 of this. Therefore, as AB is to 
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| equal Angles, are homologous, or of like Ratio ; whit ; 
was to be demonſtrated. 


PROPOSITION V. 


TRHEOR EM. 


A the Sides of two Triangles are proportional i 
the Triangles ſpall be equiangular ; and thei i 
Angles, under which the apc nag Sides ar 
 Jublended, are equal, | 


7 3 there be two Triangles, ARC, DEF, hav- | 
their Sides proportional, that is, let AB be 
to BC „as DE is to EF; and as BC to CA, foi iſ 
EF to FD. And, alſo, as BA to CA, fo ED to DF, 
I fay, the Triangle ABC is equiangular to the Tri- 
angle DEF ; and the Angles equal, under which the 
homologous Side are ſubtended, diz. the Angle ABC 
equal to the Angle DEF ; and the An gle BCA equal 
os the Angle Eb D; and the Angle BAC equal to the 
Angle EDF. 
F or, at the Points E 5 F ,with the Tine EF, make 


46s * the Angle FEG equal to the Angle ABC; and the 


Angle E FG equal to the Angle BCA: Then the re- 


+ Cor. 32. 1. maining Angle B A C is 1 equal to the remaining 


Angle EG A 
And fo the Triangle ABC is equiangular to the 
Triangle EGF ; and, conſequently, the Sides that are 
ſubtended under the equal Angles, are proportional. 
BC, ſo is & E to EF; but 
aãs Ag is to BC, ſo is DE to EF: W as DE 
11. 5. is to EF, ſois * GE to EF. And ſince DE, EG, 


179.5. hae the fame Proportion to EF, DE ſhall be + equal 


to E G. For the ſame Reaſon, DF; is equal to FG; 
but E F is common. Then, becauſe the two Sides 
DE, EF, are equal to the two Sides GE, EF, and 
the Baſe DF is equal to the Baſe FG, the Angle 


18. J. DEF is + equal to the Angle GE F; and the Tri- 


angle D E F equal to the Triangle GE F; and the 
other Angles of the one equal to the other Angles of 
the other, which are ſubtended by the equal Sides. 
Therefore the Angle DEF is equal to the Angle 
GEF, and the Angle ED F equal. to 0%. 


VI 
vhich 


onal, 
their 
s art 


hav- 
B be 
, fois 
> DF, 
Tri- 
ch the 
ABC 
equal 
to the 


make 
nd the 
he re- 
aining 


to the 
at are 
tional. 
; but 
s DE 
EG, 
equal 
FG; 
Sides 
„ and 
Angle 
Tri- 
1d the 
ples of 
Sides. 


Angle 
Angle 
GF. 


DF, make * the Angle FDG equal to either of the * 23. I. 
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EGF. And becauſe the Angle DEF is equal to the 
Angle GEF; and the Angle GE F equal to the 
Angle AB C; therefore the Angle A B C ſhall be 
alſo equal to the Angle FED: For the ſame Reaſon, 
the Angle A CB ſhall be equal to the Angle DF E; 
as alſo the Angle A equa! to the Angle D; there- 
ore the Triangle AB C will be equiangular to the 


” 


Triangle DEF. Wherefore, :f the Sides of two Tri- 
angles are proportional, the Triangles ſhall be equian- 
gular; and their Angles, under which the homologous 
Sides are ſubtended, are equal ; which was to be de- 
monſtrated. b 


PROPOSITION VI 


THEOREM. 


I uo Triangles have one Angle of the one equal to 
one Angle of the other ;, and if the Sides about the 


equal Angles he proportional; then the Triangles 


are equiangular, and have thoſe Angles equal, 
under which are ſubtended the homologous Sides. 


E T there be two Triangles ABC, DEF, having 
one Angle BAC of the one equal to the Angle 
EDF of the other; and let the Sides about the equal 

Angles be proportional, viz. let A B be to A C, as 
E D is to DF. I ſay, the Triangle ABC is equian- 


ular to the Triangle DEF; and the Angle ABC 


qual to the Angle DF E. | 
For, at the Points D and F, with the right Line 


ngles BAC, EDF; and the Angle D F G equal 
JJ e 


ingle G; and ſo the Triangle AB C is equiangular 
0 the Triangle DGF; and, conſequently, as BA is 


D, DF, are equal to the two Sides GD, DF; 
nd the Angle E DF, equal to the Angle GDF: 
h | & * 


es” . = . * — — a 2& _ NN 2 
.. . 2 S 7 "X73 
p F — a : i pron ; = WE. <- — RE v4 


2 3 a Pa EY 
AMS 2-46 2 3 — 


ET BA? That fon fry . yet Sn EY 
= PINE 4 5 » a> Kees Ss -” $5 


qual to the Angle DEF; and the Angle AC B 


Then the other Angle B is + equal to the other + Ce. 32. 1. 


o AC, fois 4 GD to DF: But (by the Hy.) as + 4 of this. 
dAisto AC, ſo is ED to DF. Therefore, as ED 
* to DF, ſo is GD to DF; whence ED is þ equal * 11. 5. 


o DG, and DF is common; therefore the two Sides f 9: 5+ 


DR > Su 


_— 
——- ow - 
—— 


— ä — — — ey a" & * 3 R — r 
F LIAR ID AE As IEEE ENS A FE is, att — S . 
—— — 2 * * ” a” 2 2 - £ _— * Pe 2 k i 

22 ; " 8 „ Eng; 2 «a 

Jr * « - Z.$ As an - Ap - . 8 — * 
wh th <> _ 8 


— — 


— 


3 
K 
* 
* 
6 


. 

— — a 3 
ONO 3 

e 


* 25 5 9 are _— 
EN e r 


1 

Y 

ö 

\ 
© N 

pl 
wo N 
1 
i: * 
44 

N 
* 
+ 2 
. 
11 
$4 
F 
9 
* 
* 
£71 
448 
48 
F 
4 ; 
$4 5 
ol * 1 
8 
N 
72 
1 

* 
# 
. 

4%: 
f 


and the® 


Euclids E LEMENTS. Book VI. 
Cong Ad the Baſe E P is ® equal to the Baſe FG, 
riangle DEF equal to the Triangle GDF, 


and the other Angles of the one equal to the other 


Angles of the other, each to each'; under which the 
equal Sides are ſubtended. Therefore the Angle DFG 
is equa] to the Angle DFE, and the Angle G equal 
to the Angle E ; but the Angle DFG is equal to the 
Agzle AC B: Wherefore the Angle ACB is equal to 
the Angle DFE ; and the Angle BAC is alſo equal 
to the Angle ED F: Therefore the other Angle at 
B is equal to the other Angle at E; and ſo the Trian- 


* gle ABC is equiangular to the Triangle DEF. There- 


fore, if two Triangles have one Angle of the one equal 


#0 one - of the other ; and if the Sides about the 


equal Angles be proportional ; then the Triangles are 
equiangular, and have thoſe Angles equal, under 
which are ſubtended the homologaus Sides; which wa 


to be demonſtrated. | + 


PROPOSITION VIL 


If there are two Triangles, having one Angle of th 


one equal toone Angle of the other, and the Sides 
about other Angles proportional; and if the re- 
maining third Angles are either both leſs, or both 
not leſs, than right Angles; then ſhall the Trian-. 

gles be equiangular, and have thoſe Angles equal, 
about which are the proportional Sides, 
E T two Triangles ABC, DEF, have one Angle 


— of the one equal to one Angle of the other, via. 


the Angle BAC equal to the Angle E DF; and 
let the Sides about the other Angles ABC, DEF, 


be proportional; viz. as D E is to E F, ſo let AB 


de to BC ; and let the other Angles at C and F be 
both leſs, or both not leſs, than right Angles. I ſay, 
the Triangle ABC is equiangular to the Triangle 


DEF; and the Angle ABC is equal to the Angle 
DEF; as alſo the other Angle at C equal to the 
OO OE Ne 0 OG 

For, if the Angle AB C be not equal to the Angle 
DEF, one of them will be the greater, which 6 8 


VI. 
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Book VI. Euclids ELEMENTS. 
ABC. Then at the Point B, with the right Line 


AB, make * the Angle AB G equal to the Angle * 23. x. 
DEF. 


Now, becauſe the Angle A is equal to the Angle 
D, and the Angle AB G equal to the Angle DEF; 


the remaining Angle AGB is + equal to the remain- + Cor, 
ing Angle DFE : And therefore the Triangle AB G 


is equiangular to the Triangle DEF; and fo, as A B 
is to BG, fois} DE to E 


* 


AB to BG; and ſince A B has the ſame Proportion 


to BC that it has to B G, B C {hall be T equal to + 9.5. 
BG; and conſequently the Angle at C equal to the 
Angle BGC. Wherefore each of the Angles BCG, 

or BGC, is leſs than a right Angle; and conſe- 


quently AGB is greater than a right Angle. But 


| the Angle A GB has been proved equal to the Angle 
at F; therefore the Angle at F is greater than a 
right Angle: But (by the Hp.) it is not greater, ſince 


C is not greater than a right Angle, which is abſurd, 


| Wherefore the Angle ABC is not unequal to the 
Angle DEF; and fo it muſt be equal to the ſame; 
but the Angle at A is equal to that at D; wherefore 
the Angle remaining at C is equal to the remaining 
Angle at F; and conſequently the Triangle AB C is 
equiangular to the Triangle DEF. Therefore, if 
there are two Triangles having one Angle of the one 
equal to one Angle of the other, and the Sides about 


other Angles proportional ; and if the remaining third 


Angles are either both leſs, or bath not leſs, than right 
Angles ; then ſhall the Triangles be equiangular, and 
have thoſe Angles equal, about which are the proportional 


hau; which was to be demonſtrated. 


P R O- 


but as DE is to EF, f 4 of ear, 
ſo is * AB to BC. Therefore, as AB is to BC, fo is* By typ, 


"+ 4 
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PROPOSITION VIIL fub 
1 is tt 
THEOREM. Th 
7 a Perpendicular be drawn, in a right. lind De 
Triangle, from the right Angle to the Bak, ale 
then the Triangles on each Side of the Perpen. the 
dicular are ſimilar both io the Whole, and al it": 
10 one another. Fore 
Tri 
ET ABC be a n N Triangle, who 
right Angle is B 1 and let the Perpendicular 5 | 
A be drawn from the Point A to the Baſe BC. I W ” 
 fay, the Triangles ABD, ADC, are ſimilar to on: Co 
another, and to the whole Triangle ABC. 8 a 
For, becauſe the Angle BAC is equal to the Angle 
ap os for each of ks. a is a right Angle; and the 
le at B is common to the two Triangles ABC, t 
= » Cor. 32+ Io Fi ; the remaining Angle ACB ſhall be“ equal to 
wad the remaining Angle BAD. Therefore the Triangle 8 
ABC is equiangular to the Triangle ABD; and ſo, MW 
15 + 4 of tbi:,as + B C, which ſubtends the right Angle of the Tri- 
angle ABC, is to BA, ſubtending the right Angle 
of the Triangle ABD, ſo is AB, ſubtending the An- 
gle C of the Triangle 'ABC, to 5 B, ſubtending an 
Avake equal to the Angle C, vix. the Angle BAD, 75 


of the Triangle ABD. And ſo, moreover, is A C to 
A, ſubtending the Angle B, which is common to 
the two Triangles. Therefore the Triangle ABC 
| + Def..1. of is { equiangular to the Triangle AB D; and the Sides L 
t. about the equal Angles are proportional, Wherefore WM 
the Triangle ABC is þ ſimilar to the Triangle ABD. [ 
By the ſame way we demonſtrate, that the Triangle WW ma 
| ADC is alſo ſimilar to the Triangle ABC. Where- Iſ ſen 
fore each of the Triangles ABD, ADC, is ſimilar to. WM eac. 


the whole Triangle. D, 
I ſay, the faid Triangles are alſo ſimilar to one an- WW - 
other. BC 


For, becauſe the right An gle BD Ais equal to the to 
right Angle ADC, 1 the Angle BAD has been D. 
proved equal to the A ; it follows, that the re- BA 

maining Angle at B ll be equal to the remaining att 


Angle L AC. And fo the Triangle ABD is _ whi 
angular 
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angular to the Triangle ADC. Wherefore, as + BD, f 4 «ic. 
ſubtending the Angle BAD of the Triangle AB D, 

is to D A, ſubtending the Angle at C of the Triangle 
ADC, which is equal to the Angle BAD; fo is AD, 
ſubtending the Angle B of the Triangle ABD, to 
DC, ſubtending the Angle D A C, equal to the An- 
gle B. And, moreover, ſo is BA to AC, ſubtending 
| the right Angles at D; and, conſequently, the Tri- 
angle ABD is ſimilar to the Triangle ADC. Where 
fore, if a Perpendicular be drawn, in a right-angled 
| Triangle, from the right Angle to the Baſe, then the 
Triangles on each Side of the Perpendicular are ſimilar 
| both to the hole, and alſo to one another; which was 

to be demonſtrated. 8 e 


| Ceroll, From hence it is manifeſt, that the Perpendi- 
| cular drawn in a right- angled bins from the 
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WW right Angle to the Baſe, is a mean Proportional | 
between the Segments of the Baſe. Moreover, ei- 
ther of the Sides containing the right Angle, is a ö 
n mean Proportional between the whole Baſe, and that 
a Segment thereof which is next to the Side. 5 
: PROPOSITION IX, 1 
. PROBLEM. | 
» WW 7o cut off any Part required from a given right 9 
—_  : . 1 
5 ET AB be a right Line given, from which muſt A 
e be cut off any required Part, ſuppoſe a third. 1 
), Draw any right Line A C from the Point A, 1 
l making an Angle at Pleaſure with the Line AB. A. 3 
e- ſeme any Part D in the Line AC; make * DE, EC; 3. 1. 5 9 
to each equal to AD; join B C, and draw f D F thro' +31. 1. 1 
D, parallel aC Es 8 5 | 5 1 
n- WM. Then, becauſe FD is drawn parallel to the Side IN 
BC of the Triangle ABC, it ſhall be, tas C D is f2 9 cis. i 
he to DA, fo is BF to FA. But CD is double to 1 


en MDA. Therefore B F ſhall be double to F A; and fo 


e- BA is triple to A F. Wherefore, there is cut off AF, 9 
ng n third Part required, of the given right Line AB; i 
i- WM hich was to be done. „ . 
ur P R O- 1 
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' PROPOSITION X. 


PROBLEM. 


"2 To divide a given undivided right Line, as another 


+ 34+ to 


12 of thin, 


given right Line is divided. 


"ET AB be a given undivided right Line, and 
AC a divided Line. It is required to divide AB, 


as AC is divided. 


Let A C be divided in the Points D and E, and ſo 


placed, as to contain any Angle with AB. Join the 
Points C and B; thro' D and E let DF, EG, be 


drawn * parallel to BC; and through D draw D HK, 


"_ to AB. 
Then F H, H B, are 3 of them Ben 
and ſo DH is + eq qual to FG, and HE to GB. And 


| becauſe HE is 1 arallel to the Side K C, of the 
Triangle D K C, it ſhall be fas CE is to ED, ſois 


KH to HD. But KH is equal to B G, and HD to 
GF. Therefore, as CE is to ED, fo is BG to GF. 


Again, becauſe FD is drawn parallel to the Side E 
of the Triangle AGE, as ED is to D A, ſo ſhall 
F be to F - But it has been proved, that CE i 


to ED, as BG is to GF. Therefore, as CE is to 
1 ſo is BG ta GF; and as ED is to DA, ſo 
15 F to FA. Wherefore the given undivided Line 


1 37 1. 


AB is divided as the given Line ACi is; which wal 
to be done. ay 


PROPOSITION . 


PROBLEM. 


Two right Line being given, to find a third Pro- 


Portional to them. 


ET AB, AC, be two given right Li ſo 
placed, as to wake any Angle with each other. 

It is required to find a third Proportional to AB, AC. 
\ Produce AB, AC, to the Points D and E; " make 
BD equal ro AC; join the Points B, C; and draw 


the k ir Line D E thro” D parallel to BC. wy 


| DE of the Triangle ADE, it ſhall be,“ as AB is to + 2 bl. 


„„ „ß OT Oe MOE OE'S 
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Then, becauſe BC is drawn parallel to the Side 
BD, ſo is AC to CE. But BD is equal to AC. 
Hence, as AB is to AC, fois AC to CE. There- 
fore a third Proportional C E is four to two given 
right Lines AB, AC; which was to be done, 

PROPOSITION XII. 


PROBLEM. 


Three right Lines being given, to find a fourth 


Proportional to them, 


| [LEE A,B, Co be three right Lines given. It is 


required to find a fourth Proportional to them. 
Let D E and D F be two right Lines, making any 
Angle EDF with each other. Now make DG equal 


to A, GE equal to B, DH equal to C; and draw the 
Line GH, as alſo + EF thro? E, parallel to GH. 4 31. 1. 


Then, becauſe GH is drawn parallel to E F, the 
Side of the Triangle DEF, it ſhall be, as DG is to 
GE, fo is DH to HF. But DG is equal to A, GE 
to B, and DH to C. Conſequently, as A is to B, ſo is 
CtoHF. Therefore the right Line H F, a fourth 
Proportional to the three given right Lines A, B, C, 
is found; which was to be done. : 


PROPOSITION XI. 


5 PROBLEM | 
To find a mean Proportional between two given 
FEE rigbi Lines. ö 
LI T the two given right Lines be AB, BC. It 
is required to find a mean Proportional between 
them, Place AB, BC, in a direct Line ; and on the 
Whole AC deſcribe the Semicircle ADC, and * draw e :.x, 
BD at right Angles to A C from the Point B, and 
kt AD, DC, be joined. N SE 
| Then, becauſe the Angle A DC, in a Semicircle, 
57 a right Angle; and fince the Perpendicular DB is + 31. z. 
dayn from the right Angle to the Baſe ; therefore 
| DB 


i 
* 


+ 
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Cor. 8. 
of this. 


. Equal Panne baving one Angle of the one 


; 1 T AB, BC, be equal Ran W the 


* 14.1. 


77.5. 
11 this, 


of the Baſe AB, BC. Wherefore a mean Propoy. 


in one ſtrait Line; then alſo will * the Sides F B, BG, 
de in one ſtrait Line. I fay, the Sides of the Parallelo 
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DB is * a mean Proportional between the Segment 


tional between the two given Lines AB, BC, i 
1 3 which was to be done. 


PROPOSITION XIV. 


TE IORI Il. 


equal to one Angle of the other, bave the Sidi 

- about the equal Angles reciprocal ; and this 

Parallelograms that have one Angle of the on 

equal 40 one Angle of the other, and the Sidz 

| that are about the equal Angles reciprocal, are 
equal between themſelves. 


Angles at B equal; and let the Sides DB, B E, be 


grams AB, BC, that are about the equal Angles, ar 


reciprocal ; that is, as DB is to BE, ſo is GB to BF, ] 
For, let the Parallelogram FE be completed: F 
Then, becauſe the Parallelogram AB is equal vB 
the Parallelogram BC, and F E is ſome other Para equ 
lelogram; it hall be, as AB is to F E, fois + BC U Ir. 
F E; but as A B is to FE, ſo is f D B to BE; and ang 
= BChwF E, ſois GB to BF. Therefore, a Ml ane 
DB is to BE, ſo is GB to BF. Wherefore the Sides I Tri 

of the Parallelograms AB, BC, that are about the WF ang 
equal Angles, are reciprocally proportional. AB 
And if the Sides that are about the equal Angles at WI 
reciprocally proportional, viz. if BD be to B E, 2 4, 
G; is to BF; I ſay, the Parallelogram ABI Is equal / 
to the Parallelogram B C. ; 75 
Poor, ſince DB is to BE, as GB is to BF ; ; and DB "= 
to BE, as the Parallelogram AB f to the Parallelo- ;; ec 
| gram FE; and GB t to BF, as the Parallelogram WO P 
C to the Parallelogram FE; it ſhall be, as Ag is to to 

F E, ſo is B C to FE. Therefore the Parallelogram Fri 

AB is equal to the e B C. And ſo, equal AB 
Parallelograms, having one Angle of the one equal to ont ther 
BA: 


Angle of the other, have the Sidei about the equal A. 


glet 
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| L* T the equal e A B C, A D E, Very one 


| the Sides about the equal Angles are reciprocal z ; that 
b, as CA is to AD, ſo is EA to AB. 


gles reciprocal; and thoſe Parallelograms that have one 
Angle of the one equal to one Angle of the ather, and the 
Sides that are about the equal Angle reciprocal, are equal 
letween themſelves z which was to be demonſtrated. 
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PROPOSITION XY. 


Turontm. 


Fqual Ti riangles, having one .;ngle of the one equal 
to one Angle of the other, have their Sides about 
the equal Angles reciprocal; ani thoſe Triangles 

that have one Angle of the one equal to one An- 
gle of the other, and have alſo th? Sides about 
the equal angles reciprocal, are me between | 
themſelves. 


Angle of the one equal to one Angle of the other, 
viz, the "Angle BAC equal to the Angle DAE. I fay, _ 


For, place CA and AD in one ftrait Line ; thek. 9 
EA and AB ſhall be * alſo in one ſtrait Line; and let * 14. f. 
BD be joined. Then, becauſe the Triangle ABCS - 
equal to the Triangle ADE, and ABD is ſome other 1 
Triangle, the Triangle C AB ſhall be to the Tri- 4 7.5. 9 
angle B A D, as the Triangle ADE is to the Tri- 3 
angle BAD. But, as the Triangle CAB is to the f 
Triangle BAD, fois CA f to AD; and as the Tri- f 1 of this * 
angle EAD! is to the Triangle BAD, fo tis EA to 4 
AB. Therefore, as CA is to AD, ſo is EA to AB. o 
Wherefore the Sides of the Triangles ABC, ADE, 1 
about the equal Angles, are reciprocal. 4 

And, if the Sides about the equal Angles of the 4 
Triangles ABC, A D E, be reciprocal, viz. if CA 9 
be to AD, as EA is to AB; I ay, the Triangle ABC . 4 
5 equal to the Triangle A DE. b 

For, again, let BD be Joined, Then, becauſe CA _ 
sto AD, as EA is to AB; and CA to AD t, as the 11 
Triangle ABC to the Triangle BAD; and EA to | 
AB, as the Triangle EAD to the Triangle BAD; 
therefore, as the Triangle ABC is to the Triangle 
BAD, {o ſhall the Triangle EAD be to the Triangle 

1 BAD. 
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BAD. Whence the Triangles AB C, ADE, have 
the ſame Proportion to the Triangle BAD; and 6 
the Triangle ABC is equal to the Triangle ADF, 
Therefore, equal Triangles, having one Angle of th 
one equal to one Angle of the other, have their Sidi 
about the equal Angles reciprocal ; and thoſe Triangly 


that have one Angle of the one equal to one Angle of the 


other, and have alſo the Sides about the equal Angles re 
ciprocal, are equal between themſelves ; which was to 


be demonſtrated.  _ 


PROPOSITION XVI, 


THEOREM, 


1f four right Lines be proportional, the Rectangl 


contained under the Extremes is equal to the 
Rectangle contained under the Means; and if the 


 Refangle cyntained under the Extremes be equal 


| to the Rectangle contained under the Means, 
then are the four right Lines proportional. 


J ET four right Lines AB, CD, E, F, be pro 


portional, ſo that AB be to CD, as E is to F. 


1 ſay, the Rectangle contained under the right Lines 
Ag and F, is equal to the Rectangle contained under 


the right Lines C D and E. 


For, draw AG, CH, from the Points A, C, at 


right Angles to A B and CD; and make AG equal 


to F, and C H equal to E; and let the Parallelograms 
B, DH, be pete. 
Then, becauſe AB is to CD, as E is to F; and ſince 


CH is equal to E, and AG to F; it ſhall be, as AB 


is to CD, ſo is CH to AG. Therefore, the Sides that 
are about the equal Angles of the Parallelograms BG, 


Þ 14 of this, 


DH, are reciprocal; and fince thoſe Parallelograms are 
equal * that have the Sides about the equal Angles 
reciprocal ; therefore the Parallelogram B G is equal 
to the Parallelogram DH. But the Parallelogram 


BG is equal to that contained under A B and F; for 


AG is equal to F, and the Parallelogram D H equal 


to that contained under CD and E, ſince CH is equal 
to E. Therefore the Rectangle contained under AB 


and F, is equal to that contained under C D and 1 
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And if the Rectangle contained under AB and F, 


be equal to the Rectangle contained under CD add 
E; 1 ſay, the four right Lines are Fraportionals, dix. 


ine CD, ſo is E to F. 
For, the ſame Conſtruction remaining, the Rectan- 


le contained under A B and F, is equal to that con- 
tained under CD and E; but the Rectangle con- 


tained under A B and F, is the Rectangle B G ; for 
AG is equal to F; and the Rectangle Stained un- 
der C D and E, is the Rectangle D H; for CH is 
equal to E. Therefore the Parallelogram B G ſhall. 


be equal to the Parallelogram DH, and they are equi- 
angular; but the Sides of equal and equiangular Pa- 
rallelograms, which are about the equal Angles, are 


* reciprocal. W herefore, as AB is to CD, ſo is CH * 14 of this, 
to AG; but CH is equal to E, and AG to F; there- 

fore, as A B is to C D, fo is E' to F. Wherefore, if 

four right Lines be proportional, the Rectangle contained 

| under the E xtremes, is equal to the Rectangle contained 


under the Means ; and if the Rectangle contained under 


the Extremes be equal to the Reftangle contained under 


the Means, then are the "rot right Lines Proper tional 
which was to be demon rated. 


PROPOSITION XVII. 


8 


7 FE right Lines be proportional, the ReBlangle 


contained under the Extremes is equal to the 
Square of the Mean; and if the Rectangle under 


the Extremes be equal to the Square of the Mean, 


then the three right Lines are proportional. F 


JET thers be three right Lines, A, B, . pro- 
portional; and let A be to B, as Bi is to C. 1 


fiy, che R ectangle contained under A and C, is equal 


to the Square of B. 
For, make D equal to B. 
Then, becauſe A is to B, as B is to C, and B is 
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equal to D; it ſhall beF, AN to B, ſo is D to C. 7. 5. 


But, if ſour right Lines be Proportionals, the Rectan- 


dle contained under the Extremes is + equal to the f 16 of chin 


Rectangle under the Means. T herefore the Rectan- 
M 2 gle 


ä 
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ele contained under A and C, is equal to the Rectan. 
ele under B and D: But the Rectangle under B and D 
is equal to the Square of D, for B is equal to D; where. 
fore the Rectangle contained under A, C, is equal to 
the Square of B. Id SO 

And, if the Rectangle contained under A, C, be equi] 

to the Square of B; I ſay, as A is to B, ſo is B to C. 
For, the ſame Conſtruction remaining, the ReQan- 
gle, contained under A and C, is equal to the Square of 
B; but the Square of B is the Rectangle contained un- 


der B, D; for B is equal to D; and the Rectangle con- 


tained under A, C, ſhall be equal to the Rectangle 
contained under B, D. But if the Rectangle contain- 
ed under the Extremes be equal to the ReCtangle 
cContained under the Means, the four right Lines 
16 / i. ſhall be Proportionals. Therefore, A is to B, as 
is to C; but B is equal to D. Wherefore A is to B, 
as B is to C. Therefore, , three right Lines be pro- 
portional, the Rectangle contained under the E xtreme 

is equal to the Square of the Mean; and if the Rectan- 
gle under the Extremes be equal to the Square of the 
Mean, then the three right Lines are proportional; 
which was to be demonſtrated. | _ 


PROPOSITION XVII. 


PROBLEM. 
Upon a given right Line, to deſcribe a right-lints 
Figure, ſimilar, and ſimilarly ſituate, ia 4 
 right-lined Figure given, 
LE T AB be the right Line given, and CE the 
| - right-lined Figure, It is required to deſcribe 
upon the right Line AB a Figure ſimilar, and fimr 
Eo larly ſituate, to the right-lined Figure CE. 
+ 23.1: Join DF, and make, “ at the Points A and B, with 
the Line AB, the Angles GAB, AB G, each equal 
do the Angles Cand CDF. Whence the other An. 
+ Cir. 3a. 1. gle CF D is + equal to the other Angle AGB, and 
ſo the Triangle F CD is equiangular to the Triangle 
GAB; and, conſequently, as F D is to GB, fo 
t 4of this, 1 FC to GA; and ſo is CD to AB. Again, make 
the Angles BG H, GB H, at the Points B and G, 


4 with 


di 
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with the right Line BG, each equal to the Angfes 


equal to the remaining Angle at H. Therefore the 
Triangle FDE is equiangular to the Triangle GBH ; 


GH; and fo E D to HB. But it has been proved, 
that FD i is to GB, as FC is to GA, and as CD to 


| AB; and ſo FE to GH; and ſo ED to HB. And 
becaufe the Angle CFD is equal to the Angle AGB; 
and the Angle DFE equal to the Angle BGH; the 
whole Angle C F E ſhall be equal to the whole Angle 
AGH. By the ſame Reaſon, the Angle CDE is 
equal to the Angle AB H; and the Angle at C equal 
to the Angle A; and the Angle E equa] to the Angle 
H. Therefore the Figure AC is equiangular to the Fi- 
gure CE; and they have the Sides about the equal 
+ WW Angles proportional: Conſequently, the right-lined 


zo MW figure AH will be + ſimilar to the right- -lined Fi igure þ Def.1, of 
m | CF. Therefore there is deſcribed upon the given right“ 15 0 


„ Line AB, the right-lined Figure A H, ſimilar, and 


; fmilarly ſituate, to the given right-lined Fi igure CE; 
which was to be done. 


PROPOSITION XIX. 


THEOREM. 


yd MN Similar T riangles are in the duplicate Proportion 
08 - of their bomologous Sides, 


LE T ABC, DEF, be ſimilar eas having 
the Angle B equal to the Angle E; and let AB 

rive MW be to BC, as DE is to E F, fo that B C be the Side 

mi- homologous to EF. Ifay, the Triangle ABC, to 


the Triangle DE F, has a duplicate Proportion to 
vith that of the Side BC to the Side E F. 


1% 
EFD, EDF; then the remaining Angle at E is + + cer. 3. 1. 


and, conſequently, as F D is to G. B, ſo is | F E to f 4 ff this. 


AB. And therefore, as FC is to AG, ſois & CD to * 12. 5. 


qual For, take! BG a third Proportion to BC and EF; * cr of 1 this. 


An- that is, let BC be to EF,as EF is to BG, and join GA. 
Then, becauſe AB is to BC, as DE i is toEF; it 
hall be (by Alternation), as AB is to DE, ſo is BC 


fore, as AB is to DE, fois F EF to BG; conſe- + 11 
quently, the Sides that are about the equal Angles of 


Xx 3 the 


to EF; but as BC is to EF, ſo is EF to BG. —_ 


* 3, 


} 1 : of this, gles reciprocal, are + equal. Therefore the Triangle 


Def. 10.5, be proportional, the firſt has * 2 duplicate Proportion to 


5 their homologous Sides; ; which was to be demonſtrated. 
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the Triangles ABG, DEF, are reciprocal: But thoſe 


Triangles that have one Angle of the one equal to, one 
Angle of the other, and the Sides about the equal An- 


ABGi is equal to the Triangle DEF ; and becauſe BC 
is to E F, as E F is to BG, and if three right Lines 


the third, of what it has to the ſecond, B C to BG 
| ſhall have a duplicate Proportion of that which BC 
has to EF; and as BC is to BG, fo is the Triangle 
ABCto the Triangle ABG ; whencethe Triang le ABC 
bears to the Triangle AB Ga duplicate Proportion to 

what BC doth to EF; but the Triangle ABG is equal 
to the Triangle DEF. There. ore the Triangle ABC, 
to che Triangle DEF, ſoall be in the du plicateProport! on 
of that v. hich the FP BC has to the Side EF. Where- 
fore, ſimilar Triangles are in the duplicate Proportion ef 


Coroll. From hence it is manifeſt, if three right Lines 
be proportional, then, as the firſt i is to the third, fo 
is a Triangle made upon the firſt to a ſimilar and 
ſimilarhy deſcribed Triangle upon the ſecond ; be- 
_ cauſe it has been proved, as CB is to BG, ſo is the 
Triangle ABC to the Triangle ABG, that is, to 
the Triangle DE F; which was to be demonſtrated, 


PROPOSITION XX. 


TA IORAE M. 


Similar Polygons are divided into fimilar Triat- 
ges, equal in Number, and bomologous to tht 
Wholes ; and Polygon to Polygon, is in the du. 


plicate Proportion of that which one bemalen 
Side bas to the other, 


JET ABCDBE, F GHKL, hs Gmilar Polygons, and 
let the Side AB be homologous to the Side FG. 
I fay, the Polygons ABCDE, FGHKL, are divided 
into equal Numbers of ſimilar Triangles, and homolo- 
ous to the Wholes ; and the Polygon ABCD E, to the 
Polys on FGH KL, is in the duplicate Proportion of 
| that which the Side A B has to the Side F G. 
For, let BE, EC, GL, LH, be joined. 


Then, 


— ff TH c — r vw" _— — 


— 


* — — 
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4 


gons; therefore the remaining Angle 
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Then, becauſe the Polygon AB CD E is ſimilar to 


| the Polygon FG H K L, the Angle BA E is equal 


to the Angle GFL; and BA is to AE, as G F is 
to FL. Now, ſince ABE, FGL, are two Triangles, 
having one Angle of the one equal to one Angle of the 
other, and the Sides about the equal Angles pro- 


portional; the Triangle AB E will be * equiangular *6 F tb. i | 


to the Triangle F G L, and alſo ſimilar to it. 

Therefore the Angle ABE is equal to the Angle FGL; 

but the whole Angle ABC is + equal to the whole fr Def. of 

Angle F G H, becauſe of the 3 of the Poly- is. 
B C is equal 

to the remaining Angle L GH : And ſince, (by the 

Similarity of the Triangles ABE, FGL) as EB is to 

BA, fois LG to GF; and ſince, alſo, by the Simi- 

larity of 1 AB is to BC, as FG is to GH; : 

it ſhall be, by quality of Proportion, as EB is to f 22. 5. 

BC, fois LG to GH; that is, the Sides about the 5 


equal Angles EBC, LGH, are proportional. Where- 


fore the Triangle EBC is equiangular to the Triangle 
LGH, and, conſequently, alſo ſimilar to it. For the 
ſame Reaſon, the ng EC Dis likewiſe ſimilar 
to the Triangle LH K; therefore the ſimilar Polygons 
ABC DE, FGH KL, are divided into equal Numbers 
of ſimilar Triangles. 35 . 

I fay, they are alſo homologous to the Wholes, 
that is, that the Triangles are proportional; and the 
Antecedents are AB E, EBC, ECD; and their Con- 
ſequents FGL, LGH, LH K. And the Polygon 
ABC DE, to the Polygon FGH KL, is in the dupli- 
cate Proportion of an homologous Side of the one, to 
an homologous Side of the other, that is, AB to F C. 

For, becauſe the Triangle AB E is ſimilar to the 
Triangle FG L, the Triangle A BE ſhall be * to the * 19 Fbis. 
Triangle FG L, in the duplicate Proportion of BE 
to GL: For the ſame Reaſon, the Triangle BEC, 
to the Triangle GL H, is * in a duplicate Proportion 
of BE to GL: Therefore the Triangle ABE is + to f 11. 5. 
the Triangle FG L, as the Triangle BEC is to the 
Triangle GLH. Again, becauſe the Triangle EBC 
Is ſimilar to the Triangle LGH, the Triangle EBC, 
to the Triangle L G H, ſhall be in the duplicate Pro- 
portion of the right Line CE to the right Line 
HL; and ſo, likewiſe, the Triangle ECD, to the Tri- 

EE angle 
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angle LH K, ſhall be in the duplicate Propor tion of 
CE to HL. Therefore the Triangle B E C is to 
the Triangle L GH, as the Triangle CED is to the 
Triangle T H K. But it has been proved, that the 
Tn EB C is to the Triangle LG H, as the 
Triangle ABE is to the Triangle F GL: "Rh 
fore, as the Triangle AB E is to the Triangle FG, 
ſois the Triangle BEC to the Triangle G H L; 21 
ſo is the Triangle ECD to the Triangle LH K. But 


as one of the Antecedents is to one of the Conſe- 


gquents, fo are ꝗ all the Antecedents to all the Conſe- 


> 


quents. Wherefore, as the Triangle AB E is to the 
Triangle FG L. to is the Polygon ABCD E to the 
_ Polygon FGHKL : But the T riangle ABE, to the 
Triangle FGL, is in the duplicate Proportion of the 
homologous Sice AB to the homologous Side F G; 
for ſimilar Triangles are in the duplicate Proportion 
of the homolugous Sides. Wherefore, the Polypon 
ABCD E, to che Pol gon FGHEL, is in the du- 
plicate Proportio n of the homologous Side AB to 
the homologous Side FG. T heretore, fimilar Po- 
Fons are divided into ſimilar Triangles, equal in Num- 
ber, and homologcus to the IV holes ; and Polygon to 
Pol, gon is in the duplicate Proportion of that whith 
one homologous Side has to the ether; which was to be 
demonſtrated. „ 

It may be demonſirated after the ſame manner, that 
ſimilar quadrilateral Figures are to each other in the 
duplicate Proportion of their homologous Sides; and 
this bas been already proved in Triangles. 


| Coral, I. Therefore, univerſally,ſimilar right-lin'd Fi- 
Aures are to one another in the duplicate Propor- 
tion of their homologous Sides; and if X be taken 
a third Proportional to AB and FG, then AB will 
have to X a duplicate Proportion of that which AB 
has to FG; and a Polygon to a Poly gon, and a qua- 
drilateral F igure to a quadrilateral Figure, will be in 
the duplicate Proportion of that which one homo- 
logous Side has to the other; that is, AB to FG; 
| but this has been proved in Triangles. = 
2. Therefore, univerſally, it is manifeſt, if three right 
Lines be proportional, as the firſt is to the third, fo 
is a Fig igure deſcribed wt the firſt, to a ſimilar and 
hy 
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ſimilarly deſcribed Figure on the ſecond; which 
was to be demonſtrated. 


D Wrizht-lined Figures A, B, are equiangular to C, and 


J | 
BH PROPOSITION XX. 
V = 5 
| Figures that are ſimilar to the ſame right-lined | 
MH Figure, are alſo ſimilar to one another, 1 
1 each of the right-lined Figures A, B, be } 
. ſimilar to the right-lined Figure C. I fay, the f 
p richt-lined Figure A is alſo ſimilar to the right-lined } 
Figure B. e ? 
Ie For. becauſe the right-lined Figure A is ſimilar to f 
* he right-lined Figure C, it ſhall be“ equiangular De 1. 4 
5 Wl thereto; and the Sides about the equal Angles pro-“. : 
portional. Again, becauſe the right-lined Figure B il 
n Si : 3 + | . | . "1 
s ſimilar to the right-lined Figure C, it ſhall * be «1 
” Wecuiangular thereto; and the Sides about the equal it 
o Angles will be proportional. Therefore each of the 1 
bey have the Sides about the equal Angles propor- ö 
1 tional. Wherefore the right-lined Figure A is equian-- þ 
4 gular to the right- lined Figure B; and the Sides about , 
the equal Angles are proportional; wherefore A is {i- ; 
N milar to B; which was to be demonſtrated. 


df PROPOSITION AMI. 


THEOREM. ; 
Fi. J four right Lines be proportional, the rigbi- 
0" Wl lined Figures, ſimilar and ſimilarly deſcribed 


cl upon them, ſhall be proportional; and if the b 
AB; „/ milar right-lined Figures ſimilarly deſcribed | 
ua- ion the Lines be proportional, then the right I 
in Lines ſhall be alſo proportional. | 
no- | f 


[ET four ge Lines AB, CD, EF, GH, be 
proportional; and as AB is to CD, ſo let EF 


ght Ide to G H. 1 ; 
, fo Now, let the ſimilar Figures K AB, L CD, be fi- 
and Wilarly deſcribed “ upon AB, CD; and the ſimilar * 18 F510. 
arly EW Et Figures 
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Figures M F, N H, ſimilarly deſcribed upon the right 
Lines EF, G H. I fay, as the right-lined Figure 
K Ag is to the right-lined Figure LCD, ſo is the 
right-lined Figure MF to the right-lined Figure NH, 
For, take * X a third Proportional to A B, CD 

and O a third Proportional to EF, GH. 
Then, becauſe AB is to CD, as EF is to GH, and 
as CD is to X, fois GH to Q; it ſhall be}, by 
e Equality of Proportion, as AB is to X, fois EF to C. 
1 Cor. 20. But AB is to X, as the right. lined Figure KAB is to 
kin. the right-lined Figure LC D; and as EF is to O, ſo 
is þ the right-lined Figure M F, to the right - lined 
Figure NH. Therefore, as the right-lined Figure 
4 11. 35. K Ag is to the 4 orb igure LCD, ſo is“ the 
5 right-lined Figure MF to the right-lined Figure NH, 
And, if the right-lined Figure K A B be to the 
right-lined Figure LCD, as the right- lined Figure 
MF is to the right-lined Figure NH; I ſay, as AB ig 

to C D, ſo is E F to GH. „ 

+ 12 l. For, make F EF to PR, as AB is to CD, and de- 


751 


* f tbit. 


| * 22. &. 


ſcribe upon PR a right-lined Figure S R ſimilar, and 


alike ſituate, to either of the Figures MF and NH. 
Then, becauſe AB is to CD, as EF is to PR, and 
there are deſcribed upon AB, CD, ſimilar and alike 
ſituate right-lined Figures K AB, LC D, and upon 
EF, PR, ſimilar and alike ſituate Figures MF, SR; 
it ſhall be (by what has been already proved) as the 
right-lined Figure K AB is to the right-lined Figure 
LCD, fo is the right-lined Figure MF to the right- 
lined Figure RS: But (by the Hy.) as the right-lined 
Figure KA is to the right-lined Figure LCD, ſo 
is the right-lined Figure MF to the right-lined Fr 
gure NH. Therefore, as the right-lined Figure MF 
is to the right-lined Figure N a, ſo is the right-lined 
Figure MF to the right-lined Figure S R: And ſince 
the right-lined. Figure M F has the ſame Proportion 
to NH, as it hath to S R, the right-lined Figure NH 
ſhall be + equal to the right-lined Figure S R; it is 
alſo ſimilar to it, and alike deſcribed ; therefore GH 
is equal to PR. And becauſe AB is to CD, as EF 
is to PR; and PR is equal to GH; it ſhall be, as AB 
toCD, fois EF to GH. Therefore, if four right 
Lines be proportional, the right-lined Figures, ſimilur 
and ſimilarly deſcribed upon them, ſhall bs prapartional , 

5 an 
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1 if the ſimilar right-lined Figures, ſimilarly deſeribed 
pon the Lines, be proportional, then the right Lines 
all alſo be proportional; which was to be demon- 
ſtrated, | | 


LEMMA. 


Any three right Lines A, B, and C, being given, 
Ide Ratio of the firſt A, tothe third C, is equal 
tothe Ratio compounded of the Ratio of the firſt 
A to the ſecond B, and of the Ratio of the ſe- 
cond B to the third C. N 


OR Example, let the Number 3 be the Exponent 
or Denominator of the Ratio of A to B; that is, 
let A be three timos B, and let the Number 4. be the 
Exponent of the Ratio of B to C; then the Number 
12, produced by the Multiplication of 4 and 3, is the 
compounded Exponent of the Ratio of Ato C: For, 
ce A contains B thrice, and B contains C four 
times, A will contain C thrice four times, that is, 12 
times. This is alſo true of other Multiples, or Sub- 


monſtrated thus : The Quantity of the Ratio of A to 


F * 8 2 
ed bat the Rectangle comprebended under the right Lines 


5. 5 the Number I viz. which, multiphing the Cen- 
re ent, produces the Antecedent. So likewiſe the Quan- | 

t- ity of the Ratio of B to C, 15 . And theſe 0% 
o AVantities, multiplied by each other, produce the 
M, which is the Quantity of the Ratio, 
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multiples ; but this Theorem may be univerſally de- 


| | 


ice {MA and B, has to the Rectangle comprehended under the 


on ght Lines B and C; and ſo the ſaid Ratio of the 2 
TH WM Ndangle under A and B, to the Rectangle under 


tis {Wb rd C, is that which, in the Senſe of Def. 5. of 

his Book, is compounded of the Ratios of A to B, and 
Bro C; but (by 1. 6.) the Rectangle contained under 
A and B, ts to the Rectangle contained under B and 
Las A ig to C; therefore the Ratio of A to C is 


df B to C. 


ial to the Ratio compounded of the Ratios of A t B, 


1 


=T 
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If any four right Lines A, B, C, and D, be pn. 
poſed, the Ratio of the firſt A to the fourth D, is equil 
to the Ratio compounded of the Ratio of the ſirſt Ay 


the ſecond B, and of the Ratis of the ſecond B ta the 
third C, and of the Ratio of the third C to the fourth 


Por, in three right Lines A, C, and D, the Ratio 
Ato D is equal to the Ratios compounded of the Ru. 
tios of Ato C, and / CtoD; and it has been already 
demonſtrated, that the Ratio of A to C ts equal ta the 

| Ratio compounded of the Ratios of A to B, and By 

C. Therefore the Ratio of A to D is equal to the Ro- 


| tio compounded of the Ratios cf A to B, of B to C, and 


7 Cie D. After the ſame manner we demonſtrate, in 
| any Number sf right Lines, that the Ratio of the firſi 
D to the laſt is equal to the Ratio compounded of the Ru- 
tios of the firſt to the ſecond, of the ſecond to the third, 
the third to the fourth, and ſo on to the laſt. 
This is true of any other Quantities beſides right 
Lines, which will be manifeſt, if the ſame Number of 
right Lines A, B, C, &c. as there are Magnitudes, be 
aſſumed in the ſame Ratio, viz. fo that the right Line 
A. is to the right Line B, as the firſt Magnitude is 1 
the ſecond, and the right Line B to the right Line C, 
as the ſecond Magnuuade is to the third, and ſo on. It 
is manifeſt (by 22.5.) by Equality of Proportion, that 
the firſt right Line A is to the laſt right Line, as the 
fir/t Magnitude is to the laſt; but the Keri of the right 
Line A to the laſt right Line is equal to the Rati 
campounded of the Ratios of A ta B, B to C, and ſo un 
to the laſt right Line: But (by the Hyp.) the Ratio 
any one of the right Lines to that neareſt to it, is th 
ſame as the Ratio of a Magnitude of the ſame Order tt 
that neareſt it. And therefore the Ratio of the firſt 
Magnitude to the laſt is equal to the Ratio compounded 
of the Ratios of the firſt Magnitude to the ſecond, of 
the ſecond to the third, and ſo on to the laſt; which 
Vas to be demonſtrated. | e 
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PROPOSITION XXIII. 


TREOREM. 


Eguiangular Parallelograms have the Proportion to 


one another that is compounded of their Sides. 


L A&B © F, be equiangular Parallelo rams, 


having the Angle BCD equal to the Angle ECG. 


I fay, the Parallelogram AC, to the Parallelogram 


CF, is in the Proportion compounded of their Sides, 


Liz. compounded of the Proportion of BC to CG, 


and of DC to CE. 5 
For, let B C be placed in the ſame right Line with 


DCs to CE, d . : 
Then the Proportions of K to L, and of L to M, 
are the ſame as the Proportions of the Sides, vix. of 
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Then DC ſhall be “ in a ſtrait Line with CE, 14. 1. 
and complete the Parallelogram D G; and then +, as + x: of bie 
BC is to CG, ſo is ſome right Line K to L; and aas 


BC to CG, and DC to CE; but the Proportion of 


K to M is 4 compounded of the Proportion of K f Lenne 


to L, and of the Proportion of L to M. Wherefore, proves.” 


alſo, K to M hath a Proportion compounded of the 
dides, Then, becauſe BC is to CG as the Parallelo- 


mam A C is * to the Parallelogram CH: And ſince » 1 fbi. 
bCis to CG, as K is to L, it ſhall be , as K is to L, + 11. 5, * 


b is the Parallelogram AC to the Parallelogram 
CH. Again, becauſe DC is to CE, as the Parallelo- 
am CH is to the Parallelogram CF; and ſince as 
C is to CE, fois L to M; therefore, as L is to 
M, fo ſhall + the Parallelogram CH be to the Paralle- 
beram CF; and, conſequently, ſince it has been prov'd 
tat K is to L, as the Parallelogram A C is to the 
Parallelogram CH, and as L is to M, fo is the Pa- 
nllelogram C H to the Parallelogram CF ; it ſhall 


the Parallelogram A C to the Parallelogram CF; but 
K to M hath a Proportion compounded of the Sides : 
Therefore, alſo, the Parallelogram AC, to the Paral- 
klooram CF, hath a Proportion compounded of the 
des, Wherefore, eguiangular Parallelograms have 

| the 


let, by Equality of Proportion, as K is to M, ſo is x 23 


„ 
* Þ oy 
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the Proportion to one another that is compounded of thij 


B 

A 

Sides; which was to be demonſtrated, : 
PROPOSITION XXV. 


1 ra 
K . T E OR E M. | ar 
In every Parallelogram, the Parallelograms thy 0 
are about the Diameter, are ſimilar to P 

Nn hole, and alſo to one another, D 
| | ot! 


JET ABCD be a Parallelogram, whoſe Dianiete 


is AC; and E G, HK, be Parallelograms about 


- the Diameter A C. I fay, the Parallelograms EG, 
H K, are ſimilar to the Whole ABC D, and alft 


® 2 of this, 


each other. 5 N 
For, becauſe EF is drawn parallel to B C, the die 97; 
of the Triangle ABC, it ſhall be *, as BE to EA, 
ſo is CF to FA. Again, becauſe F G is drawn pa- 


rallel to C D, the Side of the Triangle AC D, it ſhal 
be, as CF to FA, ſo is * DG to GA. But CF is 00 


r 
1.5. 


. F A, (as has been proved) as B E is to EA. There. 1 
fore, as B E is to EA, fois F DG to GA; and hy 


compounding, as B A is to AE, fois DA to AG; (0 


and, by Alternation, as BA is to AD, fois E A U 5 


AG. Therefore the Sides of the Parallelagrams the 


ABCD, EG, which are about the common Angle A] 
BAD, are proportional. And becauſe G F is para. 


129.9. 


and the Angle D AC is common to the two 'Trian- 
gles ADC, AGF. Wherefore the Triangle ADC 


| fame Reaton, the Triangle AC is equiangular to the 


AgB C is equiangular to the Parallelogram E G 


Þ+4 of this. 


E A. Wherefore, ſince it has been proved, that DU 
is to CA, as GF is to FA; and AC is to CB, as A 


De is to CB, fo is GF to FE. Therefore the Side 


lel to D C, the Angle AGF is * equal to the Ange An 
ADC, and the Angle GFA equal to the Angle DCA; 


will be equiangular to the Triangle A G F. For the 
Triangle AF E: Therefore the whole Parallelogram { 
and ſo AD is to D C, as AG is + to G F. But DC iſ 


is toCA, as GF is to FA; and AC is to CB, as AF 
is toFE; and, moreover, CB is to BA, as FE is to 


is to F E; it ſhall be, by Equality of Proportion, a 


that are about the equal Angles of the Parallelogrami 
| ABCD 
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ABCD, EG, are proportional; and, accordingly, the 
Parallelogram ABCD is fimilar to the Parallelogram 

EG. For the ſame Reaſon, the Parallelogram ABCD 

is ſimilar to the Parallelogram K H. Therefore both 

the Parallelograms EG, HK, are ſimilar to the Pa- 
rallelogram AB CD. But right-lined Figures that 


i 


lar to one another. Therefore the Parallelogram E G 


is fimilar to the Parallelogram H K. And fo, in every 
th: WH Parallclogram, the Parallelograms that are about the 


Diameter are ſimilar to the Whole, and alſo to one an- 
other ; which was to be demonſtrated. | 


ll PROPOSITION XXV. 
3 PROBLEM. 
due 70 deſcribe a right-lined Figure ſimilar to 4 


% right-lined Figure which ſhall be given, and 
hal equal to another right-lined Figure given. 5 


* LE T ABC be a given right-lined Figure, to which 
5 is required to deſcribe another ſimilar and equal 
pa On the Side BC of the given Figure ABC, * make + 4. 1. 
the Parallelogram B E equal to the right-lined Figure 
ABC; and on the Side C E make * the Parallelo- 
Jam CM equal to the right-lined Figure D, in the 
Angle FCE, equal to the Angle CBL. Then BC, 
of CF, as alſo LE, E M, will be + in two ſtrait Lines. + 14. r. 
ind + G H a mean Proportional between BC, CF; t is HbA. 


ligute KGH, ſimilar, and alike ſituate, to the right- 
ned Figure ABC. „ e 

And then, becauſe BC is to GH, as GH is to CF; 
and ſince, when three right Lines are proportional, the 
irſt is to the third as the Figure deſcribed on the firſt 
8 + to a ſimilar and alike ſituate Figure deſcribed on + ce. 20. 
lie ſecond, it ſhall be, as BC is to CF, ſo is the right- of his. 
ned F igure ABC to the right-lined Figure K GH. | 

hut as BCistoCF, ſo is © the Parallelogram B E to 4 x of ct69, 
e Parallelogram EF. Therefore, as the right-lined 
Jure ABC is to the right-lined Figure K GH, fo 
W the Parallelogram BE to the * EF. 

7 here- 


are ſimilar to the ſame * right-lined Figure, are ſimi- at of :hic, 


De and on GH let there be deſcribed * the right- lined * 18 f lis. 


2 . 
— I 2 
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Wherefore, (by Alternation) as the right-lined Figure 
ABC is to the Parallelogram BE, ſo is the right-lined 
Figure KGH to Fry 4 TI EF. But the 
right-lined Figure ABC is equal to the Parallelogran 
BE. Therefore the right-lined Figure K G H is alſo 
equal to the Parallelogram EF. But the Parallelogran 
EF is equal to the right-lined Figure D. Therefore 
the right-lined Figure K G H is equal to D. Bu 

K GH is ſimilar to ABC. Conſequently, there is de 
ſcribed the right-lined Figure K G H ſimilar to the 
given Figure ABC, and equal to the given Figure; 
Tobhich was to be done. ole N 


PROPOSITION XXVI 


5 Turo En. 
from a Parallelog ram. be taken away anothet 
ſimilar to the Whole, and in like manner filu- 
ate, having alſo an Angle comme n with it, then 
ts that Parallelogram about the ſame Diameter 
r | 
JE T the Parallelogram A F be taken away from 
, += the Parallelogram AB CD, ſimilar to A BCD, 
and in like manner fituate, having the Angle DAB 
common. I ſay, the Parallelogram ABCD is about 
the ſame Diameter with the Parallelogram AF. 
For, if it be not, let AHC be the Diameter of the 
Parallelogram BD, and let G F be produced to H; 
alſo, let H K be drawn parallel to A D, or BC. 


Ihen, becauſe the Parallelogram AB CD is about 
the ſame Diameter as the Parallelogram K G, the Pa- 


8 of this. rallelogram A BCD ſhall be * ſimilar to the Paralle- 


* r Def. of Jogram KG; and fo, as DA is to AB, ſo is F GAto 


this, AK. But becauſe of the Similarity of the Parallelo- 


erams ABCD, EG, as DA is to AB, ſo is GA to 


1. s. AE. And therefore, as GA is 4 to AE, ſo is GA 
to AK. And ſince G A has the ſame Proportion to, 


49. 5. AK as to AE, AE is I equal to AK, the leſs to a 
greater, which is abſurd. Therefore the Parallelo- 
gram AB CD is not about the ſame Diameter as the 


Parallelogram AH. And therefore it will be about the | 


fame Diameter with the Parallelogram AF. Therefore, 
if from a Parallelogram be taken away another ſimilar 


0 


61 
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the Whole, and in like manner ſituate, having alſo 
an Angle common with it, then is that Parallelogram 
about the ſame Diameter with the Whole ; which was 
to be demonſtrated. - ” 


| PRO POSITTIO N XXVII. 


THEOREM _ 7 
(f all, Parallelograms applied to the ſame right 
Line, and wanting in Figure by Parallelograms 
ſimilar and alike ſituate, deſcribed on the half 
Line, the greateſt is that which is applied to the 
Dal, Line, being ſimilar to the Defect. 


ber and let the Parallelogram A D be applied to the 


ICE, ſimilar and alike ſituate to that deſcrib'd on half 


ben of the right Line AB. I fay, AD is the greateſt of 


er all Parallelograms applied to the right Line AB, want- 
ng in Figure by Parallelograms ſimilar and alike ſitu- 
ate to CE. For, let the Parallelogram AF be applied 


AR logram HK, ſimilar and alike ſituate to the Parallelo- 


out eam CE. I fay, the Parallelogram AD is greater | 


than the Parallelogram ATF. 2 
For, becauſe the Parallelogram C E is ſimilar to the 


meter. Let DB, their Diameter, be drawn, and the Fi- 


equal to F E, let HK, which is common, be added; 
and the Whole C H is equal to the Whole K E. But 


_Wfqual to CB. Therefore the Whole A F is equal to 
A to lf * Gnomon LNM ; and fo CE, that is, the Paral- 
Ga Wogram AD, is greater than the Parallelogram A F. 
Therefore, of all Parallelograms applied to the ſame 
ght Line, and wanting in Figure by Parallelograms 
mlar and alike ſituate, deſcribed on the half Line, 
ihe greateſt is that which is applied to the half Line, 
ing ſimilar to the Defect; which was to be demon- 
ated, bs ALT I eee ID 


[ET AB be a right Line, biſeRted in the Point C ; | 


CH is + equal to C G, becauſe the right Line AC is: 


{0 T | "IR PR O- 
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night Line AB, wanting in Figure the Parallelogram 


D. Is the right Line AB, wanting in Figure the Paralle- 


Parallelogram H K, they ſtand * about the ſame Dia- 26 of this, 


ure deſcribed ; then, ſince the Parallelogram CF is + Þ 43. 1. 


36, 1. 
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ö PROPOSITION XXVII. ; 
. Pot. 5 
To a right Line given to apply a Parallelagran ! 
. equal to a right-lined Figure given, deficient bya f 
1 Parall:logram,which is ſimilar to another give il " 
4 Parallelogram; but it is neceſſary, tbat the right. i © 
I lined Figure given, to which the Parallelogran WF .. 
I _ to be applied muſt be equal, be not greater than the I f 
1 Parallelogram which is af plied to the half Line, ll ( 
4 ſince the Defects muſt be ſimilar, viz. the Dee iſ * 
4 of the Parallelagram applied to the half Line, aui 


the Defect of the Parallelogram to be applied, © 


LET AB be a given right Line, and let the given W v 
+ right-lined Figure, to which the Parallelogram I tt 
to be applied to the right Line AB muſt be equal, be I 
C, which muſt not be greater than the Parallelogram I is 
applied to the half Line, the DefeCts being ſimilar; and ri 
let D be the Parallelogram, to which the Defect of the iſ 
| Parallelogram to be applied is ſimilar. Now it is re- fin 
| quired to apply a Parallelogram equal to the given 
rizht-lined Figure C to the given right Line AB, de- 
ficient by a Parallelogram ſimilar to P). 
® 18 of tb. Let AB be biſected in E, and on EB deſcribe “ the 
Parallelogram E B FG, ſimilar and alike ſituate to D, 
and complete the Parallelogram A G. 70 
Nou, A G is either equal to C, or greater than it, 
becauſe of the Determination. If A G be equal to 
C, what was propoſed will be done; for the Parall- 
logram AG is applied to the right Line AB, equal toi 
the given right-lined Figure C, deficient by the Pa- 
rallelogram E F, ſimilar to the Parallelogram D. But, 
if it be not equal, then HE is greater than C; but 
E is equal to H E, therefore E F ſhall alſo be 
+ 25 of this. greater than C. Now make + the Parallelogran 
KLM N ſimilar and alike ſituate to D, and equal to 
the Exceſs, by which EF exceeds C. But D is timilar, 
to EF; wherefore KM ſhall alfo be ſimilar to EF. 
Therefore let the right Line K L be homologous ta 
GE, and LM to GF: Then, becauſe E F is equal t 
C and KM together, E F will be greater than KM 
25 | | | | ane 
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and ſo the right Line G E is greater than K L, and 


equal to LM, and complete the Parallelogram 
XGOP. Therefore X O is equal and ſimilar to 


n 

1 fimilar to EF; and ſo XO is f about the ſame Dia- + 
„ meter with F E: Let P B be their Diameter, and 
| the Figure be deſcribed. 3 9 85 

„ Then, ſince E F is equal to C and K M together, 


" W and XO is equal to KM, the Gnomon Te remain- 
be ing is equal to the remaining Figure C; and becauſe 


, OR is equal to XS, let SR, which is common, be 
added; then the Whole OB is equal to the Whole 
„XB; but XB is equal to TE, ſince the Side AE is 


equal to the Side EB. Wherefore TE is equal to 
OB. Add X 8, which is common, and then the 


„en whole TS is equal to the whole Gnomon Te; but 
am the Gnomon TSY has been proved equal to C; and 


de Ts ſhall be equal to C; and fo the Parallelogram TS 


am is applied to the right Line AB, equal to the given 
and I right-lined Figure C, and deficient by a Parallelogram 

SK. ſimilar to the Parallelogram D, becauſe SR is 
te- fimilar to FE; which was to be dene. 


PROPOSITION XXIX. 


1 ES HEOREM, : 
fo a right Line given, to apply a Parallelogram 


another given Parallelogram, 


” given right-lined Figure, to which that to be ap- 
pled to A B muſt be equal: Likewiſe, let D be the 


| [ET AB be a given right Line, and let C be the 


to the right Line AB, equal to the given right- 


Biſect AB in E, and let the Parallelogram E L be 


GF than LM. Make GX equal to KL, and GO 


equal to a right-lined Figure given, exceeding 
by Parallelagram, which ſhall be ſimilar to 


Parallelogram, to which the exceeding Parallelogram 
to be ſimilar; it is required to apply a Parallelogram 


Ned F igure C, exceeding by a Parallelogram ſimilar 
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K M; but K M is ſimilar to EF; therefore XO is 21 ef this 


26 Htbis. | 


eſcribed * upon the right Line EB, ſimilar and alike = 18. 1. 
andi tuate to D; and that Þ the Parallelogram GH, equal + 25 of chi. 
M2 - to © 
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to EL and C together, but ſimilar to D, and alike 

ſituate ; therefore G H is ſimilar to EL. Let KH 

be a Side homologous to FL, and KG to FE; then, 

becauſe the Parallelogram GH is greater than the Pa- 

rallelogram EL, the right Line K H will be greater 

than FL, and K G greater than FE. Let FL, FE, 

be produc'd, and let F LM be equal to KH, FEN, 

equal to KG, and complete the Parallelogram MN; 

therefore MN is equal and ſimilar to GH ; but GH 

\ t19febis. is ſimilar to EL, and fo MN ſhall be +. ſimilar to 

* 26ef ibis, EL; and, accordingly, EL is * about the ſame Dia- 

meter with MN. Let FX be their Diameter, and 
de Ä... o 

Ihen, ſince GH is equal to EL and C together, as, 

likewiſe, to MN; therefore MN ſhall be equal to EL 

and C. Let EL, which is common, be taken away; 

then the Gnomon TSY remaining is equal to C; and 

ſince AE is equal to EB, the Parallelogram AN vil 

be alſo equal to the Parallelogram EP, that is, to LO; 

and if EX, which is common, be added, then the 

whole Parallelogram A X is equal to the Gnomon 

Je; but the Gnomon T is equal to C; there- 

fore AX ſhall be alſo equal to C. Wherefore the Pa- 

rallelogram AX is applied to the given right Line 

AB, equal to the given right-lin'd Figure C, and 

exceeding by the Parallelogram PO, ſimilar to the 

Parallelogram D; which was to be done. 


* 


rnorOSfT ION XXX. 
PROBLEM. 


To cut a given terminate right Line according l. 

extreme and mean Ratio. 

LE T AB be a given terminate Line; it is requir'd 

— to cut the fame according to extreme and mean 
Ratio. "pans . N 

* 46,1, Deſcribe * BC, the Square of AB; and apply the 

Parallelogram C D to AC, equal to the Square BC, 

F 29 of this, exceeding + by the Figure AD ſimilar to BC; but 

B .Cis a Square, therefore AD ſhall alſo be a Square. 

Now, becauſe BC is equal to C'D, take away CE, 
which is common; then BF remaining ſhall be equal 
1271 3 a 3 R to 


2 10 


uir'd 
nean 


the 
BC, 
but 

re. 
CE, 
equal 
{@ 
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to AD remaining; but BF is equiangular to AD; 
therefore the Sides that are about the equal Angles 
are 4 reciprocally proportional ; and ſo, as F E is tot r4f this. 
ED, fois AE to EB; but FE is“ equal to AC, that 34. x, 
is, to AB; and ED to AE: Wheretore, as BA is to 

AE, ſo is AE to EB; but AB is greater than AE; 
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therefore AE is + greater than EB; and fo the right + 14. ö. 


Line AB is cut according to the extreme and mean 
Ratio in the Point E; and AE is the greater Segment 
thereof; which was to be done. 

Otherwiſe thus: Let AB be the right Lick given 5 
it is required to cut the ſame into extreme and mean 
Ratio. | 
Divide 3 AB 11 in C, that the Rectangle contained? » 11. 2 
under AB, BC, be equal to the Square of AC. 

Then, becauſe the Rectangle under AB, BC, is 
equal to the Square of A C, it ſhall be“, as B Als 17 of this, 
to AC, ſo is AC to CB; and fo the right Line 
AB is cut into mean and eXtreme Ratio; Which was 
to be done. 


PROPOSITION XXX1, 


THEOREM. 


Any Figure deſcribed upon the Side of a xb. 
angled Triangle ſubtending the right Angle, is 
equal to the Figures deſcribed upon the Sides 
containing the tight Angle, being ſimilar and | 
alike 1 tuate to the former Figure, 


[ET ABC be a rectangular Triangle, wie the 

right Angle BAC. I fay, the Figure deſcribed 
on BC, is gal to the two Figures together deſcribed 
on B A, AC, which are ſimilar and alike ſituate to 
the Figure deſcribed on BC. 

For, draw the Perpendicular A D. 

Then, becauſe the right Line A D is drawn in the 
npht-angled Triangle A CB, from the right Angle A, 
perpendicular to the Baſe B 8 the Triangles AB D, 
ADC, which are about the Perpendicular AD, will 
be * fimilar to the whole Triangle A B C, and alſo to * Aebi. 
each other. Then, becauſe the Triangle ABC is ſimi- 
lar to the Triangle ABD, it ſhall be“, as CB is to BA, 

N 3 ſo | 
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ſo is BA to BD: And ſince, when three right Lines are 

c. a0. proportional, the firſt ſhall be + to the third, as a Fi. 
J bis. gure deſcribed on the firſt, to a ſimilar and alike ſity. 
ate Figure deſcribed on the ſecond ; therefore, 3; 

C is to BD, ſo is a Figure deſcribed on CB to; 
ſimilar and alike ſituate Figure deſcribed on BA. For 

the ſame Reaſon, as BC is to CD, ſo is a Figure de. 

ſcribed on BC to one deſcribed on CA. Wherefore, 

24.5. alſo, as BCis to BD and D C together, ſo is ; the 
TD.iigure deſcribed on BC, to thoſe two together, that are 
_ deſcribed ſimilar and alike ſituate on BA, AC; but 

' BC is equal to BD and D C together: Therefore 

the Figure deſcribed on B C is equal to thoſe together 

. deſcribed on BA, AC, ſimilar and alike ſituate to 

that on BC. Wherefore, any Figure deſcribed upon 

the Side of a right-angled Triangle ſubtending the right 

Angle, is equal to the Figures deſcribed upon the Sides 
containing the right Angle, being ſimilar and alike 

ſituate to the former Figure; which was to be de- 


monſtratec. 
PROPOSITION xxXII. 


„„ Tarox n. 
F two Triangles, baving two Sides proportional ty 
mo Sides, be ſo compounded, or ſet together, at 
one Angle, that their bomclogous Sides be paral- 
lel, then the other Sides of theſe Triangles will le 
VVV HR 


E there be two Triangles ABC, DCE, having 
two Sides BA, AC, of the one, proportional to 
tuo Sides CD, D E, of the other; viz. let B A be ] 
to AC, as CD is to DE; allo, let AB be parallel to 
DC, and AC to DE. I fay, BC, CE, are both in W a 
oo tin EGG dr. 
For, becauſe AB is parallel to DC, and the right I 7: 
Line A C falls on them, the alternate Angles BAC, I 2 
#:9.r, A CD, will be * equal to each other. And by the sc 
ſame Reaſon, the Angle C DE is equal to the Angle 
ACD; wherefore the Angle BAC is equal to the I r 
Angle CDE. Then, becauſe ABC, DCE, are © 
two Triangles, having one Angle A equal to one Ange e 


9 


* 
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D, and the Sides about the equal Angles proportional, 
viz, B A to AC, as CE to DE; the Triangle ABC 
will be * equiangular to the Triangle DCE; where- *6 :7:4;,, 
fore the Angle ABC is equal to the Angle DCE; 
but the Angle AC D has been proved to be equal to 
the Angle BAC; therefore the whole Angle AC E 
js equal to the two Angles ABC, BAC; and if ACB, 
which is common, be added, then the Angles ACE, 
ACB, are equal to the Angles BAC, ACB, CBA; 
but the Angles BAC, ACB, CBA, are equal to two 
right Angles. Therefore the Angles ACE, ACB, 
will alſo be equal to two right Angles ; and fo at the 
Point C, in the right Line AC, two right Lines BC, 
CE, tending contrary ways, make the adjacent An- 
gles ACE, ACB, equal to two right Angles ; there- 
fore BC ſhall be + in the ſame right Line with C E. + 14. 1. 
Wherefore, if two Triangles, having two Sides propor- 
| tional to two Sides, be ſo compounded, or ſet together, 
at one Angle, that their homologous Sides be parallel, 
then the other Sides of theſe Triangles will be in one 
ſtrait Line; which was to be demonſtrated. 


PROPOSITION XXXII.L 


5 THEOREM. 1 
In equal Circles the Angles have the ſame Propor- 
tion with their Circumferences on which they 
ſtand, whether the Angles be at the Centres, or 
at the Circumferences; and ſo litewiſe are the 
Sectors, as being at the Centres, .. 


ET ABC, DEF, be equal Circles ; and let the 
Angles BGC, EHF, be at their Centres G, H.; 
and the Angles BAC, EDF, at their Circumferences. 
I fay, as the Circumference B C is to the Circumfe- 
rence E F, fois the Angle BGC to the Angle EHF; 
and ſo is the Angle B A C to the Angle ED F; and 
ſo is the Sector B GC to the Sector E H F. 1 
For, aſſume any Number of continuous Circumfe- 
rences CK, K L, each equal to BC; and alſo any 
Number FM, MN, each equal to EF; and join 
GK, GL, HM, H 0 _ 
N 4 Then, 
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Then, becauſe the Circumferences BC, CK, KI, 

BS: are equal to each other, the Angles BGC, CGK, 
27.3 K GL, will be“ alſo equal to one another; and 0 
the Circumference BL is the ſame Multiple of the 
Circumference BC, as the Angle BG is of the An. 

gle BG C. For the ſame Reaſon, the Circumference 

NE is the ſame Multiple of the Circumference EF, 

as the Angle EH N is of the Angle EHF; but if the WW to 
Circumference BL be equal to the Circumference I 

EN, then the Angle BG L ſhall be equal to the An- 
 gleEHN; and if the Circumference B L be greater 

than the Circumference EN, the Angle BG L will 

be greater than the Angle EH N; and, if leſs, lef, 

. Therefore here are four Magnitudes, viz. the two 
Circumferences BC, EF, and the two Angles BGC, 

EHF; and ſince there are taken Equimultiples of the 
Circumference BC, and the Angle BGC, to wit, 


the Circumference BL, and the Angle BGL; as, alſo, Wl {: 
Equimultiples of the Circumference EF, and the 
Angle E HF, viz. the Circumference EN, and the t 

Angle EHN; and becauſe it is proved, if the Cir- ö 
cumference BL exceeds the Circumference EN, the WC 

Angle BGL will likewiſe exceed the Angle EAN; 0 
ang, if equal, equal; if lefs, lefs ; it ſhall be, as the I 
C.ircumference BC is to the Circumference EF, ſo e 
+ Df. 5. 5. is I the Angle BG C to the Angle EHF; but as the e. 
215.5. Angle BGC is to the Angle EHF, fo is t the Angle WW: 
20. 3z. BAC to the Angle EDF; for the former are * double {Wt 
to the latter: Therefore, as the Circumference BC is I 

to the Circumference E F, ſo is the Angle BGC ta MW» 

the Angle EHF; and fo the Angle BAC to the s 

Angle ED F. ee, i c 
Wherefore, in equal Circles, Angles have the ſame Wo 
Proportion as the Circumferences they ſtand on, whe- a 

ther they be at the Centres, or at the Circuntferences. MW: 


I fay, moreover, that as the Circumference BC is 
to the Circumference E F, ſo is the Sector GBC to 
JJ... Eon in ih | 
For, join BC, CK, and aſſume the Points X, O, 
in the Circumferences BC, CK; and join BX, XC, 
Z RR 5 As 
Then, becauſe the two Sides BG, GC, are equal 
to the two Sides CG, GK, and they contain equal 


6-1 Angles, the Baſe B C ſhall be + equal to the 12 
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CK; as likewiſe the Triangle GBC to the Triangle 
CK. And, becauſe the Circumference B C is equal 
do the Circumference C K, and the Circumference 


| remaining, which makes up the whole Circle AB C, 
; equal to the remaining Circumference, which makes 


up the ſame Circle, the Angle BXC is equal to the 
Angle COX ; and fo the Segment BXC is ſimilar 
to the degment CO K; and they are upon equal right 
Lines BC, CK; but ſimilar Segments of Circles that 


other: Therefore the Segment B X C is equal to the 
Segment CO K. But the Triangle BGC is alſo 


BGC will be equal to the whole Sector C G K. By 


the Sector GBC, or GC K; therefore the three Sec- 
tors BGC, CGK, K GL, are equal to one another; 


ſo, likewiſe, are the Sectors HE F, HFM, HM N. 


Wherefore the Circumference L'B is the fame Mul- 
tiple of the Circumference B C, as the Sector G BL 
is of the Sector GBC. For the ſame Reaſon, the 


Circumference N E is the ſame Multiple of the Cir- 
cumference E F, as the Sector H EN is of the Sector 


HEF; but if the Circumference BL be equal to the 
Circumference E N, then the Sector B G L will be 
equal to the Sector EAN; and if the Circumference 


BGL will alſo exceed the Sector EHN; and, if leſs, 


Sectors GBC, EHF; and there are taken of the Cir- 
cumference BL, and the Sector GB L, Equimultiples 
ol the Circumference CB, and the Sector CGB; as 
alſo of the Circumference EN, and the Sector HEN, 


Equimultiples of the Circumference EF, and the Sec- 


tor HEF ; and becauſe it is proved, that, if the Cir- 


cumference BL excecds the Circumference'E N, the 


dector BGL will alſo exceed the Sector EHN; and, 
i equal, equal; if leſs, leſs; therefore, as the Cir- 
cumference BC is to the Circumference EF, ſo is the 
dector GB C to the Sector H E F ; which was to be 
emonſtrated. 


Coroll. 10 


equal to the Triangle CG K, and fo the whole Sector 
the fame Reaſon the Sector G K L will be equal to 


BL exceeds the Circumference EN, then the Sector 


less. Therefore, ſince there are four Magnitudes, to 
wit, the two Circumferences BC, EF, and the two 


18 


ſand upon equal right Lines, are * equal to each * 24. 5. 
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whole Circumference. 
2. The Arcs IL, BC, of unequal Circles, which 
ſubtend equal Angles, whether at their Centres, o 
_ Circumferences, are ſimilar; for I L is to the whole 
Circumference I LE, as the Angle IAL is to four 
right Angles; but as IA L, or BAC, is to fou 
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Coroll. 1. An Angle at the Centre of a Circle is © 


four right Angles, as an Arc on which it ſtand 
is to the whale Circumference ; for as the Ang, 


BAC is to a right Angle, ſo is the Arc BC 
a Quadrant of the Cirele: Wherefore, if the Con. 
| ſequents be quadrupled, the Angle BAC ſhall be 


to four right Angles, as the Arc BC is to th; 


right Angles, ſo is the Arc BC to the whole Cir- 


cumſerence BCF. Therefore, as IL is to the whole 
Circumference I LE, ſo is BC to the whole Cir- 


cumference BCF; and fo the Arcs IL, BC, ar 
ſimilar. „%% he os | 3p 


3. Two Semidiameters A B, AC, cut off ſimilat 
Arcs IL, BC, from concentric Circumferences. 


N The En D of the SIXTH Book, 
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DEFINITIONS. 


and Thickneſs, _ 
I u. ern of a Solid is a Superficies. 
III. 4 Right Line is perpendicular to 4 Plane, 


when it makes Right Angles with all the 
Lines that touch it, and are drawn! in the Jaid - 


Plane, 


IV. A Planets perpendicular toa Plane, when 
the Right Lines in one Plane, drawn at Right 


Angles to the common Settion of the two Planes, 


are at Right Angles to the other Plane. 


V. The Inclination of a Right Line to a Plane, is 
the acute Angle contained under that Line, and 


another Right one drawn in the Plane from 
. that End of the inclining Line which is in the 
Plane, to the Point where a Right Line falls 
from the other End of the inclining Line per- 
pendicular to the Plane. 

VI. The Inclination of a Plane to a Plane, i is the 


acute Angle contained under the Right Lines 


arawn 


Solid is that which has Length, brad. N 
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drawn in both the Planes to the ſame Point | 
their common Interſection, and making Rig 
Angles with it. 
VII. Planes are ſaid to be inclined i milar 

when the ſaid Angles of Inclination are 2 
VIII. Parallel Planes are Juch, which, bei 
produced, never meet, 

IX. Similar ſolid Figures are ſuch as are a 
tained under equal Numbers of ſimilar Plan 
X. Equal and ſimilar ſolid Figures are thoſe th 
are contained under K Numbers of V mil 
and equal Planes. 

XI. A folid Angle is the Inclination of more th 

two Right Lines that touch one another, and a 
ot in the ſame Super ſicies: Or, a ſolid Anz 

is that which is contained under more than tt 

plane Angles, which are not in the ſame Supe 
ficies, but being all at one Point, 
XII. A Pyramid is a ſolid Figure comprebeni 

under divers Planes ſet upon one Plane, 4 
put together at one Point. 
| XIII. A Priſm is a ſolid Figure contained uni 

Planes, whereof the two oppoſite are equal, fin 
lar, and parallel, and the others Parallelogram 
XIV. A Sphere is a ſolid Figure, made when! 
Diameter of a Semicircle remaining at Reſt, 1 
HSemicircle is turned about till it returns to 

Lame Place from whence it began to move, 
XV. The Axis of @ Sphere is that fixed Li 
about which the Semicircle is turned, 

XVI. The Centre of a Sphere is the Jame W 
that of the Semicircle. 
XVII. The Diameter of a Sphere i is a 4 Right L 
dran through the Centre, and terminated 
eiiber Side by the Superficies of the Sphere. 
XVIII. A Cone is a Figure deſcribed, when one 
| the Sides of a 2 7 ae contain 


| 
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the Right Angle, remaining fixed, the Triangle 


Point ;; turned about till it returns to the Place from 
ng Righ whence it firſt began to move. And if the fixed 


ook NI 


Right Line be equal to the other that contains 


/emilary, I 14; Right Angle, then the Cone is a rectangular 
e equi. Cone; but, if it be leſs, it is an obtuſe- angled 
ch, ben Cone; if greater, an acute. angled Cone. 

XIX. The Axis of a Cone is that fixed Right 
wy C01; Line, about which the Triangle is moved. 
r Plane, 


XX. The Baſe of a Cone is the Circle deſcribed by 


theſe tha | the Right Line moved about, 
of ſimil XXI. A Cylinder is a Figure deſcribed by the Mo- 


lion of a Right-angled Parallelogram, one of the 


more thay | Sides containing the Right Angle, remaining fix- 


© and ed while the Parallelogram is turned about tothe 
old Any ſame Place from whence it began lo be moved. 
than [20 XXII. The Axis of a Cylinder is that fixed Right 
me Super Line, about which the Parallelogram is turned. 


XXII. And the Baſes of a Cylinder are the Cir- 
cles that are deſcribed by the Motion of the two 
oppoſite Sides of the Parallelogram. 

XXIV. Similar Cones and Cylinders are ſuch, 


Drebende 
lane, ani 


ned une | whoſe Axes and Diameters of their Baſes are 
jual, fo Veni proportional. 
c.0g 1 XXV. A Cube is a fold Figure contained under 

» when 


ſix equal Squares. 

XXVI. A Tetrabedron is a ſolid Fi igure e 
under four equal equilateral Triangles. 

XXVII. An Ofabedron is a ſolid Figure con- 

tained under eight equal equilateral Triangles. 


Reſt, tht 
rns to ibe 
De. 


'xed Lint; 


ſame wid fained under twelve, equal equilateral. and _ 


angular Pentagons. 


ig bt Lint fs XIX. An Icoſabedron is a ſolid Fignre contain- 


ninated n : under twenty equal equilateral Triangles. 


here. F XXX. A Parallelopipedon is a Figure contained 
ben ont , under fix quadrilateral Figures, whereof ge 
N 1 Which are eppeſ te are N 


XXVIII. 4 Dodecabedron is a ſolid Figure con- 


4 ak PRO- 
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PROPOSITION I. 


THEOREM. 


One Part of a right Line cannot be in a fl 


F 


Superff cies, and another Part above il. 


0 R, if poſſible, let the Part A R of the rj 
Line ABC, be in a plane Superficies, and 
Part BC above the ſame. 

There will be ſome right Line in the aforeſaid Pla 


. which, with AB, will be but one ſtrait Line. ] 


this Line be DB. 
Then the two given right Lines AB C; AB 


have one common Segment AB, which is impoſih 
for one right Line will not meet- another in m 
Points than one. Wherefore, one Part of a r. 


Line cannot be in a plane Superficies, and another P 


above it; which was to be demonſtrated. 


PROPOSITION . 


Turo IM. 


| i two right Lines cut each 0! ther: they aa 


in one Plane, and every 2 range is in 
Plane. 


LET two right Lines AB, CD, cut each ot 


in the Point E. I fay, they are both in 


Plane, and every Triangle is in one Plane. 


* 1 1 


For, take any Points, F and G, in the right Li 


AB, CD; and join CB, FG; rg. let there be dra 
F H, GK. In the firſt Place, I fay, the Trian 
EB Ci is in one Plane. 


For, if one Part FHC, or GBR, of the Triar 


EBC, be in one Plane, and the. other Part in 


other Plane; ; then one Part of each of the Lines E 
EB, ſhall be in one Plane, and the other Part in anot 
Plane, which we have proved “ to be abſurd. The 
fore the Triangle E BC is one Plane; but both 


might Lines E C, EB, are in the ſame Plane as 


Trian 


Zook {i 


n 4 plan 
Ve il. 


F the riglt 
Sy and the 


eſaid Plan, 
Line. Let 


C, ABD, 
impoſſible; 
ne in more 


of a riyht 
nother Part 


15 


2 are bith 
i in ont 


- each other 
both in one 


right Lines 
re * drawn 
e Triangle 


Triangle 
Part in an- 
Lines EC, 
in another 
d. T here- 


ane as the 


Triangle 


00k XI. 


tiangle BCE is; and AB, CD, are both in the 
me Plane as EC, EB, are. Wherefore, the right 
nes AB, CD, are both in one Plane, and every 


t both the 
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riangle is in one Plane; 3 which was to be demon- 


Frated. 


PROPOSITION III. 


TR ROR EM. 


will be a 1 Line. 


ET two 1 A B. CB, cut each other, whoſe 
common Section 1s the Line DB. I ſay, DB is 


right Line. 

| For, if it be not, draw the right Line DEB in the 
plane AB, from the Point D to the Point B, and the 
debt Line D FB in the Plane BC. 


"Then two right Lines DEB, DFB, have the 
In 


are not right Lines. 


ine, beſides DB, the common Section of 'the Planes 


AB, BC. , therefore, two Planes cut each other, 
their common Section will be a riget Line; which was 


to be demonſtrated. | 
PRO PO ITY! ON Iv. 


TREORE M. 
ol to two right Lines, cutting one another, a 


third ſtands at right Angles in the common 


ge2ion, it foall be alſo at right Angles to the 
Plane drawn through the ſaid Lives. 


two Planes cut each other, their common Section 5 


ſame Terms, and include a Space, which is * abſurd, Axion 10. 
Therefore DEB, D FB, 
the ſame manner we demonſtrate, that no other Line, 
Irawn from the Point D to the Point B, is a right 


ET the richt Line E F ſtand at right Ault to 


the two right Lines AB, CD, in the common 
&tion E. I ſay, EF is alſo ar right A! gles to the 
— drawn through A B, CP. 


For, 
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For, take the right Lines EA, EB, CE, D. 
equal 3 and thro* * any-how draw the right Li 


GEH, and join AD, CB; and from the Point 


let there be drawn FA, FG, FD, FC, FH, F} 
Then, becauſe two right Lines AF, ED, are eq 
to two right Lines CE, EB, and they contain * t 
equal Angles AED, CEB, the Baſe AD ſhall be 
equal to the Baſe C B, and the Triangle AED eq 


to the Triangle CEB; and fo, likewiſe, is the Ang 


DAE equal to the Angle EBC; but the Angle AF 


is * equal to the Angle BE H; therefore AG] 


BE H, are two Triangles, having two Angles of t 


one equal to the two Angles of the other, each to eac 
and one Side AE equal to one Side E B, v:z. tho 


that are at the equal Angles; and ſo the other Sid 


18. 5. 


of the one will be + equal to the other Sides of t 


other. Therefore G E is equal to E H, and AG 


BH; and ſince AE is equal to EE, and F E is cot 
mon, and at right Angles, the Baſe AF ſhall be 


equal to the Baſe FB: For the ſame Reaſon, likewi 


ſhall CF be equal to FD. Again, becauſe AD 
equal to CB, and AF to FB, the two Sides F. 


AD, will be equal to the two Sides F B, BC, ea 


to each; but the Baſe D F has been prov'd equal 
the Baſe FC. Therefore the Angle FAD is f eq 


to the Angle FBC: Moreover, A G has been pros 


equal to B H; but F B, alſo, is equal to AF; the 


fore the two Sides F A, AG, are equal to the t 


Sides FB, BH; and the Angle FAG is equal tot 


Angle F BH, as has been demonſtrated ; wherefc 


the Baſe GF is + equal to the Baſe FH. Again, 
cauſe G E has been prov'd equal to E H, and EE 


common, the two Sides GE, EF, are equal tot 
two Sides HE, EF; but the Baſe HF is equal to 
Baſe FG; therefore the Angle G E F is + equal 
the Angle HEF; and ſo both the Angles G E 


_ HEF „ are right Angles: Therefore FE makes rig 


„ 


7 
q 
i 
| 
4 
j 
1 
1 
1 
| 
ol 
; 


Angles with G H, which is any-how.drawn thro' 
After the ſame manner we demonſtrate, that F E 
at right Angles to all right Lines that are-drawn 


* Def. 3. ef the Plane toit; but a right Line is * at right Ang 


to a Plane, when, it is at right Angles to all ri 


Lines drawn to it in the Plane. Therefore F E is 
right Angles to a Plane drawn thro' the right - 


UV1Z. thoſe 
)ther vides 


des of the 


nd A Gt 
E is com- 
ſhall be 
rn likewiſe, 
uſe ADi 
Sides FA, 
B C, each 
'd equal to 
is + equal 
een prov'd 
F; there- 
to the two 
qual to the 

wherefore 
Again, be- 
*. E Fs 
qual to the 
2qual to * 

1 
les G E F ) 
nakes right 
vn thro E. 


that FE 


e drawn in 
ight Angles 
to all right 
reFE A. at 
right Lines 

e Az, 
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B, CD. Wherefore, F to two right Lines, cutting 
ne another, a third 78 at right Angles in the com- 
mm Section, it bal 

Jane drawn thro the ſaid Lines; which was to be 
Icmonſtrated, 8 : 


be alſo at right Angles to the 


PROPOSITION v. 


 TrzoREM. 


/ Jo three right Lines, touching one another, a 
| third ſtands at right Angles in their common 
Seftion, thoſe three right Lines ſhall be in one 


and the ſame Plane, 


t be BF; then three right Lines AB, B C, B F, 


icht Angles to a Plane drawn thro* BE, DB; and fo 


\ZF is equal to the Angle ABC, and they are both in 


he ſame Plane, which cannot be; and ſo the right 


ne BC is not above the Plane paſſing thro' BE and 


D. Wherefore the three Lines BC, BD, BE, are 


n one and the ſame Plane. Therefore, if to three 


ht Lines, touching one another, a third ſtands at 


wht Angles in their common Section, thoſe three right 
nes ſhall be in one and the ſame Plane; which was 
o be demonſtrated. Sh | 


E T the right Line A B ſtand at right Angles, in 
the Point of Contact B, to the three right Lines 
, BD, BE. I fa 
be fame Plane. | 
| For, if they are not, let BD, BE, be in one Plane, 
nd BC above it; and let the Plane paſſing thro' AB, 
3 C, be produced, and it will * make the common 3 bis. 
deCtion, with the other Plane, a ſtrait Line, which 


y, BC, BD, BE, are in one and 


re in one Plane drawn thro* AB, BC: And ſince AB SR 
ands at right Angles to BD and BE, it ſhall be + at + 4 J chic. 


I95 


\B ſhall make 4 right Angles with all right Lines f Dey. 3. 
ouching it that are in the ſame Plane : But BF being 
n the ſaid Plane, touches it; wherefore the Angle 
\BF is a right Angle : But the Angle ABC (by the 
0p.) is alſo a right Angle; therefore the Angle 


N LH 
T ˙ . R324 


Cͤͤĩ ↄͤV1ͥ xfx Ps, nin 
; 1 


5. 


Df „ 
F this, 


Euclids ELEMENTS. Book 
PROPOSITION vt. 


T HEOREM. 


If two right Lines be perpendicular to one ani 


ſame Plane, thoſe right Lines are parall, 
one another, „ ; 


IE T two right Lines, AB, CD, be perpendic 


to one and the ſame Plane, I ſay, AB is par 


to CD. = 


For, let them meet the Plane in the Points B, 


and join the right Line BD, to which let D! 
drawn in the ſame Plane, at right Angles; m 
DE equal to AB; and join BE, AE, AD. 


Then, becauſe AB is at right Angles to the af 
faid Plane, it ſhall be * at right Angles to all r 


| Lines, touching it, drawn in the Plane; but AB tou 


BD, BE, which are in the ſaid Plane; therefore 
of the Angles ABD, ABE, is a right Angle. 80 


the ſame Reaſon, likewiſe, is each of the An 


+3» 


18. 1. 


C DB, CDE, a right Angle. Then, becauſe 
is equal to DE, and BD is common, the two « 


AB, BD, ſhall be equal to the two Sides E D, L 
but they contain right Angles: Therefore the! 
AD is equal to the Baſe BE. Again, becauſe 


is equal to DE, and AD to BE; the two Sides 
BE, are equal to the two Sides E D, DA ; but / 


their Baſe, is common; wherefore the Angle A 
is + equal. to the Angle EDA. But ABE isar 


Angle; therefore EDA is allo a right Angle; 
ſo ED is perpendicular to DA : But it is alſo per 


dicular to BD and DC; therefore E D is at r 
Angles, in the Point of Contact, to three right Li 
' BD, DA, DC: Wherefore theſe three laſt r 


Lines are * in one Plane. But BD, DA, are in 
ſame Plane as AB is; for every Triangle is Þ in 
ſame Plane ; therefore it is neceſſary, that AB, B 
DC, be in one Plane. But both the Angles AB 
BDC, are right Angles; wherefore AB is þ par: 


to CD. Therefore, F tuo right Lines be perpendict 


to one and the ſame Plane, thoſe right Lines are par- 


to one another; which was to be demonſtrated. 


PR 


/ 
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one and th 
Parallel 


erpendiculy 
B is paralle 


oints B, P, 
1 let DE be 


gles; make 


to the afore- 
$ to all right 
AB touches 
erefore each 
le. So, far 


the Angls 


becauſe AB 
1e two vides 
ED a D B; 
ore the Baſe 
becauſe AB 
o Sides AB, 
; but AE, 
ingle AB 
E is a right 
\ngle ; and 
1lſo perpen- 
) is at right 
1ght Lines, 
e laſt right 
„are in the 
is + in the 
AB, BD, 
les AB D, 
is J parallel 
rpendicular 
are paralltl 


ted. 
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PROPOSITION VII. 
W 

If there be two parallel Lines, and any Point be . 
taken in both of them, the right Lines joining = 

thoſe Points ſhall be in the ſame Planes as the 


Parallels are. 5 | 
LE T AB, CD, be two parallel right Lines, in 
which are taken any Points E, F. I ay, a right 

Line joining the Points E, F, is in the ſame Plane as 

the Parallels are. %ͤ; ᷑ W 
For, if it be not, let it be elevated above the ſame, 

if poſſible, as EGF, thro' which let ſome Plane be 

drawn, whoſe Section, with the Plane in which the 

Parallels are, let “ be the right Line EF; then the; of bin. 

two right Lines EGF, EF, will include a Space, / 

which is + abſurd : Therefore a right Line, drawn + Axiom 

from the Point E to the Point F, is not elevated 10. 1 

above the Plane; and, conſequently, it muſt be in that 

paſſing thro? the Parallels AB, CD. "Wherefore, if 

there be two parallel Lines, and any Points be taken 

in both of them, the right Line joining theſe Points 

ſhall be in the ſame Plane as the Parallels are; which 

was to be demonſtrated. EIT — 


PROPOSITION vil. 

If there be two parallel right Lines, one of which 
is perpendicular to ſome Plane; then ſhall the 
other be perpendicular to the ſame Plane. 


ET AB, CD, be two parallel right Lines, one ge rde Fig. 
of which, as AB, is perpendicular to ſome Plane. Y Prep. VI. 
1 the other, CD, is alſo perpendicular to the ſame 

ane, | b TOOL Eos on e | 
For, let AB, CD, meet the Plane in the Points B, 
D, and let BD be join'd; then AB, CD, BD, are 
* in one Plane. Let DE be drawn in the Plane, at * 7 f ic, 


right Angles to BD, and make-DE equal to AB, 
| | | Q 2 | | and 
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® Def. 3. 


right Lines, touching it, drawn in the fame Plan; 
therefore each of the Angles ABD, ABE, is a rig 


1 29.1, 


and BD is common; the two Sides AB, B D, ar 


1 


2 8. 1. 
| + 4of this. 
LEY 


"us of this, 


55 7 7 of this, 


right Lines AB, CD; the Angles ABD, CD}, 
fall be + equal to two right Angles : Therefore te 
Angle CDB is alſo a right Angle; and ſo CD 


ABD is equal to the Angle EDB, for each of then 
is a right Angle; therefore the Baſe AD is þ equal o 
the Baſe BE. Again, fince AB is equal to DE, and 
BE to AD, the two Sides AB, BE, ſhall be «ul 
'to the two Sides ED, DA, each to each : But the 
Baſe AE is common; wherefore the Angle ABE 
is * equal to the Angle EDA: But the Angle ABE 

is a right Angle, therefore E DA is alſo a right An- 
gile, and ED is perpendicular to D A: But it is like. 
wiſe perpendicular to DB; therefore E D ſhall alſoſ 


'DC is in the Plane paſſing thro* BD, D A, becauſe 


ſame Plane that A B and BD are in; wherefore ED 
is at right Angles to D C, and fo CD is at right An- 
gles to DE, as alſo to DB: Therefore CD ſtands at 
right Angles, in the common Section D, to two right 
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and join BE, AE, AD: Then, ſince AB is pena, 
dicular to the Plane, it will * be perpendicular toy 


Bo 


Angle. And ſince the right Line B D falls on th 


perpendicular to DB. And fince AB is equal to DF, 
equal to the two Sides ED, DB. But the Ange 


be + perpendicular to the Plane paſſing thro* BD, DA, lt 
and, likewiſe, ſhall be þ at right Angles to all night t it 
Lines, drawn in the faid Plane, that touch it. But 


AB, BD, are “ in that Plane; and DC is + in the 


Lines DE, DB, mutually cutting one another; and, 


accordingly, is at right Angles to the Plane paſſing thro 
DE „DB 5 which was to be demonſtrated, : 
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PROPOSITION IX. 


TR EORE M. 


ght Lines that are parallel to the ſame right b 
Line, not being in the ſame Plane with it, are 
alſo parallel to each other. 


[E T both the right Lines AB, CD, be 1 to 
the right Line EF, not being i in the ſame Plane 

of it. f ſay, AB is parallel to CD. 

For, aſſume any Point G in EF, from which Point 

G let GH be drawn, at right Angles to E F, inthe 

Plane paſſing thro* EF, AB: Alfo, let GK be drawn 

it right Angles to EF in the Plane paſſing thro' EF, 


pr WCD: Then, becauſe EF is perpendicular to GH, and 
IK, the Line EF ſhall alſo be * at right Angles to 2 * 4 of this, 
"wy Plane paſting thro GH, GK: But EF is parallel to 


AB; therefore AB.is + alſo at right Angles to the Plane 8 Fb. 

aſſing thro HGK. For the ſame Reaſon, CD is alſo 

at right Angles to the Plane paſſing thro' HGK; and 

therefore AB, and CD, will be both at right Angles 

to the Plane paſſing thro' H GK. But if two right 

Lines be at right Angles to the fame Plane, they ſhall 
0 parallel to each other; therefore A B is parallel 2 6 of this, 

0 D; which was 10 be demonſtrated. 


PROPOSITION x. 


PROBLEM. 


two right Lines, touching one another, be Pa- 
rallel to two other right Lines, touching one 
another, but not in the ſame Plane, thoſe right 
Lines contain equal Angles. 


[ET two right Lines AB, BC, touching one an- 

other, be * to two right Lines DE, EF, 
buching one another, but not in the ſame Plane. I 
, the Angle ABC is equal to the Angle DEF. 
For, take BA, BC, ED, EF, e _ to one an- 
R ether, and j join Ab, CF, BE, AC, DF: Then, be- 
= T3 BA is equal and parallel to Eb, the right Line 
O 3 AD 


AD ſhall alſo be * equal and parallel to B E. For the 


the Baſe DF, the Angle ABC will be * equal to te fro 
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ſame Reaſon, C F will be equal and parallel to BE, 


tou 
therefore AD, CF, are both equal and parallel v and 
BE. But right Lines that are parallel to the ſan: Wifi; p 
right Line, not being in the ſame Plane with it, wil Ml hr 


be Þ parallel to each other. Therefore A D is pan. at 
lel and equal ta CF; but AC, DF, joins them; Will Sec 
wherefore AC is 1 equal and parallel to D F. Au Pla 
becauſe two right Lines AB, BC, are equal to tin per 
right Lines DE, EF, and the Baſe A C equal vi 


Angle DEF. Therefore, if two right Lines, tout pet 


ing one another, be parallel to two other right Lins, 
touching one another, but not in the ſame Plane, thi 


right Lines contain equal Angles ; which was to be 
W755 wddhogud dais 
PROPOSITION XI. 7 
Wh. PR OBLEM. 255 
From à Point given above a Plane, to draws ] 
_ right Line: perpendicular to that Plane. A 


LE . A be a Point given, above the given Plane p 
— BH. It is requir'd to draw a right Line om ee 


2 £0 Point A, perpendicular to the Plane BH, 1 


„ 


Let a right Line BC be any-how drawn in the 


Plane BI; and let AD be drawn * from the Point A 1 


perpendicular to B C; then, if AD be perpendiculaMW t 
to the Plane BH, the Thing requir'd is already done; d 
but, if not, let D E be drawn in the Plane from the e. 
Point D, at right Angles to BC; and let A be g 


. drawn * from the Point A perpendicular to DE: 


14% this, 


2 8of this. 


Ig. thro' F draw G H, parallel to BC. 

Then, becauſe BC is perpendicular to both DA and 
DE, BC will alſo be + perpendicular to a Plane paſl- 
ing thro ED, DA. But G H is parallel to B C; 
and if there are two right Lines parallel, one 0 
which is at right Angles to ſome Plane, then hall 
the other be + at right Angles to the ſame Plane: 
Wherefore GH is at right Angles to the Plane paſſing 
thro” ED, DA; and ſo is * perpendicular to all the 
right Lines, in the ſame Plane, that touch it, But 2 
N I F N 1 . Which! 
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which is in the Plane paſſing thro' ED and DA, doth 
ouch it. Therefore G H is perpendicular to A F, 

and ſo AF is perpendicular to GH; but AF, likewiſe, 

anc Wi perpendicular to DE; therefore AR is perpendicu- | 

wil ar to both HG, DE, But if a right Line ſtands 

mb. it right Angles to two right Lines, in 1 their common 

m; Section, that Line will be f at right Angles to the bg of tbit. 

And i Plane paſſing thro? theſe Lines. Therefore AF is per- 

ting pendicular to the Plane drawn thro ED, GH; that 

s, to the given Plane BH. Therefore A F is drawn 

the from the giyen Point A, above the given Plane BH, 

10 perpendicular t to the Td Plane ; _— was t0 be done, | 


«. ' PROPOSITION XI. 


PROB L E M. 


75 ereft a right Line perpendicular to a given 
| Plane, from a Point given therein... 


Dr A bs a given Point in a given Plane MN. 
os It is courts to draw a right Line from the Point 
A, at right Angles to the Plane MN. 
Let fome Point B be ſuppoſed above the given : 
anc Plane, from which let BC be drawn * perpendicular 11 J. 
oa to the ſaid Plane; and let AD be drawn f from A pa- 1 31+ . 
rallel to BC. 5 
the Then, becauſe A D, Cc B, are two parallel right 
t Lines, one of which, viz. BC, is perpendicular to 
ular the Plane MN; the other, AD, ſhall be x alſo perpen- t 8 ches. 
ne dicular to the ſame Plane. Therefore, a right Line is 
the erefted perpendicular to a given Plane, from a Point 
be grven there 3 which was to be done. 


INS... 5 ED; 


LOR, if it is poſſible, let two right Lines AB, AC, 


ſame Side, at a given Point A, in a given Plane. 
| Then let a Plane be drawn thro' BA, AC, cutting 


* 3 of ehis. 


therefore the right Lines A B, AC, DAE, are in one 
Plane: And becauſe CA is perpendicular to th: 
TD 3. 


Two right Lines cannot be erected at right Arply, 
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PROPOSITION XIII. II 
E SY 8 poſh 
duce 
nly 
ame 
ather 


THEOREM, 
to a given Plane, from a Point therein given. 
be erected perpendicular to a given Plane on the 
the given Plane thro' A in the right Line * DAE; 


[ 
given Plane, it ſhall alſo be f perpendicular to al 
right Lines drawn in that Plane, and touching it: MW , 
But DAE, being in the given Plane, touches it; 


therefore the Angle CAE is a right Angle. For the L 


in one Plane, which is abſurd. Therefore, two right the 
Lines cannot be erected at right Angles, to a give DI 
Plane, Fake a Point therein given; which was to be 
demon EY: ͤ ͤ 


T hoſe Planes, to-wwbich the ſame right Line is Per- Miu 


LE T the right Line AB be perpendicular to each 


parallel. 


join AK, BK. Then, becauſe A B is perpendicular 
to the Plane E F, it ſhall alſo be perpendicular to the 


Wherefore the Angle AB K is a right Angle. And, 
for the ſame Reaſon, BAK is alſo a right Angle, 


ſame Reaſon, BAE is alſo a right Angle; wherefore 


the Angle CAE is equal to BA E, and they are doth 


rated. 


P R O P 0 81 T I ON A We: 


THEOREM. 


pendicular, are parallel to each other. 


of the Planes CD, E F. I fay, theſe Planes ate 


For, if they be not, let them be produced till they 
meet each other, and let the right Line GH be the 
common Section, in which take any Point K, and 


right Line BK, being in the Plane E F produced; 


And 
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And ſo the two Angles ABK, BAK, of the Triangle 


roſlible : Therefore the Planes CD, E F, being pro- 
duced, will not meet each other, and ſo are neceſſa- 
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AB K, are equal to two right 12 which is * im- 7. 1 
C 


fly parallel. Therefore, — Planet, to which the 


les WM ame rigbt Line is perpendicular, are parallel to each 
ither ; which was to be demonſtrated. _ 


coll PROPOSITION XV. 


— EVE 
wo right Lines, touching one another, be pa- 


te and not being in the ſame Plane with them, the 


„ Planes drawn thro* thoſe right Lines are pa- 


i rallel to each other. 
another, be parallel to two right Lines DE, EF, 


bk, EF, being produced, will not meet each other. 
For, let BG be drawn, from the Point B, perpendi- 
cular to the Plane paſſing thro! DE, EF, meeting 


the ſame in the Point G; and thro' G let GH be 


drawn parallel to ED, and GK parallel to EF; then, 
becauſe B G is perpendicular to the Plane paſſing 


ILT. two right Lines AB, BC, touching one. 


touching one another, but not in the ſame Plane with 


Alt tem. 1 ſay, the Planes paſſing thro' A B, BC, and 


thee DE, E F, it ſhall alſo make * right Angles - pe ;. 
with all right Lines that touch it, and are in the 


ber» ame Plane: But GH and GK, which are both in the 


lame Plane, touch it; therefore each of the Angles 


BGH, BGK, is a right Angle. And ſince BA is 


zach parallel to G H, the Angles GBA, GBH, are ++ 


ate equal to the right Angles: But BGH is a right An- 
fle: Wherefore GBA ſhall alſo be a right Angle, and 


they Wo BG is perpendicular to BA. For the ſame Reaſon, 


the G B is alſo perpendicular to BC ; therefore, ſince a 
and night Line BG ſtands at right Angles to two right 
Lines BA, BC, mutually cutting each other; BG 


nd, Wirawn thro' DE, EF; therefore BG is perpendicu- 
ar to both the Planes drawn thro' AB, BC, 82 
— E, 


the hall alſo be f at right Angles to the Plane drawn: 
tiro* BA, BC. But it is perpendicular to the Plane 


8 


4 of this, 
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914 of this Line is perpendicular, are * parallel ; therefore th 


« it 1 parallel Planes are cut by any other Pla 
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DE, E F. But thoſe Planes to which the ſame rig 


Plane drawn thro? AB, BC, is parallel to the Dau 

drawn thro D E, E F. Wherefore, if two ri gh 
Lines, touching one another, be parallel to two r. 10 
Lines, touching one another, and not being in the 0 
Plane with them, the Planes drawn thro" theſe 2 
L. ines are parallel to each ether. 5 


PROPOSITION XVI. 


TAO EM. 


their common Sections will be parallel. 


LI. two parallel Planes, AB, C D, be cut bs any 
5 Plane EF HG; 3 and let their common Sections be 


EF, GH. I fay, E F is parallel to G H. 
Fi or, if it is not parallel, EF, GH, bein N 
will meet each other either on the Side F 2 or EG. 


Firſt, let them be produced on the Side FH, 'and meh 
in K; then, becauſe E F K is in the Plane AB, al 


Points taking in EFK will be in the ſame Plane. But 
K is one of the Points that i is in EF K; therefor 


| K is in the ſame Plane AB. For the ſame Reaſon, K 
1 alſo in the Plane CD ; wherefore the Planes AB, 


CD, will meet each — 5% But they do not meet, 


 Hince they are ſuppos'd parallel; ; therefore the rig 
Lines EF, GH, will not meet on the Side FH. A, 


ter the ſame manner it is prov'd, that they will not 
meet, if produced, on the Side E G. 5 


ut right 
Lines, that will neither way meet each other, arc 


parallel; therefore EF is parallel to GH. FF, there 
fore, two parallel Planes are cut by any other Plan, 
their common Sections will be parallel; which Was i 
| be demonſtrated. 


* 
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PROPOSITION XVII. 


101 E M. 2 


If two right 75 are cut by parallel Planes, they 
Hall be cut in the ſame Proportion. 


ST two gh Links AB, CD, be cut by pa- 
rallel Planes G H; KL, MN, in the Points A, 

E, B, C, F, D. I ay y, as the right Line AE is to 
the right Like EB, fois CF to F ES 

For, let AC, BD, AD, be bind, let AD meet 
the Plane K L in the Point X; and join EX, XF. 
Then, becauſe two parallel Planes K L, MN, are 
cut by the Plane EBD X, their common Sections 
EX, BD, are“ parallel. For the ſame Reaſon, becauſe * 16 of obs 
two parallel Planes G H, K L, are cut by the Plane 
AX FC, their common Seiond AC, F X, are pa- 
rallel ; and becauſe E X is drawn paralle] to the Side 
BD of the Triangle ABD, it ſhall be, as AE is to | 
EB, ſo is 4 4 to XP. Again, becauſe XF is f 2. 6. ! 
drawn parallel to the Side AC of the Triangle ADC, [| 
it ſhall be f, as AX to X D, fois CF to FD. But 1 
it has been prov'd, as AX is toXD, fois AE to 
EB. Therefore, as AE is to EB, ſois f CF to t 17.5 9 
FD. Wherefore, i, two right Lines are cut by paral. | 
el Planes, they ſhall be cut in the Jame Proportion ; ; | 
which was to be demonſtrated. 1 


PROPOSITION XVIIL 


TrronRrM. 


j a rip b. Line be perpendicular to ſome Plane, 
then 400 Planes paſſing thro' that Line will be 
perpendicular to the ſame Plane. 


L 15 the right Line A B be perpendicular to the 
Plane C . I fay, all Planes that paſs thro? AB, 
are likewiſe perpendicular to the Plane CL. 

For, let a Plane DE paſs thro? the right Line AB, 
whoſe common Section, with the Plane CL, is the 
right Line CE; and take ſome Point. F in CE; ach 

wW le 


* 


+ 8 of this, 


1 Def. 4. of 
77 | 
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which let FG be drawn in the Plane DE, perpendi. 

_ cular to the right Line C E: Then, becauſe AR i; 
perpendicular to the Plane CL, it ſhall alſo be * per. 
pendicular to the right Lines which touch it, and 
are in the ſame Plane: Wherefore it is perpendicu- 
lar to CE, and, conſequently, the Angle AB Fa 
right Angle: But GF B is likewiſe a right Angle; 
therefore AB is parallel to FG. But AB is at right 
Angles to the Plane CL; therefore FG will be + 
at right Angles to that ſame Plane. But one Plane js 

perpendicular to another, when the right Lines, drawn 

in one of the Planes perpendicular to the common 

Section of the Planes, are + perpendicular to the other 

- Plane. But F G is drawn in one Plane DE, perpen- 
dicular to the common Section CE of the Planes, 

and it has been prov'd to be perpendicular to the 

Plane CL; therefore the Plane DE is at right 
Angles to the Plane CL. After the ſame manner it 
is demonſtrated, that all Planes, paſſing thro' the 

right Line AB, are perpendicular to the Plane CL, 

Therefore, if a right Line be perpendicular to ſome 
Plane, then all Planes, paſſing thro* that Line, will be 
perpendicular ta the ſame Plane; which was to be de- 

monſtrated. 85 TIE oo 15 


PROPOSITION xx. 
THEOREM. ; 
If two Planes, cutting each other, be perpendicu- 


lar to ſome Plane, then thei? common Section 
will be perpendicular to that ſame Plane. 


LI T two Planes AB, BC, cutting each other, 
be perpendicular to ſome third Plane, and let their 
common Section be BD. I ſay, BD is perpendicular 
to the ſaid third Plane, which let be AD C. 
For, if poſſible, let BD not be perpendicular to 
the third Plane; and from the Point D let D E be 
drawn in the Plane A B, perpendicular to AD; and 
let DF be drawn, in the Plane B C, perpendicular to 
CD: Then, becauſe the Plane AB is perpendicular to 
the third Plane, and DE is drawn in the Plane A B, 
perpendicular to their common Section A D, "4 1 
1 e e 
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Va ſolid Angle be contained under three plain 
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| all be * perpendicular to the third Plane. In like* Def. 4. 


manner we prove, that DF alſo is perpendicular to 
the ſaid Plane ; wherefore two right Lines ſtand at 


night Angles, to this third Plane, on the ſame Side, 


at the ſame Point D; which is abſurd : Therefore, + 13 «f :h:5, 
to this third Plane cannot be erected any right Lines 


perpendicular at D, and on the ſame Side, except 
BD, the common Section of the Planes AB, BC: 


Wherefore DB is perpendicular to the third Plane. 
If, therefore, two Planes, cutting each other, be per- 


| pendicular to ſome Plane, then their common Section 


will be perpendicular to that ſame Plane ; which was 


to be demonſtrated. 


THEOREM. 


* 


Augles, any two of them, howſoever taken, 
are greater than the#hird, 


ET the ſolid Angle A be contain'd under three 
plain Angles BAC, CAD, DAB. I ſay, any 
two of the Angles BAC, CA D, DAB, are greater 

than the third, howſoever taken. 


For, if the Angles BAC, CAD, DAB, be equal, 
it is evident, that any two, howſoever taken, are 
greater than the third; but, if not, let BAC be the 
greater, and make * the Angle BAE, at the Point A, 23. 1. 
with the right Line AB, in a Plane paſſing thro' BA, 
AC, equal to the Angle DAB; make AE equal to 
AD; thro' E draw BEC, cutting the right Lines 
AB, AC, in the Points B, C; and join DB, DC: 
Then, becauſe DA is equal to AE, and AB is com- 


mon, the two Sides DA, AB, are equal to the two 


dides AE, AB; but the Angle DAB is equal to the 

Angle BA E; therefore the Baſe DB is + equal to t 4. 7. 
the Baſe B E: And ſince the two Sides DB, DC, 
are greater than BC, and DB has been prov'd equal | 
to BE, the remaining Side D C ſhall be greater than 

the remaining Side EC; and ſince D A is equal to 

AE, and A C is common, and the Baſe DC greater 

than the Baſe EC, the Angle DAC ſhall be 7 greater f 25. 1. 


than 
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3 206 in are * greater than the third: Therefore the Ange eat 


+ 32.1. 


than the An gle EAC. But, from Conſtruction, ; 


the third. Therefore, if a ſolid 


are greater than two right Angles. And ſince tþ 


Angles of thoſe Triangles CB A, BCA, BAC, AC 


2 Angles. Therefore the three other Ange 
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Angle D A As equal to the Angle BAE; wherefy 
the 1 gles D AB, DAC, are greater than the Ange 
BAC. After chis manner we demonſtrate, if any 
two other Articles be taken, that the 9 4 are greater th 

ngle be containg 
under three plain Angles, any two 0 Bom: how oj 
taken, are greater than the thir Which! was to be 


demonſtrated. 1 

PROPOSITION XX1. 1 

1 H E O R E M. 1 ; 4 

Every ſolid Angle is contained under plain Al 1 
E legesber, eſs than four right ones, 


Ih, A be a ſolid Angle, contain 0 under Plai 
Angles BAC, CAD, DAB. I fay, the Ang 
BAC, TAD, DAB, are leſs than four right An 
. 
L For, take an Points B. ©, D, in each of the Line 
AB, AC, AD; and join B C, CD, DB: Thaler 
detau ſe the ſolid A at B is contain'd under thre 
plain Angles CBA, ABD, CBD, any two of tbel 


CBA, ABD, are greater than the Angle CBD. e 
the fame Reaſon, the Angles BCA, ACD, at 
greater than the Angle BCD ; and the Anples CD. 
ADB, greater than the Angle CD B. Whereſen 
the ſix "Angles CBA, A BD, BCA, ACD, ADC 
ADB, are greater than the three Angles CBD, BC 
0 DB. But the three Angles CBD, BCD, CDR | 
are + equal to two right Angles ; wherefore thei 
_ Angles CBA, ABD, BCA, ACD, ADC, ADt 


three Angles of each of the Triangles ABC, AC 
ADB, are equal to two right Angles, the nine 


CAD, ADC, ADB, ABD, DAB, are equal 
1 right Angles ; ; fix of which Angles, 'CBA, BCA 
„ADC, ADB, ABD, are greater than tu 


BAC, CAD, DAB, Which contain the ſolid nd | 
Ph 
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e, will be leſs than four right Angles. Wherefore, 

ery ſolid Angle is contained under Angles, together, 

ſs than four plain right ones; which was to be de- 

ouſtrated. | 


PROPOSITION XXII. 


IG THEOREM: 
there be three plain Angles, whereof two, any- 
how taken, are greater than the third, and the - 
right Lines that contain them be equal; then it 
is poſſible io make a Triangle of the right Lines 
joining the equal right Lines which form the 
Angles. 858 | 8 


ET ABC, DEF, GH, be given plain Angles, | 
any two whereof are greater than the third ; and 95 
et the equal right Lines AB, BC, DE, EF, GH, 
K, contain them; and let AC, DF, GK, be 
din'd. I ſay, it is poſſible to make a Triangle of AC, 
F, G K; that is, any two of them, . howſoever 
aken, are greater than the third. Oy 
For, if the Angles at B, E, H, are equal; then AC, 
r, GK, will be * equal, and any two of them 4. 1. 
ve eater than the third; but, if not, let the Angles at 
„ E, H, be unequal; and let the Angle B be greater 
han either of the others at E, or H: Then the right 
ine AC will be I greater than either DF, or GK; + 24. 1. = 
Ind it is manifeſt, that AC, together with either DF, _ i 
r GK, is greater than the other. I ſay, likewiſe, that — 
r, GK, together, are greater than AC. For make f, f 23. 1. 
t the Point B, with the right Line AB, the Angle 
BL equal to the Angle GH K; and make BL equal : | 
deither AB, BC, DE, EF, GH, HK; and join i 
WL, CL. Then, becauſe the two Sides AB, BL, h 
e equal to the two Sides GH, HK, each to each, 
a they contain equal Angles, the Baſe AL ſhall be 
qual to the Baſe GK. And ſince the Angles E and 
W are greater than the Angle ABC, whereof the An- = i 
CAB* GHK is equal to the Angle ABL, the other \ 
"gle at E ſhall be greater than the Angle LBC. i 
aud ſince the two Sides LB, BC, are equal to the | 
No Sides DE, EF, each to each, and the Ange | 
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DEF is greater than the Angle L BC, the Baſe Dp 
ſhall be * greater than the Baſe LC, But G K hx 
been prov'd equal to AL; therefore DF, G K, ar 
greater than AL, LC: But AL, LC, are greater 


than AC; wherefore DF, G K, ſhall be much 


reater than AC. Therefore any two of the right 
T ines AC, DF, GK, howſoever taken, are greater 
than the other; and ſo a Triangle may be made of 


| | A C, DF, GK; which was to be demonſtrated, 


| PROPOSITION Xin 


| PROBLEM. 


0 make a ſolid Angle of three plain Angle, 


given, 


whereof any two, howſoever taken, are greater 
than the third; but theſe three Angles muſt be 
 teſs than four right Angles, 


whereof any two, howſoever taken, are 


LE TAB C, DE F, GH K, be three plain Angles 


greater than the other; and let the ſaid three Angles 


be leſs than four right Angles. It is requir'd to make 


a folid Angle of three plain Angles equal to ABC 


* 22 of this, 
"0 Bo Fo 


I 5-44 


Let the right Lines AB, BC, DE, EF, GH, HK, 
be cut off equal; and join AC, DF, GK; then it i; 
poſſible to make * a Triangle of three right Lines 


equal to AC, DF, GK: And ſo let + the Triangle IM. 


L MN be made, fo that A C be equal to L M, and 
DF to MN, and GK to LN; and let the Circle 


L MN be deſcrib'd 4 about the Triangle, whoſe 
Centre let be X, which will be either within the Tri- 


angle L MN, or on one Side thereof, or without 


the ſame. 


1 Firſt, Letitbe within, and join LN, MX, NX 


* 8. 1. 


I ſay, AB is greater than LX. For, if this be not ſo, 


AB ſhall be eitker equal to LX, or leſs. Firſt, let it 
be equal; then, becauſe AB is equal to LX, and alſo 
to BC, LX ſhall be equal to BC: But LX is equal 
to XM; therefore the two Sides AB, BC, are 
equal to the two Sides LX, X M, each to each. But 
the Baſe A C is put equal to the Baſe L M; where- 
fore the Angle ABC ſhall be * equal to the 7 


Book XI. Euclid's ELEMENTS. 


rx M. For the fame Reaſon, the Angle DEF is 
; Wequal to the 15 M X N, and the Angle GHK to 

de Angle NX L; therefore the three Angles ABC, 
DEF, GH K, are equal to the three Angles LXM, 
MXN, NX L. But the three Angles LXM, 


= . tr Er; 8 


and ſo the three Angles ABC, DEF, G HK, ſhall 
allo be equal to four right Angles : But they are put 
ls than four right Angles, which is abſurd ; there- 
leſs than LX; for, if this be poſſible, make XO equal 


cauſe AB is equal to BC, XO ſhall be equal to X P; 


OP. But L X is greater than X O; therefore LM 


to AC; wherefore A C ſhall be greater than OP: 
And ſo, becauſe the two right Lines AB, BC, are 


anner we demonſtrate, that the Angle DEF is 


MBC, DEF, GHE, are greater than the three An- 


be leſs by much than four right Angles, and alſo 


fore AB is not equal to LX. I ſay, alſo, it is neither 
to AB, and XP to BC, and join OP: Then, be- 


and the remaining Part OL equal to the remaining 
part PM; and ſo LM is 4 parallel to OP, and the t 2. 6. 
Triangle LMX is equiangular to the Triangle OPX : 
Wherefore X L is g to LM, as X O is to OP; and 14 6. 
(by Alternation) as X L is to X O, ſo is LM to 


ſhall alſo be greater than OP. But LM is put equal 


equal to the two right Lines OX, XP, and the 
Baſe AC greater than the Baſe OP; the Angle ABC 
will be * greater than the Angle OX P. In like 25. 


reater than the Angle MXN, and the Angle GHK 
tan the Angle N XL; therefore the three Angles 


ges LX M, MXN, NXL : But the Angles ABC, 
DEF, GH K, are put leſs than four right Angles ; 
therefore the Angles LXM, MXN, NXL, ſhall 


1211 


MXN, N XL, are * equal to four right Angles; Cr. 18. 1. 


kqual + to four right Angles, which is abſurd 1 Cor. 15. Ie 
herefore A B is not lefs than LX. It has alſo 

ken prov'd not to be equal to it; therefore it muſt 

deceſſarily be greater. On the Point X raiſe f XR, 27 

erpendicular to the Plane of the Circle L MN, 

moſe Length let be ſuch, that the Square thereof be 

qual to the Exceſs by which the Square of AB ex- 

teds the Square of LX; and let RL, RM, RN, 

e join'd : Becauſe RX is perpendicular to the Plane 1 

i the Circle L MN, it ſhall alſo be * perpendicular * pef. z. 

LX, MX, NX: And becauſe LX is equal to 


hit, 


> 
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* . I 


* 20. 1. 


DEF, G H K. 
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XM, and XR is common, and at right Angles to 
them, the Bate L R ſhall be * equal to the Baſe RM. 
For the ſame Reaſon, RN is equal to RL, or RM; 
therefore three right Lines RL, RM, RN, wn 
equal to each other. And becauſe the Square of XR 


is equal to the Exceſs by which the Square of A} 


exceeds the Square of LX, the Square of A B will he 
equal to the Squares of LX, X R, together: But the 


Square of RL is + equal to the Squares of LX, XR, 


for LXR is a right Angle ; therefore the Square of 


_AB will be equal to the Square of RL; and ſo AB 


is equal to RL. But BC, DE, EF, GH, HK, 
are every of them equal to AB; and RN, or RM 


equal to RL; wherefore AB, BC, DE, EF, GH 


J 
) 


' HK, are cach equal to RL, RM, or RN: And 
ſince the two Sides RL, R M, are equal to the two 


Sides AB, BC; and the Baſe LM is put equal to the 
Baſe AC; the Angle LR M ſhall be + equal to the 


Angle ABC. For the ſame Reaſon, the Angle MRN 


is equal to the Angle DEF, and the Angle LRN 
equal to the Angle G H K; therefore a ſolid Angle 


is made at R of three plain Angles LR M, M RN, 


LRN, equal to three plain Angles given, ABC, 

Now, let the Centre of the Circle X be in one Side 
of the Triangle, viz. in the Side MN, and join 
XL. I ſay, again, that AB is greater than LX. For, 
if it be not ſo, AB will be either equal, or leſs than 


LX. Firſt, let it be equal ; then the two Sides AB, 


B C, are equal to the two Sides MX, LX, that is, 


they are equal to MN: But MN is put equal to DF; 
| therefore DE, EF, are equal to DF, which is * im- 


poſſible; therefore AB is not equal to LX. In 
like manner we prove, that it is neither leſſer; for 
the Abſurdity will much more evidently, follow: 


Therefore AB is greater than LX. And if, in like 


manner as before, the Square of R X be made equal 
to the Exceſs by which the Square of A B exceeds 


the Square of LX, and RX be raiſed at right An- 101 
gles to the Plane of the Circle, the Problem will be 


done. 


Laſtly, Let the Centre X of the Circle be without 


the Triangle LMN, and join LX, MX, NX: 
I fay, AB is greater than LX. For, if it be not, it 


mu 
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muſt either be equal, or leſs. Firſt, let it be equal; 
then the two Sides AB, BC, are equal to the two 
Sides MX, X L, each to each; and the Baſe AC is 
equal to the Baſe ML; therefore the Angle ABC is 
equal to the Angle MXL. For the fame Reaſon, 
the Angle GH K is equal to the Angle LXN ; and 
ſo the whole Angle MXN is equal to the two An- 
gles ABC, G HK: But the Angles ABC, GHK, 
are greater than the Angle DEF; therefore the 
Angle MXN is greater than DEF: But becauſe the 
two Sides DE, E F, are equal to the two Sides MX, 
XN, and the Baſe DF is equal to the Baſe MN; the 


Angle MXN ſhall be equal to the Angle DEF: But 


it has been prov'd greater, which is abſurd; there- 


fore AB is not equal to LX. Moreover, we will 


prove, that it is not leſs; wherefore it ſhall be neceſ- 


farily greater. And if, again, X R be rais'd at right 


Angles to the Plane of the Circle, and made equal to 


the Side of that Square by which the Square of AB 
exceeds the Square of LX; the Problem will be de- 
termin d. Now, I ſay, AB is not leſs than LX: 
For, if it is poſſible, that it can be leſs, make XO equal 


to AB, and X P equal to BC, and join OP; then, 
becauſe A B is equal to BC, X O ſhall be equal to 
XP, and the remaining Part O L equal to the 
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remaining Part PM; therefore L M is * parallel to 2.6. 


PO, and the Triangle LMX equiangular to the 


Triangle PRO : Wherefore, as X IL. is to LM, fot 4. & 


d XO to OP; and (by Alternation) as LX is to 
XO, fois LM to OP: But LX is greater than XO; 
therefore LM is greater than OP; but LM is equal 


to AC; wherefore A C ſhall be greater than OP; 


and ſo, becauſe the two Sides AB, B C, are equal to 
the two Sides O X, X P, each to each; and the Baſe 


AC is greater than the Baſe OP; the Angle ABC 


ſhall be greater than the Angle OXP. So, likewiſe, f 25. 1 


I XR be taken equal to X O or XP, and OR be 


Y join'd, we prove, that the Angle G H K is greater 


than the Angle OXR. At the Point X, with the 
icht Line LX, make the Angle LX S equal to the 
Angle AB C, and the Angle LX T equal to the An- 
ge GH K, and XS, XT. each equal to X O, and 
pn OS, OT, ST; then, becauſe the two Sides 


AB, BC, are equal to the two Sides OX, XS, and 


P 2 =_ 
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the Angle ABC is equal to the Angle O XS, the 
Baſe AC, that is, LM, ſhall be equal to the Baſe 
OS. For the ſame Reaſon, LN is alſo equal to 
OT: And ſince the two Sides ML, LN, are equal 
to the two Sides OS, OT; and the An ole MLN 
oreater than the Angle SOT; the Baſe” MN fhall 
be greater than the Baſe ST. But MN is equal to 
DF; therefore DF ſhall be greater than ST. Where. 
fore, becauſe the two Sides D E, EF, are equal to 
the two Sides S X, XT; and the Baſe DF is oreater 
than the Baſe ST. the Ang le DE F ſhall be greater 
than the Angle S XT. But 8 Angle SX T is equal 
to the Angles ABC, GH K; therefore the Angle 
DEF is greater than the Angles ABC, GHK: But 

it is alſo leſs, which is abſurd ; which was to be dt. 
monſtrated. 


PROPOSITION XXIV. 


THEOREM. 


i a Solid be contained under ſix parallel Plas 
the oppoſite Planes thereof are ua Par allth- 
_ 


E T the Solid CDGH be contain'd under parallel 
Planes AC, Gę, BG, CE, FB, AE. I fay, 
the oppoſite Planes ereof are equal Parallelograms 
For, becauſe the parallel Planes B G, CE, are cut 
* 16 of this, by the Plane A C, their common Sections are * para- 
; lel; wherefore AB is parallel to CD. Again, be- 
cCauſe the two parallel * BF, AE, are cut by 
the Plane AC, their common Sections are parallel; 
| therefore AD is parallel to BC. But A B has been 
| ES prov'd to be parallel to CD; wherefore A C ſhall be 
| a Parallelogram. After the ſame manner we de 
| monſtrate, that CE, F G, GB, BF, or AE, 1 
Parallelogram. 
| | Let AH, DF, be join'd: Then, 3 AB! is pa- 
rallel to DC, and BH to CF; the Lines AB, BH, 
8 each other, ſhall be parallel to the Line 
DC, CF, touching each other, and not being in the 
+ 100f this. fe 1 ; Wherefore they ſhall + contain equal An- 
gles: And fo the Angle AB H is equal to _ Ange 
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te DCF. And fince the two Sides AB, BH, are-+ equal t 34-1. 

afe to the two Sides DC, CF, and the Angle ABH equal 

oo the Angle DCF; the Baſe AH ſhall be * equal to * 4, 1. 

1al the Baſe DF, and the Triangle AB H equal to the 

N Triangle DCF: And ſince the Parallelogram BG is 985 
double to the Triangle ABH, and the Parallelogram f 41. 2, 

0 CF to the Triangle DCF ; the Parallelogram BG 


dal be equal to the Parallelogram C E. In like man- 
to der we demonſtrate, that the Parallelogram A C is 
* equal to the Parallelogram GF, and the Parallelogram 
der A E equal to the Parallelogram BF. //, therefore, 
2 a Solid be contained under fix parallel Planes, the op- 
a jiſite Planes thereof are equal Parallelagrams; which 


1, was to be demonſtrated. 


Ciroll, It follows, from what has been now demon- 
| ſtrated, that, if a Solid be contain'd under fix paral- 
Je] Planes, the oppoſite Planes thereof are ſimilar 
and equal, becauſe each of the Angles are equal, and 
the Sides about the equal Angles are proportional. 


= PFPROP OS TION XXV. 
—_ THEORE M. 125 5 
1e a folid Parallelopipedon be cut by a Plane, 


parallel to oppoſite Planes; then, as Baſe is to. 
at Baſe, /o ſpall Solid be to Solid. 


W ] ET the ſolid Parallelopipedon ABC D be cut 
by by a Plane YE, parallel to the oppoſite Planes 
e; RA, DH. I fay, as the Baſe EF®A is to the Baſe 
een EH CF, fo is the Solid ABF to the Solid EGCD. 
be For, let AH be both ways produced, and make 
de. HM, MN, &c. equal to EH, and AK, KL, &c. 
28 qqual to AE; and let the Parallelograms LO, Ks, 
HX, MS, as likewiſe the Solids LP, K R, H ©, 
pa- MT, be completed: Then, becauſe the right Lines 
H, LK, KA, AE, are equal; the Parallelograms LO, 
nes K, A F, ſhall be * alſo equal; as likewiſe the Pa- r. 6. 
the allelograms K E, KB, AG: And, moreover, Þþ the + 24 of this, 
\n- eee L, KP, AR, for they are oppoſite. 
Wal: For the ſame Reaſon, the Parallelograms EC, HX, | 
J. d, alſo, are equal to each other; as alſo the Paral- | 
. CHESS lelograms 
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lelograms HG, HI, IN; and fo are the Parallel 


thts, 


grams DH, M9, NT: Therefore three Planes of 
the Solid LP are equal to three Planes of the Solid 
KR, or AY, each to each; and the Planes oppoſite to 


. theſe are equal to them: Therefore the three Solids 
De,. 10. FLP, KR, AT, will be equal * to each other. For the 


ſame Reaſon, the three Solids ED, H, MT, are 
equal to each other; therefore the Baſe LF is the ſame 
Multiple of the Baſe AF, as the Solid L Y is of the 
Solid AV. For the ſame Reaſon, the Baſe NF i 
the ſame Multiple of the Baſe HF, as the Solid NY 


is of the Solid E D; and if the Baſe LF be equal to 


the Baſe NF, the Solid LY ſhall be equal to the 
Sold NY; and if the Baſe LF exceeds the Bak 
NF, the Solid LY ſhall exceed the Solid N Y ; and, 
if it be-leſs, leſs: Wherefore, becauſe there are four 
Magnitudes, viz. the two Baſes AF, F H, and the 


two Solids AY, ED, whoſe Equimultiples are taken, 


to wit, the Baſe LF, and the Solid LY ; and the 


Baſe N F, and the Solid NV: And ſince it is prov'd, 
if the Baſe LF exceeds the Baſe N F, then the 


Solid LY will exceed the Solid NY ; if equal, equal; 


Pe. 4 


and leſs, leſs : Therefore, as the Baſe AF is to the 
Baſe FH, ſo is * the Solid A Y to the Solid ED, 
Wherefore, if a ſolid Parallelopipedon be cut by 


4 Plane, parallel to ofpaſite Planes; then, as Baſe 


is to Baſe, ſo ſhall Solid be to Solid; which was tobe 


demonſtrated G 


PROPOSITION XXVI. 


| TrzoREmM. 


At a right Line given, and at a Point given i 


it, to make a ſolid Angle equal to a ſolid Angi 
5 OW 


2 LET AB be a rizht Line given, A a given Point 


in it, and D a given ſolid Angle contain'd under 


the plain Angles E DBC, EDF, FDC; it is requird 


to make a ſolid Angle at the given Point A, in the given 
Tight Line A B, equal to the given ſolid Angle D. 
Aſſume any Point F in the right Line D F, from 


#31 of ibis. Which let FG be drawn * perpendicular to the Plane 


_ paſſing 
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paſſing thro ED, DC, meeting the faid Plane in the 
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Point G, and join DG wake + the Angles BAL, f 23. 1. 


BAK, at the given Point A, with the right Line AB, 
equal to the Angles EDC, EDG. . 

Laſtly, Make A K equal to DG, and at the Point 
thro! BAL; and make KH equal to F; and join 
HA. I fay, the ſolid Angle at A, which is contain'd 
under the three plain Angles BAL, BAH, HAL, 
is equal to the ſolid Angle at D, which is contain'd 


under the plain Angles E D C, EDF, FDC: For 


K erect 4 H K at right Angles to the Plane paſſing 1 12 / 1. 


let the equal right Lines AB, D E, be taken; and 


join HB, K B, FE, GE: Then, becauſe FG is per- 
pendicular to the Plane paſſing through E D, DC, it 


hall be * perpendicular to all the right Lines touch- * Def. 3. % 


ing it, that are in the ſaid Plane. : Wherefore both the. 


Angles FG D, FGE, are right Angles, For the ſame 
Reaſon, both the Angles HK A, HEB, are right 


Angles ; and becauſe the two Sides KA, AB, are equal 


to the two Sides GD, DE, each to each, and contain 


equal Angles, the Baſe BK ſhall be + equal to the f 4. 1. 


Baſe EG: But K H is alſo equal to G F, and they 
contain right Angles; therefore HB ſhall be f equal 


to FE. Again, becauſe the two Sides A K, K H, 


are equal to the two Sides DG, GF, and they con- 
tain right Angles ; the Baſe A H ſhall be equal to the 
Baſe DF: But AB is equal to DE; therefore the 
two Sides HA, AB, are equal to the two Sides F, 
DE. But the Baſe HB is equal to the Baſe FE; and 


ſo the Angle BAH will be + equal to the Angle 8. 1 


EDF. For the ſame Reaſon, the Angle HAL is 
equal to the Angle FDC. For ſince, if AL be taken 


equal to DC; and KL, HL, GC, FC, be join'd ; 
the whole Angle BAL is equa] to the whole Angle 
EDC; and the Angle BAC, a Part of the one, is 
put equal to the Angle E D G, a Part of the other; 
the Angle KAL, remaining, will be equal to the An- 


te GDC remaining. And becauſe the two Sides 


KA, AL, are equal to the two Sides G D, D C, and 


they contain equal Angles ; the Baſe K L will be 


equal to the Baſe GC: But KH is equal to GF; 
wherefore the two Sides L K, K H, are equal to the 
two Sides C G, GF : But they contain right Angles; 


therefore the Baſe H L will be equal to the Baſe FC. 
7 RE. X Again, 


Upon a right Line given, to deſeribe a Paralleh- 


lid Parallelopipedon upon the given right Line AB, 


26 of this, 
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Again, becauſe the two Sides HA, AL, are equal 
to the two Sides FD, DC; and the Baſe HL is equa 
to the Baſe FC; the Angle HAL will be equal to the 
Angle FDC: But the Angle BA L is equal to the 


— 


Angle EDC; which was to be done. 


PROPOSITION XXVI. 


PROBLEM. 


fipedon ſimilar, and in like manner ſituate to 
a ſolid Parallelopipedon given, 1 85 
ET AB be a right Line, and CD a given ß 
— Parallelopipedon. It is requir'd to deſcribe a ſo- 


ſimilar and alike fituate to the given ſolid Parallelopi- 
TR EE. 5 
Make a ſolid Angle at the given Point A, in the MW .. 
right Line AB, whi-h * is contain'd under the An- 0 
gles BAH, HAK, K AB; fo that the Angle BAH Bl 5 
be equal to the Angle ECF, the Angle BAK to the Wil « 


1 12.6. 


GCF; and make, as EC is to CG, ſo BA + to AK; 


Angle ECG, and the Angle HAK to the Angle bi 
and GC to CF, as K A to AH: Then, (by Equa- a 


lity of Proportion) as E C is to CF, fo ſhall BA be 
to AH: Complete the Farallelogram B H, and the 


Solid AL; then, becauſe it is, as E C is to C G, fo 


is BA to AK, vig. the Sides about the equal Angles 


ECG, BAK, proportional; the Parallelogram KB 
ſhall be ſimilar to the Parallelogram GE. Alſo, for 5 


the ſame Reaſon, the Parallelogram K H ſhall be 


of this, 


Jar to the whole Solid C D; and fo a ſolid Parallelopi- 


AB, ſimilar and alike ſituate to the given ſolid Paralle- 


ſimilar to the Parallelogram G, and the Parallelo- 
gram HB to the Parallelogram F E : "Therefore three 
Parallelograms of the Solid AL are ſimilar to three 
Parallelograms of the Solid C D. But theſe three Pa- 
rallelograms are equal and ſimilar to their three oppo- 
ſite ones; therefore the whole Solid A L will be fimi- 


pedon AL is deſcrib'd upon the given right Line 


. 1 


lopipedon CD z which was to be done. 
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PROPOSITION XXVIII. 
. THEOREM. 
Fa ſel.d Parallelopipedon be cut by a Plane paſ- . 


ſing thro the Diagonals of two oppoſite Planes, 
that Solid will be biſected by the Plane, 


ET the ſolid Parallelopipedon AB be cut by the 
Plane C DE F, paſting thro' the Diagonals CF, 
DE, of two oppoſite Planes. I ſay, the Solid AB 
is biſected by the Plane CDEF. 
For, becauſe the Triangle CG is * equal to the * 34. 1. 


Triangle CBF, and the Triangle ADE to the Tri- 


angle DE H, and the Parallelogram CA to ꝗ the þ 24 of this, 
Parallelogram B E, for it is oppoſite to it; and the 
Parallelogram GE to the Parallelogram CH; the 
Priſm contain'd by the two Triangles CG F, ADE, 


and the three Parallelograms GE, AC, CE, is equal 
to the Priſm contain'd under the two Triangles CFB, 


DEH, and the three Parallelograms CH, BE, CE; 
for they are contain'd under Planes equal in Num- 
ber and Magnitude : Therefore the whole Solid AB 
is biſeted by the Plane CDEF ; which was to be 
demonſtrated. N „„ 


PROPOSITION XXIX. 


3 THEOREM. 
dalid Parallelopipedons, being conſtituted upon the 
Jame Baſe, and having the ſame Altitude, and 
whoſe inſiſtent Lines are in the ſame right 
Lines, are equal to one anol ber. = 
LE T the ſolid Parallelopipedons CM, C N, be 
conſtituted upon the ſame Baſe AB, with the 


ſame Altitude, whoſe inſiſtent Lines AF, AG, LM, 


LN, CD, CE, BH, BK, are in the ſame right 
Lines FN, DK. I fay, the Solid CM is equal to 
the Solid C N. pas eee 
For, becauſe C H, C K, are both Parallelograms, 

CB ſhall be * equal to DH, or EK; wherefore DH 34. r. 
is 
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DEC, and the three Parallelograms AD, DG, GC, 
angles LMN, H BK, and the three Parallelograms 


llogram GE H M, be added; then the whole ſolid 
Parallelopipedon C M is equal to the whole ſolid Pa- 


Aus, being conſtituted upon the ſame Baſe, and having | 
the ſame Altitude, and whoſe inſiſtent Lines are in the | 
fame right Lines, are equal to ene another; which was 


PE? there be ſolid Parallelopipedons CM, CN, 


| Baſe AB, and whole inſiſtent Lines AF, AG, 
EM, LN, CD, CE, BH, BK, are not in the 


meeting each other in the Points R, X; let, alſo, FM, 

, be produced to the Points O, P, and join AX, 

LO, CP, BR. The Solid CM, whoſe Baſe is the 
Parallclogram ACL, being oppoſite to the Paral- 

* 29 Fein lelogram F DH AM, is * equal to the Solid C O, 
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is equal to EK. Let E H, which is common, he 
taken away; then the Remainder D E will be equi] 
to the Remainder H K, and ſo the Triangle DEC 
+ equal to the Triangle HKB, and the Parallelogram 
DG equal to the Parallelogram HN. For the fame 
Reaſon, the Triangle AF G is equal to the Triangle 
L MN, and the Parallelogram CF g to the Paralle- 
logram BM, and the Parallelogram CG to the Pa- 
rallelogram BN, for they are oppoſite: Therefore 
the Priſm contain'd under the two Triangles A FG, 


is equal to the Priſm contain'd under the two Tri- 
BM, NH, BN. Let the common Solid, whoſe 


Baſe is the Parallelogram A B, oppoſite to the Paral- 


rallelopipedon CN. Therefore, ſolid Parallelipite- 


to be demonſtrated. 
PROPOSITION XXX. 

; | T HEOREM. | 
Solid Parallelopipedons, being conſtituted upon the 
ſame Baſe, and having the ſame Altitude, whiſe 


inſiſtent Lines are not placed in the ſame right 
Lines, are equal to one another. 


having equal Altitudes, and ſtanding on the fame 


ſame right Lines. I ſay, the Solid C M is equal to 
the Solid CN. 0 
For, let NK, DH, and GE, FM, be produced, 


Wjhoſe 
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thoſe Baſe is the Parallelogram A CB L, being op- 
oſite to XPRO, for they ſtand upon the ſame Baſe 
aCBL; and the inſiſtent Lines AF, AX, LM, 

LO, CD, CP, BH, BR, are in the ſame right 

Lines FO, DR: But the Solid CO, whoſe Baſe is 

he Parallelogram ACBL, being oppoſite to XPRO, 

lis * equal to the Solid CN, whole Baſe is the Paral- * 29 of this. 
ſelogram AC BL, being oppoſite to & E KN; for 1 5 
they ſtand upon the ſame Baſe A CB L, and their 
inſiſtent Lines AG, AX, CE, CP, LN, LO, BK, 

E BR, are in the ſame right Lines GP, N R . W here- 

fore the Solid C M ſhall be equal to the Solid C N. 
Therefore, ſolid Parallelopipedons, being Jy e 

upon the ſame Baſe, and having the ſame Altitude, 

whoſe inſiſtent Lines are not placed in the ſame right 

Lines, are equal to one another; Which was to be de- 
monſtrated. 8 IT 


PROPOSITION XXXI. 
| THEOREM, 2» 
Solid Parallelopipedons, being conſtituted upon 


equal Baſes, and having the ſame Altitude, are 
equal to one another, 


ET AE, CF, be ſolid Parallelopipedons conſti- 
tuted upon the equal Baſes AB, CD, and having 
the ſame Altitude. I ſay, the Solid AE is equal to 
the Sed G F . | oo 
Firſt, Let HK, BE, AG, LM, OP, DF, CS, 
RS, be at right Angles to the Baſes AB, CD; let 
| the Angle ALB not be equal to the Angle CRD, 
and produce CR to T, ſo that RT be equal to AL; 
then make the Angle TRY, at the Point R, in the 
right Line RT, equal * to the Angle ALB; make v 23. 1. 
RY equal to LB; draw XY, thro' the Point V, pa- 
rallel to RT, and complete the Parallelogram RX, 
and the Solid T. Therefore, becauſe the two Sides 
TR, R, are equal to the two Sides AL, LB, and 
they contain equal Angles; the Parallelogram RX 
ſhall be equal and ſimilar to the Parallelogram HL. 
And, again, becauſe A L is equal to RT, and LM 
to RS, and they contain equal Angles, the Paral- 
lelogram 


; 
* 
g 
j 
| 
1 
0 


- 22 „1 „„ ts n W „ 4+ + oe — —_ 2 
— — — . — — — 
* „„ „„ RS 936 + Pr — — — - 


A 


AE are equal and ſimilar to three Parallelograms of 


+ 24 of this. 


and meet each other in the Point a, and let T Q be 


129 of this, 


R, and TY is that oppoſite to it, for they ſtand. 


and their inſiſtent Lines R, RY, TQ, TX, 
8 Z, SN, YT, Vo, are in the fame right Lines 
QXx, Z+: But the Solid EY is equal to the Solid 


| becauſe the Parallelogram RYXT is equal to the 
Parallelogram a T, for it ſtands on the ſame. Baſe 
RT, and between the ſame Parallels RT, QX; and 


QERI: Then the Solid * , whoſe Bafe is the Pa 
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lelogram R ſhall be equal and ſimilar to the Paral. 
lelogram AM. For the fame Reaſon, the Parallelo- 


ram LE is equal and ſimilar to the Parallelogram 
Y ; therefore three Parallelograms of the Solid 


the Solid + Y ; and ſo the three oppoſite ones of one 
Solid are + alſo equal and fimilar to the three op- 
poſite ones of the other: Therefore the whole ſolid 
Parallelopipedon AE is equal to the whole ſolid Pa- 
rallelopipedon * . Let DR, XY, be produced, 


drawn thro* T parallel to Da, and produce TQ, 
OD, till they meet in V, and complete the Solid 


rallelogram R, and QT is that oppoſite to it, is 
equal to the Solid v V, whoſe Baſe is the Parallelogram 


upon the ſame Baſe Rv, have the ſame Altitude, 


AE; and fo AE is equal to the Solid * a. Again, 


the Parallelogram RYX T is equal to the Parallelo- 


gram CD, becauſe it is alſo equal to AB; the Paral- 
lelogram a T is equal to the Parallelogram CD, and 


DT is ſome other Parallelogram : Therefore, as the 
Baſe CD is to the Baſe DT, ſo is g T to TD. And 


becauſe the folid Parallelopipedon C is cut by the 


® 25 of this, 


Plane RF, being parallel to two oppoſite Planes; it 
ſhall be*, as the Baſe C D is to the Baſe DT, ſo is 
the Solid CF to the Solid RI. For the ſame Rea- 
fon, becauſe the ſolid Parallelopipedon QT is cut by 


the Plane R parallel to two oppoſite Planes; as 
the Baſe Q T is to the Baſe DT, ſo ſhall * the Solid 
Q be to the Solid RI: But as the Baſe C D is to the 


Baſe DT, ſo is the Baſe a T to T D: Therefore, as 


the Solid CF is to the Solid RI, ſo is the Solid NY 


to the Solid RI. And ſince each of the Solids CF, 
au, has the ſame Proportion to the Solid RI, the 
Solid CF is equal to the Solid av: But the Solid 


NY has been prov'd equal to the Solid AE; there-, 


4 fore 
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re the Solid AE ſhall be + equal to the Solid C F. 9-5 


But, now let the inſiſtent Lines AG, HK, BE, 


LM, CN, OP, DF, RS, not be at right Angles 
to the Baſes AB, CD. I fay, again, that the Solid 


AE is equal to the Solid CF, Let there be drawn 
from the Points K, E, G, M, P, F, N, 8, to the Plane 
wherein are the Baſes AB, CD, the Perpendiculars 
KZ, ET, GY, Me, SI, FT, N, PX, meeting 


the Plane in the Points E, T, V, b, I, F, O, X; 
and join E T re, , Te, X, Xa, a1, FI; 


then the Solid K $ is equal to the Solid PJ; for they 


ſtand on equal Baſes KM, PS, have the fame Altitude, 
and the inſiſtent Lines are at right Angles to the Baſes: 


But the Solid K ꝙ is equal to the Solid AE, and the 


Solid PI to ꝓ the Solid C F, ſince they ſtand upon the f 


ſame Baſe, have the ſame Altitude, and their inſiſtent 
Lines are in the ſame right Lines: Therefore the 
Solid AE ſhall be equal to the Solid CF. Wherefore, 
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29 thin 


ſolid Parallelopipedons, being conſtituted upon equal 


Baſes, and having the ſame Altitude, are equal to one 
another; which was to be demonſtrated. 


PROPOSITION XXXII. 


THEOREM. 


Solid Parallelopipedons, that have the fame Alti- 


tude, are to each other as their Baſes, 


ET AR, CD, be folid Parallelopipedans, that 


have the ſame Altitude. I ſay, they are to one 
another, as their Baſes; that is, as the Baſe AE is 


to the Baſe CF, ſo is the Solid AB to the Solid 


CD. 


For, apply a Parallelogram F H to the right Line 


F G, equal to the Parallelogram AE; and complete 
the ſolid Parallelopipedon G K upon the Baſe F H, 
having the ſame Altitude as C D has: Then the 


Solid AB is * equal to the Solid G K, for they ſtand 31 of flit. 


upon equal Baſes AE, F H, and have the ſame Alti- 
tude; and fo, becauſe the ſolid Parallelopipedon C K 
is cut by the Plane D G, parallel to two oppoſite 
Planes, it ſhall be , as the Baſe H F is to the Baſe 
FC, ſo is the Solid HD to the Solid DC: Bur, the 

aſe 


Ng 
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Baſe F H is equal to the Baſe AF, and the Solid a} 
to the Solid FK. Therefore, as the Baſe A E ist 
the Baſe C F, ſo is the Solid A B to the Solid Ch 
Wherefore, ſolid Parallelopipedons, that have the ſane 
Altitude, are to each other as their Baſes; which wy 
to be demonſtrated. 955 


PROPOSITION XXXIIL 


T EO RE M. 

Similar ſolid Parallelopipedons are to one another 

in the triplicate Proportion of their homologou 
Sides. 5 9 5 1 


TET AB, CD, be ſolid Parallelopipedons, and 


let the Side AE be homologous to the Side CF. 


I fay, the Solid AB, to the Solid CD, hath a Propor- 


tion triplicate of that which the Side A E has to the 


. V ” 
For, produce AF, GE, HE, to EK, EL, EM; 
and make EK equal to CF, and EL to FN, and 
EM to FR; and let the Parallelogram K L, and 
likewiſe the Solid KO, be completed: Then, becauſe 
the two Sides K E, EL, are equal to the two Sides 
CF, FN; and the Angle K EL equal to the Angle 
C FN: Since the Angle AE G is alſo equal to the 


Angle CF N, becauſe of the Similarity. of the Solids 


AB, CD, the Parallelogram KL ſhall be ſimilar and 
equal to the Parallelogram CN. For the ſame Rea- 


ſon, the Parallelogram K M is equal and fimilar to 


® 24 of this. 


the Parallelogram CR, and the Parallelogram OE 
to DF; therefore three Parallelograms of the Solid 
K O are equal and fimilar to three Parallelograms of 
the Solid CD: But thoſe three Parallelograms are“ 


equal and ſimilar to the three oppoſite Parallelograms; 


therefore the whole Solid K O is equal and ſimilar 
to the whole Solid CD. Let the Parallelogram G K 


be completed, as alſo the Solids EX, LP, upon 
the Baſes GK, KL, having the ſame Altitude as AB: 


And ſince, becauſe of the Similarity of the Solids AB 
and CD, it is, as AE is to C F, fois EG to FN; 
and ſo EH to FR; and FC is equal to EK, and FN 


to EL, and F R to EM; it ſhall be, as A E is to 


EK, 


another 
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Book XI. 
E K, ſo is + the Parallclogram A G to the Parallelo- + i. 6. 
gram G K; but as GE is to EL, fois G K to KL; 


and as HE is +to EM, ſo is PE to KM; There- 
de, as the Parallelogram A G is to the Parallelogram 
GK, fo is GK to KL, and PE to K M. But as 
AG is to GK, fois} the Solid AB to the Solid EX; TD 


2 cf this, 
and as G K is to K L, ſo is the Solid EX to the Solid Rb 


| PL; and as PE is to K M, ſo is the Solid PL to 
| the Solid K O: Therefore, as the Solid AB is to the 


Solid EX, fois * E X to PL, and PL to KO: But + 11. 5. 

if four Magnitudes be continually proportional, the 

£rſt to the fourth hath Þ a triplicate Proportion of f Def. 11. 5 
that which it has to the ſecond. Therefore, alſo, the 

Solid AB, to the Solid K O, hath a triplicate Propor- 

tion of that which A B has to EX: But as AB is to 


| EX, ſo is the Parallelogram AG to the Parallelogram 
GK; and ſo is the right Line AE to the riglit 


Line EK : Wherefore the Solid A B, to the Solid 
KO, hath a Proportion triplicate of that which AE 
has to E K. But the Solid K O is equal to the Solid 
CD, and the right Line E K equal to the right Line 
CF; therefore the Solid A B, to the Solid C D, has 


| a Proportion triplicate of that which the homologous | 


Side A E has to the homologous Side C F which was 
to be demonſt1 Ap 


Crrall, From hence it is manifeſt, if Cale right Lines 
be proportional, as the firſt is to the fourth, ſo is 
a ſolid Parallelopipedon deſcrib'd upon the firſt, 
to a ſimilar ſolid Parallelopipedon, alike ſituate, do- 
ſcrib'd upon the ſecond ; becauſe the firſt to the 
fourth has a Proportion triplicate of that which it 
has to the ſecond. 


226 Euclids ELEMENTS. Book NI 
PROPOSITION XXXIV, 


T u EORE NMH. 
The Baſes and Allitudes of equal ſolid Paralltqy 


pedons are reciprocally proportional; and thij 
folid Parallelot ipedons, whoſe Baſes and Ali. 
tudes are reciprocally Proportional, are equal, 


JE T AB, CD, be equal ſolid Parallelogipedou! | 
I ſay, their Baſes and Altitudes are reciprocally 
proportional ; ; that is, as the Baſe EH is to the Baſe 
NP, ſo is the Altitude of the Solid CD to the Alt. 
SN tude of the Solid A. 
Pirſt, Let the inſiſtent Lines AG, EF, LB, HK, 
CM, N X. OD; PR, be at right Angles to thei 
Baſes : 1 ſay, as the Baſe EH is to the Baſe NP, 6 
is CM to AG. For if the Baſe EH be equi 
to the Baſe NP, and the Solid A B is equal to the 
Solid CD; the Altitude C M ſhall alſo be equal to 
the Altitude AG : For if, when the Baſes EH, NP, 
are equal, the Altitudes AG, CM, are not ſo; then NN] 
the Solid A B will not be equal to the Solid CD, but che 
it is put equal to it : Therefore the Altitude CMi 
not unequal to the Altitude A G, and fo they are ne- 
ceſſarily equal to one another; and, conſequently, b 
the Baſe E H is to the Baſe NP, ſo ſhall CM be to Pal 
AG. But now let the Baſe E H be unequal to the te 
Baſe NP, and let E H be the greater; then, fince Ba 
tte Solid A B is equal to the Solid CD, CM is greater MW * 
than AG; for, otherwiſe, it would follow, that the IM © 
 - Solids AB, CD, are not equal, which are put ſuch: iW 
Thereſors; make CT equal to AG, and complete the Baſ 
ſolid Parallelopipedon VC upon the Baſe N P, having Th 
| the Altitude CT: Then, becauſe the Solid AB s te 
equal to the Solid CD, and VC is ſome other Solid; the 
2.5. and ſince equal Magnitudes have “ the ſame Propor- C 
tion to the ſame Magnitude ; ; it ſhall be, as the Solid Ib. 
AB is to the Solid CV, ſo is the Solid C D to the | 
Solid CV: But as the Solid A B is to the Solid C V, + 
+ 32 if this ſo is + the Baſe EH to the Baſe NP; for AB, Cy, dal 
are Solids having equal Altitudes: And as the Solid 
1 25efthin, CD is to the Solid CV, ſo | is 2 the Baſe MP 0 df 1 
Hale 
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Baſe PT, and ſo is MC to C T: Therefore, as the 
[Baſe E H is to the Baſe N P, fois MC to CT. But 
CT is equal to AG; wherefore, as the Baſe EH is 
to the Baſe NP, fois MC to AG: Therefore the 

| WW Baſes and Altitudes of the equal ſolid Parallelepipedons 

AB, CD, are reciprocally proportional. 

Now, let the Baſes and Altitudes of the ſolid Pa- 

- Wrallelepipedons AB, C D, be reciprocally propor- 

tonal; that is, let the Baſe EH be to the Baſe NP, 

Ws the Altitude of the Solid CD is to the Altitude of 

„che Solid AB. I ſay, the Solid A B. is equal to the 

old C D. | 

&For, let again the inſiſtent Lines be at right Angles 

. Wto the Baſes; then, if the Baſe E H be equal to the 
Baſe NP, and E H is to NP as the Altitude of the 

„ olid CD is to the Altitude of the Solid AB; ; the 

Altitude of the Solid C D ſhall be equal to the Alti- 

0 Witude of the Solid AB. But ſolid Parallelepipedons, 

that ſtand upon equal Baſes, and have the ſame Alti- 

is tude, are * equal to each other; therefore the Solid * 31 of th . 

o Ag is equal to the Solid C D. - 

1 But now let the Baſe EH not be equal to the Baſe 

n NP, and let E H be the greater; then the Altitude of 

ut the Solid C D is greater than the Altitude of the So- 

5 lid AB; that is, C M is greater than AG: Again, 

e- put C T equal to A G, and complete the Solid CV, 

os as before; and then, becauſe the Baſe EH is to the 

to Wbaſe NP, as MC is to AG, and AG is equal 

de No CT; it ſhall be, as the Baſe EH is to the 

ce {baſe NP, fo is MC to CT: But as the Baſe EH 

er Ws to the "Baſe N P, ſo is the Solid A B to the Solid 

he C, for the Solids A B, CV, have equal Altitudes ; 

: Wand as MC is to CT; ſo is the Baſe MP to the 

Baſe PT, and fo the Solid C D to the Solid CV: 

Therefore, as the Solid AB is to the Solid CV, ſo is 

the Solid C D to the Solid CV: But fince each of : 

the Solids AB, CD, has the ſame Proportion to 

CV, the Solid A B ſhall be equal to the Solid CD; 


. was to be demonſtrated. 


he Now, let the inſiſtent Lines FE, BL, GA, K H, 
„ WAN, DO, MC, RP, not be at right Angles to the 
7 Baſs ; and from the Points F, G, B, K, X, M, D, 
id „let there be drawn Perpendiculars to the Planes 


f the Baſes E H, NP, meeting the ſame in the 
Points 
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Points 8, T, Y, V, Q, Z, a, o, and complete the 
Solids F V. X Q. Then, I ay, if the Solids AB, 
CD, be equal, their Baſes and Altitudes are recipro- 
cally proportional, viz. as the Baſe EH is to the Baſe 
NP, ſo is the Altitude of the Solid CD to the Al. 
titude of the Solid AB. 
For, becauſe the Solid AB is equal to the Sold 
» oof this. C D, and the Solid AB is * equal to the Solid BT, 
for they ſtand upon the ſame Baſe, have the ſame Al 
ti.ude, and their inſiſtent Lines are not in the ſame 
right Lines, and the Solid D C is * equal to the do- 
R D 2, ſince they ſtand upon the ſame Baſe XR, 
have the ſame Altitude, and their inſiſtent Lines are 
not in the ſame right Lines; the Solid B T ſhall be 
equal to the Solid DZ. But the Baſes and Altitude 
5 of thoſe equal Solids whoſe Altitudes are at right 
+Frm Angles to their Baſes, are Þ reciprocally proportional; 
any” ood therefore, as the Baſe F K is to the Baſe XR, ſo b 
baue, the Altitude of the Solid DZ, to the Altitude of the 
| Solid B T. But the Baſe FK is equal to the Baſe 
E, and the Baſe XR to the Baſe NP; wherefore, 
as the Baſe EH is to the Baſe NP, ſo is the Altitude 
of the Solid DZ to the Altitude of the Solid BT, 
But the Solids DZ, DC, have the ſame Altitude, and 
ſo have the Solids B | Sf B A; therefore the Baſe El 
is to the Baſe NP, an the Altitude of the Solid DU 
15 to the Altitude of the Solid AB; and fo the Baſs 
and Altitudes of equal Solids are reciprocally propor- 
tie 
A let the Baſes and Altitudes of the (ol 
Parallelepipedons AB, CD, be reciprocally propor: 
tional, Biz. as the Baſe EH is to the Paſe NP, ſo lt 
the Altitude of the Solid CD be to the Altitude of 
the Solid AB: 1 lay, the Solid A B is equal to the 
Solid F 
For, the ſame Cuntustienn remaining, becauſe the 
Rial EH is to the Baſe N P, as the Altitude of q 
Solid C D is to the Altitude of the Solid AB; and 
ſince the Baſe E H is equal to the Baſe FK, and Ne 
to XR; it ſhall be, as the Baſe FK is to the Baſe XR, 
ſo is the Altitude of the Solid C D to the Altitude d 
the Solid AB. But the Altitudes of the Solids Ah, 
BT, are the {ame ; as alſo of the Solids CD, DZ. 
therefore the Baſe FK is to the Baſe X R, Fob the 
Altitude 
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Altitude of the Solid D Z is to the Altitude of the 
Solid BT; wherefore the Baſes and Altitudes of the 


ſolid Parallelepipedons B T, D Z, are reciprocally 


proportional; but thoſe ſolid Parallelepipedons whoſe 
Altitudes are at right Angles to their Baſes, and the 


; Wy Baſes and Altitudes are reciprocally proportional, are 


equal to each other, But the Solid BT is equal to 


p the Solid BA, for they ſtand upon the ſame Baſe 


FK, have the ſame Altitude, and their inſiſtent Lines 
are not in the ſame right Lines ; and the Solid D Z 
also equal to the Solid D C, ſince they ſtand upon 
be inliſtent Lines are not in the ſame right Lines: 
Therefore the Solid A B is equal to the Solid C D; 
bh was to be demonſtrated, © 


F PROP OSI TION XXXV. 


LN ing equal Angles with the Lines firſt given, each to 


perpendicular to the Planes in which the Angles 
old Frſt given are, and right Lines be drawn to the 


pol Angles firſt given from the Points made by the 
o Perpendiculars in the Planes; thoſe right Lines 
will contain equal Angles with the elevated Lines, 


ET BAC, EDF, be two equal right-lin'd 


Angles; and from A, D, the Vertices of thoſe 
Angles, let two right Lines, AG, DM, be elevated 


F- above the Planes of the ſaid Angles, making equal 
7 Angles with the Lines firſt given, each to its corre- 
45 0 hondent one, viz. the Angle M DE equal to the 


angle GAB; and the Angle MD F to the Angle 
UAC; and take any Points G and M in the right 
Lines A G, D M, from which let GL, MN, be 
irawn perpendicular to the Planes paſſing thro' BAC, 

F, meeting the ſame in the Points L, N; and 


ACE. join 


the ſame Baſe X R, have the ſame Altitude, and their 


«> WY there be two plain Angles equal, and from the Ver- 
I. fices of thoſe Angles two right Lines be elevated 
an above the Planes, in which the Angles are,contain- 


ils correſpondent one; and if in thoſe elevated Lines 
any Points be taken, from which Lines be drawn 
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430 


*g of this, 


1 47. 1. 


18. 


join LA, ND. I fay, the Angle GAL is equal to 
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the Angle M DN. hy 
Make AH equal to DM, and thro' H let HK ivy if 
drawn parallel to GL; but GL is perpendicular u =" 
the Plane paſſing thro' BAC; therefore H K hl Ml 
be * alſo perpendicular to the Plane paſſing thro' BAC; Wl » 
Draw, from the Points K, N, to the right Lines AB, i 
AC, b E, DF, the Perpendiculars K B, KC, NE WW # 
NF; and join HC, CR, MF, FE: Then, becauſ F. 
the Square of HA is + equal to the Squares of HK, Ml t 
K A; and the Squares of K C, CA, are + equal u tv 
the Square of K A; the Square of H A ſhall be equi Ml 2! 
to the Squares of HK, KC, CA: But the Square of {i . 
HC is equal to the Squares of HK, K C; therefor Ml th 
the Square of HA will be equal to the Squares df ot 
HC and CA; and fo the Angle HCA is t a right Ml 
Angle. For the ſame Reaſon, the Angle DFM MW ** 
alſo a right Angle; therefore the Angle ACH s ta 
equal to DF M: But the Angle HAC is alſo equi ©1 
to the Angle MDF); therefore the two Triangls Ml 
MDF, HAC, have two Angles of the one equal toi ef 
two Angles of the other, each to each, and one Side Ml tb 
of the one equal to one Side of the other, viz. that Ml 4 
| which is ſubtended by one of the equal Angles, tha N 
is, the Side HA equal to DM ; and fo the other A 
Sides of the one ſhall be “ equal to the other Side Wl 
of the other, each to each: Wherefore A C is equi & 
to DF. In like manner we demonſtrate, that AB fo 
is equal to DE: For, let HB, ME, be join'd. ; then, 
becauſe the . of AH is equal to the Squares of ” 
AK and K H; and the Squares of AB, BK, ae “* 
equal to the Square of AK; the Squares of AB, BR, 
K H, will be equal to the Square of AH. But the N 
Square of BH is equal to the Squares of BK, KH; Vf 
for the Angle HK B is a right Angle, becauſe H 5 


1 4% 1. 


is perpendicular to the Plane paſfing through BAC 


is alſo a right Angle; and the Angle BAH i 
is equal to DM; therefore AB is + alſo equal t0 


therefore the Square of A H is equal to the Square 
of AB, BH : Wherefore the Angle ABH is + a right 
Angle. For the fame Reaſon, the Angle D EM 


equal to the Angle EDM, for ſo it is put; and At 
DE: And fo, ſince AC is equal to DF; and Ab 
t9 DE; the two Sides CA, AB, ſhall be equal b 


the 
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the two Sides FD, DE: But the Angle BAC is 


angle, and the other Angles to- the other Angles : 
Wherefore the Angle ACB is equal to the Angle 
DFE. But the right Angle ACK is equal to the 
right Angle DF N ; and therefore the remaining An- 


Fot the ſame Reaſon, the Angle CBK is equal to 
the Angle FEN; and fo, becauſe B C K, EFN, are 


gles, each to each, and one Side equal to one Side, 
which is at the equal Angles, viz. BC equal to EF; 
therefore they ſhall have the other Sides equal to the 
other Sides: Therefore CK is equal to FN. But AC 
3 equal to DF; therefore the two Sides AC, CK, 


tain right Angles ; conſequently, the Baſe A K is 


DM, the Square of A H ſhall be _ to the 
of DM: But the Squares of AK, E 
the Square of AH, for the Angle A KH is a right 


Angle: Therefore the Squares of AK, KH, are 
Nquare of AK is equal to the Square of DN: Where- 
fore the Square of KH remaining, is equal to the re- 
maining Square of NM; and ſo the right Line HK 
s equal to MN. And fince the two Sides HA, AK, 
xt equal to the two Sides MD, DN, each to each, 
aid the Baſe H K has been prov'd equal to the Baſe 


MDN ; which was to be demonſtrated. 


right-lin'd plain Angles equal, from whoſe Points 


Angles, containing equal Angles with the Lines firſt 


of the Angles firſt given, are equal to one another. 


equal to the Angle F DE; therefore the Baſe BC 
is equal to the baſe EF, the Triangle to the Tri-“ 4-7 


ge BCK is equal to the remaining Angle EF N. 


two Triangles, having two Angles equal to two An- 


are equal to the two Sides DF, F N, and they con- 

equal to the Baſe DN. And ſince AH is equal to 
a 5 

H, are equal to 


Angle; and the Squares DN, N M, are equal to the 
Square of D M, ſince the Angle DN M is a right 


equal to the Squares of DN, NM; of which the 


Grill, From hence it is manifeſt, that if there be two 
equal right Lines be elevated on the Planes of the 


given, each to each; Perpendiculars drawn from the 
extreme Points of thoſe elevated Lines to the Planes 
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NM, the Angle HAK ſhall be f equal to the Angle f 8. 1. 
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PROPOSITION XXXVI, 


% 


TIOREM. 


If three righe Like be proportional, the ſolid Ps. 
rallelepipedon made of them is equal to the ſolid 
Parallelepipedon made of the middle Line, i 
it be an equilateral one, and equiangular 10 the 


5 5 ee Parallelepipedon. | 


ET three right Lines A, B, C, be N 
i viz. let A be to B, as Bis to "oh I ſay, the Solid 
made of. A, B, C, is equal to the equilateral Solid 
made of B, 'equiangular to that made on A, B, C. 
Let E be a folid Angle contain'd under. the three 


plain Angeles DEG, GEF, FED; and make DE, 
GE, EF, each equal to B, and complete the ſolid 


; e 


Parallelepipedon EK: Again, put LM equal to A, 
and at the Point L, at the right Line LM, make *: 


: ſolid Angle contain'd under the plain Angles NLX, 


XLM, MLN, equal to the ſolid Angle E; and make 


LN equal to B, and LX to C: Then, becauſe Ai 


to B as B is to C; and A is equal to LM; and B to 


LN, EF, EG, or ED; and CtoLX; it ſhall be, 
as LM is to EF, ſo is GE to LX: And ſo the Sides 


about the equal Angles MLX, G EF, are recipro- 


1 14. 6, 


cally proportional. Wherefore the Parallelogram 


MX is + equal to the Parallelogram GF. And ſince 


the two plain Angles G EF, XL M, are equal, and 


the right Lines LN, ED, being equal, are erected at 


the angular Points containing equal Angles with the 


} Cor. 35. 
| of thts. 


31 of this, 


Lines firſt given, each to each ; the Perpendiculars 
drawn ꝗ from the Points N D, to the Planes drawn 
thro' XLM, GEF, are equal one to another: There- 
fore the Solids LH, 'EK, have the ſame Altitude. But 


| ſolid Parallelepipedons, that have equal Baſes, and the 


ſame Altitude, are * equal to each other ; therefore 


the Solid H L is equal to the Solid EK. But the So- 
lid HL is that made of three right Angles A, B, C; 


and the Solid E K that made 57 the right 1 B: 


Therefore, if three right Lines be proportional, the ſt- 


lid Parallelepipedon made of them is equal to the ſolid 


Paralie leprpedon made of the middle Line, if it be an 
7 5 equir 
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quilateral one, and equiangular to the aforeſaid Pa- e 
rallelepipedon 3 which was to be demonſtrated, 


PROPOSITION XXXVII 


 TrroREM.. 


If four right Lines be Proportional, the lid Pre- 
lelepipedons ſimilar, and in lite manner deſcribed 
from them, ſhall be proportional. And if the. ſo- 
lid Parallelepipedons, being ſimilar, and alike 

dieeſcribed, be properticnal, then the right Lines 
bey are deſcribed from ball be proportional, 


JET the four right Lines AB, CD, E F, G H, 
be proportional, viz. let AB de to CD, as EF is 
to GH; and let the ſimilar and alike ſituate Paralle- 
lepipedons KA, LC, ME, NG, be deſcrib'd from 
them, I ſay, K A is to LC, as ME i is to NG. 
x For, . the ſolid Parallelepipedon K A is ſimi- 
ö Jar to LC, therefore K A to L C ſhall have * a Pro- * 33 tbr. 
| portion triplicate of that which AB has to CD. For 
, the ſame Reaſon, the Solid M E to NG will have a 
p triplicate Proportion of that which EF has to GH. 
8 But A B is to CD, as EF is to GH; therefore AK 
is sto LC, as ME is to NG: And if the Solid AK be to 
f the INE) LE, as the Solid ME is to the Solid NG; 
0 I ſay, as the right Line AB is to the right Line CD, 
ö ſo is the right Line E F to the right Line GH: For, 
f becauſe AK to LC has * a Proportion triplicate of * zz 2 7 is 
that which AB has to CD; and ME to NG has a 
Proportion triplicate of that which EF has to GH; 
and ſince AK is to LC, as ME is to NG; it ſhall 
be, as AB is to C D, 22 is EF to GH. Therefore, 
| if four right Lines be proportional, the ſolid Parallele- 
bipedons ſimilar, and in like manner deſcribed from 
them, ſhall be proportional. Aud if the ſolid Parallele- 
þipedons, being ſimilar and alike deſcribed, be propor- 
tional, then the right Lines they are deſcribed from 
ſhall be Proportional; which was to be demonſtrated. 


"PE, PR O- 
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; this. 


this, 


If a Plane be perpendicular to a Plane, and q 


LE T the Plane CD be molar to the Plane 


ſome Point E be taken in the Plane C D. "I fay y, 2 
| Perpendicular, drawn from the Point E to the Plane 


EF, meeting the Plane AB in the Point F; and from 
the Point F let FG be drawn in the Plane AB per- 
. Def. 4 of pendicular to AD; this ſhall be * perpendicular to 


+ Def. 3. #FGE mall be + a right Angle. But E F is alſo 


T of 50 Triang le E 
117. 1. 


ſo it muſt neceſſarily fall on it. Therefore, if a Plane 


Section of the Planes; 3 which v was to be demonſtrated. 


Euchd's ELEMENTS. Book XI 
PROPOSITION XXXVIII. 


TAB EOR RM. 


Line be drawn from a Point in one of th 
Planes perpendicular to the ether Plaue; tha 
Perpendicular fball fall i in the common Seftin 
of the Planes. 


AB, let their common Section be AD, and let 


AB, falls on AD. 
For, if it does not, let it fall without the ſame, as 


the Plane CD; and join EG : Then, becauſe FG is 
rpendicular to the Plane CD, and the right Line 
FE, in the Plane of CD, touches it; the Angle 


at right An les to the Plane AB; therefore the 
Ang je E F G ia 8 Angle: And ſo two a 
G are equal to two right An 
gles, which is t abſurd. Wherefore a right Line, 
drawn from the Point E perpendicular to the Plane 
AB, does not fall without the right Line AD; and 


$2 


I erpendicular to a Plane, anda Line be drawn from 


Paint in one of the Planes perpendicular fo the other 


jy 3 that Perpendicular ſhall fall in the common 


7 0 l E Www > —  Yy_ > — Do 


pRO- 
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PROPOSITION XXXIX, 


+ +: | 
| the Sides of the oppoſite Planes of a ſolid Paral- 
lelepipedon be divided into two egual Parts, and 
Planes be drawn thro? their Sections; the com- 
mon Section of the Planes, and the Diameter of 
the ſolid Parallelepipedon, ſhall divide each 
other into two equal Parts | 55 


[EZ the Sides of CF, AH, the oppoſite Planes of 
the ſolid Parallelepipedon AF, be cut in half in 
the Points K, L, M, N, X, O, P, R; and let the 
Panes K N, X R, be drawn through the Sections: 
Alſo, let VS be the common Section of the Planes, 
nd DG the Diameter of the ſolid Parallelepipedon. 
lay, YS, DG, biſect each other; that is, Y T is 
equal to TS, and DT to T &. 5 

For, join DV, Y E, BS, SG. Then, becauſe DX 
b parallel to OE, the alternate Angles DXY, YOE, 
are * equal to one another. And becauſe DX is equal * 29. 1. 
to OE, and YX to YO, and they contain equal 
Angles, the Baſe DY ſhall be + equal to the Baſe YE, + 4. 1- 
and the Triangle DX Y to the Triangle Y OE, and 
the other Angles equal to the other Angles : There- 
fore the Angle X Y D is equal to the Angle OYE; 
ad ſo DYE is I a right Line. For the fame Rea- f 14. 1. 
ſon, BS G is alſo a right Line, and BS is equal to 
dG; then, becauſe CA is equal and parallel to DB, 
a alſo to EG, DB ſhall be equal and parallel to EG; 
and the right Lines DE, GB, join them: Therefore 
DE is * parallel to BG, and D, Y, G, 8, are Points“ 33-7- 
taken in each of them; and DG, 1 8, are join'd: 
Therefore DG, Y'S, are + in one Plane. And ſince DE t 7 Tb. 
parallel to BG, the Angle EDT ſhall be * equal to * 29. 1. 
the Angle BGT, for they are alternate: But the Angle 
DTY is + equal to the Angle G TS; therefore t 75-7 
DTV, GTS, are two Triangles having two An- 
vles of the one equal to two Angles of the other, as 
likewiſe one Side of the one equal to one Side of the 
other, viz. the Side DV equal to the Side G8, for 
they are Halves of DE, BG; therefore they ſhall 

RS. have 
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have the other Sides of one equal to the other Sides gf 
the other; and ſo DT is equal to T G, and YT 
_ T'S. Wherefore, if the Sides of the oppoſite Plany 
of a ſolid Parallelepipedon be divided into two equal 
Parts, and Planes be drawn thro their Sections; i); 


common Section of the Planes, and the Diameter of i 


folid Parallelepipedon, ſball divide each other inio tw 
_ equal Parts; which was to be demonſtrated. 


PROPOSITION KL. 


THEOREM. 


Tf of two triangular Priſms, one ftanding on a Bal 


which is a Parallelogram, and the other on 

Triangle, if their Altitudes from theſe Baſes ani 
equal, and the Parallelogram double lo the Tri 

angle; then thoſe Priſms are equal to each other. 


ET ABCDEF, GHKLMN, be two Prims d 


equal Altitude, the Baſe of one of which is the 


Parallelogram AF ; and that of the other the Triangk 

GHR; and let the Parallelogram AF be double to the 

Triangle GHK. I fay, the Priſm ABCDEF is equi 
1. te he Priſm GKN. 


+ 41. 1. 


For, complete the Solids AX, G0. Then, becauſe 
the Parallelogram A F is double to the Triangee 


GH K; and ſince the Parallelogram HK: is * double 


to the Triangle GH K, the Parallelogram AF ſhall be 


equal to the Parallelogram HR. But ſolid Parallelepi 


+ 31 of thx, 


128 of this. 


pedons, that ſtand upon equal Baſes, and have the ſame 
Altitude, are + equal to one another ; therefore the 
Solid A Nis equal to the Solid G O. But the Priſm 
ABCDEF is half the Solid AX, and the Priſm 
GHELMN is + half the Solid GO; therefore 
the Priſm ABCDEF is equal to the Priſm GHKLMVN, 
Wherefore, if there be two Priſms having equal Ali. 
tudes, the Baſe of one of which is a Parallelogram, ani 
that of the ather a Triangle, and if the Parallelogran 
be double to the Triangle, the ſaid Priſms ſpall be equi 
to each other, | 


The END of the ELEVENTH Book. 
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THEOREM. 


| Similar Polygons, inſcribed in Circles, are to one 
| another as the Squares of the Diameters of 


the Circles. 


are inſcrib'd the ſimilar Polygons ABCDE, 


of the Circles. I ſay, as the Square of BM 
is to the Square of G N, fo is the Polygon ABCDE 
{to the Polygon FGHKL. © © | 


For, join BE, AM, GL, FN. Then, becauſe 
the Polygon ABCDE is fimilar to the Polygon 
IFGHKL, the Angle BAE is equal to the Angle 


GFL; and BA is to AE, as GF is to FL: There- 
fore the two Triangles BAE, GFL, have one Angle 
{of the one equal to one Angle of the other, viz. the 
Angle BAE equal to the Angle GF L, and the Sides 


| about the equal Angles proportional, Wherefore the 


GL; 


I riangle ABE is *. equiangular to the Triangle F 3 
| Ss ro ind 


, . * — : 2 i , 
” +. « . —— * 8 — — #28. 0 N * 7 * % ES , 
o * O 1 CJ \ ; 1 2 
: 1. ; Y ; , 'k . I" « , 8 
14 | =” 
* , * . ; Q : 7 A 
ws *% A . * # — * 1 1 
7 Hh 2” ; . +. f + 4 
Th, W 2 LEES | r FE © * 


ET ABCDE, F GHKL, be Circles, wherein 
_ - FGHKL; and let BM, GN, be Diameters 


6. 6, 


2 38 


21.3. 


131.3. 


But the Angle AER is “ equal to the Angle AMz, 
for they ſtand on the ſame Circumference; and th 


But the right Angle BAM is + equal 4 the right | 
Angle G 


quently, 
the Propor 
of GN: i is duplicate 
GN; and the Proportion of the 1 ABCDE 


ABCDE to the 
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and fo the Angle AE B is equal to the Angle FLG. 


Angle FLG is + equal to the Angle FN G: Ther. 
fore the 112 AM is equal ts the Angle F NG, 


N ; wherefore the I Angle ſhall be 
equal to the other Angle: And ſo the Triangle AM} 


is equiangular to the Triangle FGN; and _ 
= s BM is to GN. BA GF. 3 8 


tion of the 0 uare of B M to the Ihe: 
of the Proportion of BMt 


to the Polygon FGHKL is + duplicate of the Pro- 
ortion of BA to GF: Wherefore, as the Square of 
M is to the Square of GN, fo is the Polygon 
olygon FG HK I. Therefore 
ſimilar Polygons, . inſcribed in Circles, are to one an- 
other as the Squares of the Diameters of the Circles; 
which was to be demonſtrated. 


LEMMA 


If tes be tos 3 Mag- 
nitudes propos d, and from  D 
the greater be taken a Part A | A 
greater than its Half; and | * I | 
if from what remains there | | 
be again taken a Part H | | | iﬀ 
greater than half this Re- |} 
mainder; and again from 
this laſt Remainder a Part 
greater than its Half, and | | 
if this be done cominually, | | 
there will remain at laſt 1 
Magnitude that ſball be B C 
leſs than the leſſer of the 
 propos'd Magnitudes, 


LET AB and C be two unequal Magnitudes, 
whereof AB is the greater: I ſay, if from AB 
be taken a greater Part than half, and from the Part 

remaining 


8 &( 
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remaining there be again taken a Part greater than its 
alf, and this be done continually, there will remain 
e, at laſt, that ſhall be leſs than the Magni- 
tude C. $ „„ | 9 
For C, being ſome Number of Times multiplied, 
will become greater than the Magnitude AB. Let 
it be multiplied, and let DE be a Multiple of C 


HK greater than half AH, and from AK a Part 
that are in A B, are equal in Number to the Diviſions 
in D E: Therefore let the Diviſions AK, KH, HB, 


be equal in Number to the Diviſions DF, FG, GE. 
Then, becauſe DE is greater than AB, and the Part 


is greater than HA; and G F, being half of G D, is 
half H A, is taken from this likewiſe; the Part re- 


ing AK: But FD is equal to C; therefore C is 


Book, 
PROPOSITION I. 
TauroREM 


Diameters. 


JET ABCD, EFGH, be Circles, whoſe Dia- 


greater than half AK, and ſo on, until the Diviſions, 


EG is taken from ED, being leſs than half thereof, 
and the Part B H, greater than half of AB, is taken 
from it, the Part remaining, G, ſhall be greater 
than the Part remaining HA. Again, becauſe GD 


taken from the ſame ; and H K, being greater than 
maining, FD, ſhall be greater than the Part remain- 


greater than AK; and ſo the Magnitude AK is 
leſſer than C: Therefore the Magnitude A K, being 
the Part remaining of the Magnitude A B, is leſs 

than the leſſer propos'd Magnitude C; which was to 
be demonſtrated. If the Halves of the Magnitudes 
ſhould have been taken, we demonſtrate this after the 
lame manner. This ts the firſt Propoſition of the tenth 


Circles are to each other as the Squares of their 


meters are BD, FH. I fay, as the Square of 
BD is to the Square of F H, fo the Circle ABC D 
s to the Circle E FGH. f For, 


239 


geater than A E; divide DE into Parts DF, FG, 
GE, each equal to C; and take BH, a Part greater than 
half of AB, from A B, and again from A H the Part 


240 


5 * 41. To 


HE, be biſected in the Points K, L, M, N; and join 
EEK, KF, FL, LG, GM, MH, HN, NE : Then 


be drawn thro? the Points K, L, M, N, and the Paril- 
lelograms that are on the right Lines EF, FG, GH, 
HE, be completed, each of the Triangles EKF, FLG, 


rallelogram; wherefore each of the Triangles EKT, 


FLG, GMH, HN E, is greater than one half of the 


you do thus continually, there will at laſt remain 
degments of the Circle, that ſhall be leſs than the Ex- 


and if from the greater a Part greater than half be 


there will at laſt remain a Magnitude that will be lets 
than the leſſer propos'd Magnitude. Let the Seg- MW x: 
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For, if it be not ſo, the Square of BD ſhall be 
the Square of F H, as the Circle ABCD is to fone 
Space either leſs or greater than the Circle EF Gy, 
Firſt let it be to a Space 8, leſs than the Circle EFG, 
and let the Square E F GH be deſcrib'd therein. 
+ This Square EFG H will be greater than half th 
Circle EFGH ; becauſe, if we draw Tangents to the 
Circle thro” the Points E, F, G, H, the Square EFGH 
will be half that deſcrib'd about the Circle: But the 
Circle is leſs than the Square defcrib'd about it; there- 
fore the Square EFGH is greater than half the Circl: 
EFGH. Let the Circumferences EF, FG, GH, 


each of the Triangles EKF, FLG, GMH, HNE, 
will be“ greater than one half of the Segment of the 
Circle it ſtands in; becauſe, if Tangents at the Circle 


GMH, HNE, is half of each of the correſponding 
Parallelograms : But the Segment is leſs than the Pa- 


Segment of the Circle in which it ſtands : Therefore, 
if theſe Circumferences be again biſected, and right 
Lines be drawn joining the Points of Biſection, and 


ceſs by which the Circle EF G H exceeds the Space 
S. Forit is demonſtrated, in the foregoing Lemma, 
that if there be two unequal Magnitudes propos'd, 


taken from it, and again from the Part remaining a Part 
greater than half be taken, and you do this continually, 


ments of the Circle EF GH, on the right Lines EK, WM 7 
KF, FL, LG, GM, MH, HN, NE, be thoſe i 
which are leſs than the Exceſs whereby the Circle 

EF GH exceeds the Space S; and then the re- 


maining Polygon EKF LGM H N ſhall be greater 


than the Space 8. Alſo, deſcribe the Polygon 
AX BOCPDR in the Circle ABC D, ſimilar to the 


Polygon 


Book XII, Euclids ELEMENTS. 
Polygon EKFLGMHN. Wherefore, as the Square 


of FD is to the Square of F H, ſo is the Polygon 


AXBOCPDR to“ the Polygon EKFLGMHN. * 1 bin 
But as the Square of BD is to the Square of FH, ſo is 


the Circle ABCD to the Space 8: Wherefore, as the 
Circle ABC is to the Space 8, ſo is Þ the Polygon f 11. 5. 
AX BOC PDR to che Polygon ER FDGMEN. 
But the Circle ABCD is greater than the Polygon in 

it; wherefore the Space 8 ſhall be f alſo greater 


than the Polygon EK FLGMHN: Rut it is leſs f, f Fre the 


Ikewiſe, which is abſurd ; therefore the Square of 79% 
BD to the Square of FH, is not as the Circle ABCD 
to ſome Space leſs than the Circle EF GH. After 
the ſame manner we likewiſe demonſtrate, that the 
Square of F H to the Square of B D is not as the Cir- 
ce EFGH to ſome dan leſs than the Circle ABCD. 
Laſtly, I fay, the Square of BD to the Square 
of F H, is not as the Circle AB C D to ſome Space 
greater than the Circle EF GH; for, if it be poſſible, 
let it be fo, and let the Space $ be greater than the 
Circle EFGH : Then it ſhall be (by Inverſtons) as the 
Square of F H is to the Square of BD, fo is the Space 
| $ to the Circle ABCD. But becauſe $ is greater than 
the Circle EFG H, the Space ſhall be to the Circle 
ABCD, as the Circle EFGH is to ſome Space leſs 
than the Circle ABC P: Therefore, as the Square 


of FH is to the Square of BD, ſo is “ the Circle 11. 5. 


EFGH to ſome Space leſs than the Circle ABCD, 
which has been demonſtrated to be impoſlible where- 
| fore the Square of B D to the Square of FH, is not 
as the Circle ABCD to ſome Space greater than the 
| Circle EFG H: But this alſo has been prov'd, that 


the Square of B D to the Square of F H, is not as the 


Circle AB C D to ſome Space leſs than the Circle 
| EFGH : Wherefore, as the Square of BI is to the 
Square of F H, ſo ſhall the Circle ABC D be to the 
Circle EFGH. Wherefore, Circles are to each other 


as the Squares of their Diameters 3 ; which was to be 


| demonſtrated. 


PR O- 


Euchd's ELEMENTS. Book III 
PROPOSITION II. 


THEOREM. 


Every Pyramid, having a triangular Baſe, mol: 


divided into two Pyramids, equal and ſimily 


| to one another, having triangular Baſes, ay 


ſimilar to the whole Pyramid, and into tn 
equal Priſms, which two Priſms are grau 
than the Half of the whole Pyramid. 


Lr. dere be a Pyramid, whoſe Baſe is the ria 


ABC, and Vertex the Point D. I ſay, the 
Pyramid AB C D may be divided into two Pyramid; 
equal and ſimilar to one another, having triangular 
Baſes, and ſimilar to the Whole; and into two equal 
Priſms, which two Priſms. are greater than the Half of 
the whole Pyramid. 5 
For, biſect AB, BC, CA, AD, DB, DC, in the 
Points E, F, G, H, K, L; and join EH, EG, GI, 


HK, KL, LH, EK, KF, FG: Then, becauſe AE 
is equal to EB, and AH to HD, EH ſhall be * pa- 
rallel to DB: For the ſame Reaſon, H K alſo is pa- 


rallel to AB; therefore HE BK is a Parallelogram; 


and ſo HK is + equal to EB: But EB is equal to AE; 


therefore A E ſhall be alſo equal to HK: ButAHs 


equal to HD; wherefore the two Sides AE, AH, 


are equal to the two Sides KH, HD, each to each, and 


the Angle EAH is + equal to the Angle K HD; 


wherefore the Baſe EH is “ equal to the Baſe KD; 


and fo the Triangle AE H is equal and ſimilar to the 
Triangle HK D. For the ſame Reaſon, the T'riangk 


AHG ſhall alſo be equal and ſimilar to the Triangle 
HLD; and becauſe the two right Lines E H, HG, 


touching each other, are parallel to the two right Lines 


+ 10. 11. | 


. 4. 1. 


K D, DL, touching each other, and not in the fame 


Plane with them, they ſhall contain + equal Angles. 
Therefore the Angle EHG is equal to the Angle 
K DL. Again, becauſe the two Sides EH, HG, are 
equal to the two Sides K D, DL, each to each, and 
the Angle EHG is equal to the Angle K DL, the 
Baſe E G ſhall be * equal to the Baſe K L; and 
therefore the Triangle EH G is equal and ſimilar to 
the Triangle K DL. For the ſame Reaſon, the 115 
| angle 


od 


=» — — » Wu 
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angle AEG is alſo equal and ſimilar to the Triangle 
HK L; wherefore the Pyramid whoſe Baſe is the 
Triangle AEG, and Vertex the Point H, is equal and 
ſimilar to the Pyramid whoſe Baſe is the Triangle 
HK L, and Vertex the Point D. And becauſe HK 
is drawn parallel to the Side AB of the Triangle 
ADB, the Triangle ADB ſhall be equiangular to the 


Triangle D K H, and they have their Sides propor- 


tional; there forè the Triangle ADB is ſimilar to 
the Triangle DHK. And, for the ſame Reaſon, the 
Triangle DBC is ſimilar to the Triangle DKL; and 
the Triangle AH G to the Triangle DHL. And 


E ſince the two right Lines BA, AC, touching each 


other, are parallel to the two Lines KH, HL, touch- 
ing each other, not being in the ſame Plane with them, 
theſe ſhall contain equal Angles ; therefore the An- 


ele BAC is equal to the Angle K HL. And BA is 


to AC, as K H is to HL; wherefore the Triangle 
ABC is ſimilar to the Triangle HKL; and fo the Py- 


| ramid, whoſe Baſe is the Triangle ABC, and Vertex 


the Point D, is ſimilar to the Pyramid, whoſe Baſe is 

the Triangle HK L, and Vertex the Point D. But 
the Pyramid, whoſe Baſe is the Triangle HKL, and 
Vertex the Point D, has been prov'd fimilar to the 
Pyramid whoſe Baſe is the Triangle AEG, and Ver- 
tex the Point H; therefore the Pyramid whoſe Baſe 
is the Triangle A BC, and Vertex the Point D, is ſi- 
milar to the Pyramid whoſe Baſe is the Triangle AEG, 

and Vertex the Point H: Wherefore both the Pyra- 
mids AE GH, HELD, are ſimilar to the whole Py- 


| ramid ABCD. And becauſe BF is equal to FC, 


the Parallelogram EBF G will be double to the Tri- 


angle GFC, And ſince there are two Priſms of equal 


Altitude, one of which has that Parallelogram for a 
Baſe, and the other the Triangle, and the Parallelo- 
gram is double to the Triangle; thoſe Priſms will be 
T equal to one another: Therefore the Priſm con- + 40. 11, 


| tain'd under the two Triangles BE F, EH G, and 


the three Parallelograms E BF G, EBKH, KHGF, 


| is equal to the Priſm contain'd under the two Triangles 


GFC, HKL, and the three Parallelograms KFCL, 
LCGH, HK FG. And it is manifeſt, that each of 
thoſe Priſms, the Baſe of one of which is the Parallelo- 
gram EBGF, and oppoſite Baſe to that the right Line 

| = + K H, 


tex the Point K, is equal to the 


is greater than the Pyramid whoſe Baſe is the Ti. 
angle AE G, and Vertex the Point H. But the Prin 
whoſe Baſe is the Parallelogram E BF G, and opp if 
Priſm whoſe Baſe is the Triangle GF C, and oppo- 
the Point H, is equal to the Pyramid whoſe Baſe i; 
the Triangle HKL, and Vertex the Point D: There 


ſaid two Pyramids, whoſe Baſes are the Triangle 
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KH, and the Baſe of the other Triangle Ge, 
and the oppoſite Baſe to this, the Triangle K LH, 2; 
greater than either of the Pyramids, whoſe Baſes xx 


the Triangles AEG, HEL, and Vertices the Point 


H and D. For ſince, if the right Lines EF, EH, If 
be join'd, the Priſm, whoſe Baſe is the Parallelogran 


K H, is greater than the Pyramid, whoſe Baſe is the 


Triangle EBF, and Vertex the Point K. But the 


| 

þ 

EB FG, and oppoſite Baſe to that the right Line , 
6 

F 


Pyramid whoſe Baſe is the 1 EBF, and Ve. 
yramid whoſe Bite 


is the Triangle AE G, and Vertex the Point H; fu 


they are contain'd under equal and ſimilar Planes: 
Wherefore the Priſm whoſe Baſe is the Parallelogran 


E BF G, and oppoſite Baſe to it the right Line HK, 


ſite Baſe to it the right Line H K, is equal to the 


fite Baſe to this the Triangle HKL; and the Pyn- 
mid whoſe Baſe is the Triangle AEG, and Verte 


fore the two Priſms aforeſaid are greater than the 


AEG, HK L, and Vertices the Points H, D: And 
ſo the whole Pyramid whoſe Baſe is the Triangk 
ABC, and Vertex the Point D, is divided into two 
equal Pyramids, ſimilar to each other, and to the 
Whole; and into two equal Priſms, which two 


Priſms, together, are greater than half of the whole c 
Pyramid. Therefore every Pyramid, having a tri. : 
angular Baſe, may be divided into two Pyramids, equi N + 
and ſimilar to one another, having triangular Baſe, I , 
and ſimilar to the whole Pyramid; and into two eſu : 
Prijms, which two Priſms are greater than the Half © 


the whale Pyramid ; which was to be demonſtrated. 


* 


de RQ. 
EF to FQ it ſhall be, as BC is to C, ſo is EF to 
FQ: And ſince there are deſcrib'd upon B C, CX, 
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PROPOSITION IV. 
TH RBOREM. 
If there are two Pyramids of the ſame Altitude, 
having triangular Baſes, and each of them be di- 
vided into two Pyramids, equal to one another, 
and ſimilar to the Whole, as alſo into two equal 
Priſms ;, and if, in like manner, each of the two 


Pyramids, made by the former Diviſion, be di- 
vided, and this be done continually ; then, as the 


Baſe of one Pyramid is to the Baſe of the other 


Pyramid, ſo are all the Priſms that are in one 
Pyramid, to all the Priſms that are in the other 


Pyramid, being equal in Mullitude. 


| FE T there be two Pyramids of the ſame Altitude, 


having the triangular Baſes ABC, DEF, whoſe 


Vertices are the Points G, H ; and let each of them be 


divided into two Pyramids, equal to one another, and 
ſimilar to the Whole, and into two equal Priſms ; and 
if, in like manner, each of the Pyramids, made by the 
former Diviſion, be conceiv'd to be divided, and this 
be done continually ; I ſay, as the Baſe ABC is to 


the Baſe DE F, ſo are all the Priſms that are in the 
Pyramid AB CG, to all the Priſms that are in the 


Pyramid DE F H, being equal in Multitude. 
For, ſince BX is equal to XC, and AL to LC; 


XL ſhall be * parallel to AB, and the Triangle ABC » 


ſimilar to the Triangle L XC. For the ſame Reaſon, 
the 18 DEF ſhall be alſo ſimilar to the Trian- 
and becauſe B C is double to CX, and 


right-lin'd Figures ABC, L XC, ſimilar and alike 
ſituate, and upon EF, FO, right-lin'd Figures DEF, 
ROF, ſimilar and alike ſituate; therefore, as the 


Triangle BAC is to the Triangle LX C, ſo is þ the + 22. 6. 


Triangle D E F to the Triangle RF; and (by Al- 


245 ; 


2. 6. 


ternation) as the Triangle ABC is to the Triangle 


DEF, ſo is the Triangle LXC to the Triangle RQF. 
| But as the Triangle LX C is to the Triangle RQ, 


ſo is + the Priſm, whoſe Baſe is the Triangle LX C, f 28. an4 


and oppoſite Baſe to that the Triangle OMN, to the 32. 11. 


= 2 ” Priſm, 
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Priſm, whoſe Baſe is the Triangle RQfF, and oppo- 
| ſite Baſe to that the Triangle STV; therefore, as the 


Triangle ABC is to the Triangle DE F, ſo is * the 
Priſm whoſe Baſe is the Triangle L XC, and oppoſite 
Baſe to that the Triangle OM N, to the Priſm whoſe 
Baſe is the Triangle RF, and oppoſite Baſe to that 
the Triangle ST V: And becauſe the two Priſms that 


are in the Pyramid AB C G are equal to one another, | 


as alſo thoſe two that are in the Pyramid DE FH; it 
ſhall be, as the Priſm whoſe Baſe is the Parallelogram 


KL XB, and oppoſite Baſe to that the right Line 


MO, is to the Priſm whoſe Baſe is the Triangle 
LXC, and oppoſite Baſe to that the Triangle OMN, 
ſo is thePriſm whoſe Baſe is the Parallelogram EPRQ, 
and oppoſite Baſe to that the right Line ST, to 
the Priſm whoſe Baſe is the Triangle RQ, and 
oppoſite Baſe to that the Triangle STV: Therefore, 


(by compounding) as the Priſms KBX LMO, 


LXCMNO, to the Priſm L XCMNO, ſo the 
Priſms PEQRST, RQFSTY, to the Prim 


RQFSTY : And (by Alternation) as the Priſms 


KBXLMO, LXCMNO, to the Priſms PEQRST, 
RQFSTY, fo the Priſm LXCM NO, to the 


Priſm R FST Y: But as the Priſm LXCMN0 


s to the Priſm RF S T I, ſo has the Baſe LXC 


been prov'd to be to the Baſe RFQ ; and ſo the Baſe 


ABC to the Baſe DEF: Therefore, alſo, as the Ti. 
angle ABC is to the Triangle DEF, ſo are the two 
Priſms that are in the Pyramid ABCG, to the two 


Priſms that are in the Pyramid DEF H. I, in 


the ſame manner, each of the Pyramids O M NG, 
STV, made by the former Diviſion, be divided, it 
ſhall be, as the Baſe OMN is to the Baſe S T V, ſo 
the two Priſms that are in the Pyramid OM NG, to 
the two Priſms that are in the Pyramid 8 T V H. But 
as the Baſe OVN is to the Baſe STY, fo is the Bak 
ABC to the Baſe DEF : Therefore, as the Baſe 
ABC is to the Baſe DEF, fo are the two Priſins that 
are in the Pyramid A BC G, to the two Priſms that 
are in the Pyramid DEF H; and fo the two Priſms 
that are in the Pyramid OM NG, to the two Priſms 
that are in the Pyramid 8 T VH; and ſo the four to 
the four. We demonſtrate the ſame of Priſms made 
by the Diviſion of the Pyramids AK LO, DPR, 

Mn and 
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and of all other Priſms, being equal in Multitude ; 
which was to be demonſtrated. 5 


* "PROPOSITION . 


Pyramids of the ſame Altitude, and having trian- 


gular Baſes, are to one another as their Baſes, 


ET there be two Pyramids of the ſame Altitude, 

having the triangular Baſes AB C, DEF, whoſe 

Vertices are the Points G, H. I ſay, as the Baſe ABC 
is to the Baſe DEF, ſo is the Pyramid ABCG to the 
/ ons © 
For, if it be not ſo, then it ſhall be, as the Baſe 


= ABC is to the Baſe DEF, fo is the Pyramid ABCG 


to ſome Solid greater or leſs than the Pyramid 
DEFH. Firſt, let it be to a Solid leſs, which let be Z, 
and divide the Pyramid DEFH into two Pyramids 
equal to each other, and ſimilar to the Whole, and 
into two equal Priſms ; then theſe two Priſms are 
greater than the half of the whole Pyramid: And, 
again, let the Pyramids, made by the former Diviſion, 
be divided after the ſame manner, and let this be done 


| continually, until the Pyramids in the Pyramid 

DEF are leſs than the E yra- 

mid DEF H exceeds the Solid Z. Let theſe, for Ex- 
ample, be the Pyramids DPRS,STYH; then the 


xceſs by which the Pyra- 


Priſms remaining in the Pyramid DEF H, are greater 


than the Solid Z: Alſo, let the Pyramid AB CG 


be divided into the ſame Number of ſimilar Parts as 


| the Pyramid DEFH is; and then, as the Baſe ABC C 


is to the Baſe DEF, ſo * the Priſms that are in the * 4 


Pyramid AB CG, to the Priſms that are in the Pyra- 


mid DE FH. But as the Baſe ABC is to the Baſe 
DEF, ſo is the Pyramid AB C G to the Solid ; 


and therefore, as the Pyramid AB CG is to the Solid 

, ſo are the Priſms that are in the Pyramid ABCG, 
to the Priſms that are in the Pyramid DEF H. But 

the Pyramid AB CG is greater than the Priſms that 


are in it; wherefore, alſo, the Solid Z is greater 


than the Priſms that are in the Pyramid DEFH. But 
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of this, 
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From what it is leſs, * alſo, which is abſurd ; therefore the Baſe 


bas been al- 
ready demon - 


ftrated, 


Pyramid ABCG to ſome Solid greater than the Pyre- 
ABC to the Baſe DEF, is not as the Pyramid ABCG 
to ſome Solid leſs than the Pyramid DE FH; where- 

fore, as the Baſe ABC is to the Baſe D E F, fo is the 

Pyramid AB CG to the Pyramid DEF H. There 


angular Baſes, are to one another as their Baſe; 


Pyramids of the ſame Altitude, and having polygo- 


greater than the Pyramid DEFH. For, if this is poſ- 
ſible, let it be to the Solid I, greater than the Pyra- 
mid DEF H; then (by Inverſion) the Baſe DEF 
ſhall be to the Baſe ABC, as the Solid I to the Pyra- 
mid ABCG: But ſince the Solid I is greater than the 
Pyramid ED FH, it ſhall be, as the Solid I is to the Py- 
ramid AB C G, ſo is the Pyramid DE FH to ſome 
Solid leſs than the Pyramid AB CG, as juſt now has 


and let their Vertices be the Points M, N. I ſay, as the 
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ABC to the Baſe DEF, is not as the Pyramid 
AB CG to ſome Solid leſs than the Pyramid DEFY, 
After the ſame manner we demonſtrate, that the Baſe 
DEF to the Baſe ABC, is not as the Pyramid 
DEFH to ſome Solid leſs than the Pyramid ABCG: 
Therefore, I ſay, neither is the Baſe ABC to the 
Baſe DEF, as the Pyramid A B C G to ſome Solid 


been prov'd ; and fo, as the Baſe DEF is to the Baſe 
ABC, ſo is the Pyramid DE FH to ſome Solid leſs 
than the Pyramid A BCG, which is abſurd : There- 
fore the Baſe ABC to, the Baſe DE F, is not as the 


mid DEFH. But it has been alſo prov'd, that the Baſe 


fore Pyramids of the ſame Altitude, and having iri- 
which was to be demonſtrated. | 
PROPOSITION VL 
THEOREM. 
nous Baſes, are to one another as their Baſes, 


L there be Pyr amids of the ſame Altitude, which 
have the polygonous Baſes ABC DE, FG HKL, 


DB rtr en e n pm op p< = 2 S2 5 8 F N © cu wy MR Ow 


Baſe ABCDE is to the Baſe FGHKL, ſo is the Pj- 
ramid ABCDEM to the Pyramid FGHKLN. 


For, 
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For, let the Baſe ABCDE be divided into the Tri- 
angles ABC, AC D, ADE; and the Baſe FGHKL 
into the Triangles FG H, FH K, FKL; and let 
Pyramids be conceiv'd upon every one of thoſe Tri- 
angles of the ſame Altitude with the Pyramids ABC, 
DEM, FGHKLN: Then, becauſe the Triangle 
ABC is 1 
ABCM is to the Pyramid AC DM; and (by com- 
pounding) as the Trapezium AB CD is to the Tri- 
angle A CD, fo is the Pyramid AB CDM to the 
Pyramid AC DM: But as the Triangle AC is to 
the Triangle A D E, ſo is * the Pyramid AC DM to 


| the Pyramid ADE M. Wherefore, (by Equality of 
Proportion) as the Baſe AB CD is to the Baſe ADE, 


ſo is the Pyramid ABCDM to the Pyramid ADEM : 


| And again, (by Compoſition of Proportion) as the 
| Bale ABCDE is to the Baſe ADE, fo is the Pyra- 

| mid ABCDEM to the Pyramid ADE M. For the 
| ſame Reaſon, as the Baſe FG HK L is to the Baſe 
FR, fois the Pyramid FG HKL N to the Pyra- 


mid FK LN: And fince there are two Pyramids 


ADE M, FELN, having triangular Baſes, and the 
| fame Altitude; the Baſe ADE ſhall be * to the Baſe 
FK L, as the Pyramid ADEM to the Pyramid 
FKLN: And ſince the Baſe ABCDE is to the Baſe 
| ADE, as the Pyramid ABCDEM is to the Pyra- 
mid ADE M; and as the Baſe ADE is to the Baſe 
FK L, fo is the Pyramid ADE M to the Pyramid 
FKLN; it ſhall be, (by Equality of Proportion) 

as the Baſe AB CD E to the Baſe FK L, ſo is the 
Pyramid ABC DEM to the Pyramid FELN : But 
as the Baſe FK L is to the Bifſe FGH KL, ſo was 
the Pyramid FK LN to the Pyramid FGHER LN, 
Wherefore, again, (by Equality of Proportion) as the 

{ Bile ABCDE is to the Baſe FGHK L, ſo is the 
| Prramid ABCD E M to the Pyramid FGHE LN. 
Therefore Pyramids of ths ſame Altitude, and having 
| polygonous Baſes, are io one another as their Baſes ; 
| which was to be demonſtrated. | _ LE 
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the Triangle A CD, as * the Pyramid“ 5 bit. 
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PROPOSITION VII. 


THEO REM. 


Every Priſm, having a triangular Baſe, may he 
divided into three Pyramids equal to one an. 
other, and n triangular Baſes. 


ET there be a Priſm whoſe Baſe is the Triangle 
ABC, and oppoſite Baſe to that the Triangle 


a8: DEF. I ay, the Prifin ABCDEF may be divided into 


T 6 of this, 


the three equal Pyramids, that have triangular Baſes, 


For, join BD, EC, CD: Then, becauſe ABED 
is a Parallelogram, whoſe Diameter is B D, the Tri- 
angle ABD ſhall be * equal to the Triangle E BD, 
Therefore the Pyramid whoſe Baſe is the Triangle 
ABD, and Vertex the Point C, is + equal to the Py- 
ramid whoſe Baſe is the Triangle E D B, and Vertex 


the Point C. But the Pyramid whoſe Baſe is the 


Triangle EDB, and Vertex the Point C, is the 


ſame as the Pyramid whoſe Baſe is the Triangle 
EBC, and Vertex the Point D; for they are con- 


tain'd Hes the ſame Planes : Thirelote the Pyra- 
mid, whoſe Baſe is the Triangle AB D, and Vertex 


the Point C, is equal to the Pyramid whoſe Baſe i Is 


the Triangle EB C, and Vertex the Point D. Again, 


becauſe F "CBE is a Parallelogram, whoſe Diameter 
is CE, the Triangle ECF ſhall be * equal to the Tri- 
angle CBE; ; and fo the Pyramid whoſe Baſe is the 
Triangle BEC, and Vertex the Point D, is + equal to 
the Pyramid, whoſe Baſe is the Triangle ECF, and 


Vertex the Point D. But the Py ramid whoſe Baſe is 


the Triangle BCE, and Vertex the Point D, has been 


prov'd equal to the Pyramid whoſe Baſe is "the Tri- 
angle A BD, and Vertex the Point C : Wherefore, 


alſo, the Pyramid, whole Baſe is the Triangle CEF, 


and Vertex the Point D, is equal to the Pyramid, 
whoſe Baſe is the Triangle ABD, and Vertex the 
Point C; therefore the Priſm ABC DEF! is divided 
into three Pyramids equal to one another, and having 
triangular Baſes. And becauſe the Pyramid, whoſe 
Baſe is the Triangle AB D, and Vertex the Point 
C, is the ſame with the Pyramid whoſe Baſe 1s 
the Triangle CAB, and Vertex the Point D; 125 

they 
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they are contain'd under the fame Planes; and the Py- 


amid, whoſe Baſe is the Triangle AB D, and Ver- 
tex the Point C, has been prov'd to be a third Part 


| of the Priſm, whoſe Baſe is the Triangle ABC, and 


oppoſite Baſe to that the Triangle DEF: Therefore, 
alſo, the Pyramid, whoſe Baſe is the Triangle ABC, 
and Vertex the Point D, is a third Part of the Priſm 
having the ſame Baſe, viz. the Triangle ABC, and 
the oppoſite Baſe the Triangle DEF; which was to 
be demonſtrated, _ „ 


Corll, 1. It is manifeſt, from hence, that every Py ra- 

mid is a third Part of a Priſm, having the ſame Baſe, 
and an equal Altitude; becauſe, if the Baſe of a 
Priſm, as alſo the oppoſite Baſe, be of any other 
Pigure, it may be divided into Priſms having trian- 
gular Baſes. „„ 

2. Priſms of the ſame Altitude are to one another as 

their Baſes. „ 1.5 


PROPO SITION VIII. 


, nn 
Similar Pyramids, having triangular Baſes, are in a 


. triplicate Proportion of their homologous Sides. 


LET there be two Pyramids ſimilar and alike ſituate, 


having the triangular Baſes ABC, DEF; and let 


| their Vertices be the Points G, H. I ſay, the Pyramid 


ABC G to the Pyramid DEF H, has a Proportion tri- 
plicate of that which B C has to E. 
For, complete the ſolid Parallelepipedons BGML, 
EHPO ; then, becauſe the Pyramid ABCG is fimi- 
lar to the Pyramid DE FH, the Angle ABC ſhall 
be * equal to the Angle DE F, the Angle G BC#»pyy9.u 
equal to the Angle HE F, and the Angle AB E 
equal to the Angle DE H: And B is to DE, as 
BC is to EF; and fois BG to EH. Therefore, 


| becauſe AB is to DE, as BC is to EF; and the 


vides about the equal Angles are proportional; the 

Parallelogram B M ſhall + be ſimilar to the Parallelo- + 6. 6. 

gram EP. For the ſame Reaſon, the Parallelogram 

3N is ſimilar to the Parallclogram ER, and the Pa- 
rallelogram 
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rallelogram B K to the Parallelogram EX. Then. 


fore three Parallelograms BM, K B, BN, are finj. 
lar to three Parallelograms EP, EX, ER. But the 
three MB, BK, BN, are equal and ſimilar to the 
three oppolite ones; as alſo the three EP, EX, ER: 
Therefore the Solids BG M L, EH PO, are con. 
tain'd under equal Numbers of ſimilar and equi 
Planes; and, conſequently, the Solid BG M L is. 


milar to the Solid E HPO. But ſimilar ſolid Para 


lelepipedons are * to each other in a triplicate Pro- 


portion of their homologous Sides; therefore the 


Solid BG ML to the Solid EH PO, has a Propor- 
tion triplicate of that which the homologous Side 
B C has to the homologous Side EF. But as the 


Solid BCML is to the Solid EH P O, fois +the 


Pyramid AB CG to the Pyramid DE F. H; for the 


Pyramid is the one ſixth Part of that Solid, ſince the 


Priſm, which is the half of the ſolid Parallelepipedon, 
is triple of the Pyramid. Wherefore the Pyramid 
AB CG to the Pyramid DE F H, ſhall have a tri 


plicate Proportion to that which B C has to EF; 


which was to be demonſtrated, _ 


Coroll. From hence it is manifeſt, that ſimilar Pyra- 


mids, having polygonous Baſes, are to one another 
in a triplicate Proportion of their homologous Sides, 
For, if they be divided into Pyramids having trian- 
gular Baſes; becauſe their ſimilar polygonous Baſes 
are divided into ſimilar Triangles equal in Number, 
and homologous to the Wholes; it ſhall be, as one 
Pyramid, having a triangular Baſe in one of the Py- 
ramids, is to a Pyramid having a triangular Baſe in 
the other Pyramid; fo are all the Pyramids, having 
_ triangular Baſes in one Pyramid, to all the Pyramids 
having triangular Baſes in the other Pyramid ; that 
is, ſo is one of the Pyramids, having the polygonous 
| Baſe, to the other: But a Pyramid, having a trian- 
| gular Baſe to a Pyramid having a triangular Baſe, 
is in a triplicate Proportion of the homologous 
Sides. Therefore one Pyramid, having a polygonous 
| Baſe to another Pyramid having a ſunilar Baſe, is in 
a triplicate Proportion of their homologous Sides. 


P R O. 
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PROPOSITION N. 
THEOREM. 
be Baſes and Altitudes of equal Pyramids, having 


triangular Baſes, are reciprocally proportional; 


whoſe Baſes and Altitudes 6 are reciprocally pro- 
portional, are equal. 


| ET there be equal Pyramids having the triangu- 
lar Baſes ABC, DEF, and Vertices the Points 
„H. I fay, the Baſes and Altitudes of the Pyramids 


\BCG, DEFH, are Open proportional; that 


5 28 the Baſe ABC is to the Baſe DEF, fo is the 


Altitude of the 7 DEF H to the Altitude of the 


Pyramid AB CG. 5 
For, complete the ſolid Parallelepipedons BGML, 


EHPO ; then, becauſe the Pyramid ABCG is equal 
to the Pyramid DE F H; and the Solid BGMLis 
extuple, the Pyramid AB CG, and the Solid EHPO, 
ſextuple of the Solid DEF H. the Solid BGM I. 
ſhall be * equal to the Solid E H PO. But the Baſes * 15. 5. 


and Altitudes of equal ſolid Parallelepipedons are re- 
ciprocally proportional; therefore, as the Baſe BM 


and thoſe Pyramids, having triangular Baſes, 
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is to the Baſe EP, fo is ſ the Altitude of the Solid f 34-11, 


EH PO to the Altitude of the Solid BGML. But 


as the Baſe BM is to the Baſe EP, ſo is + the Trian- 


gle ABC to the Triangle D EF; ; therefore, as the 


Triangle ABC is to the Triangle DE F, ſo is the 
Altitude of the Solid E HPO to the Altitude of the 
Solid BG M L. But the Altitude of the Solid EHPO 


is the ſame as the Altitude of the Pyramid DE FH; 


and the Altitude of the Solid BG ML the ſame as 


the Altitude of the Pyramid ABC G; therefore, as 
the Baſe ABC is to the Baſe DE F, ſo is the Alti- 


tude of the Pyramid DEF H to the Altitude of the 
Pyramid ABC G: Wherefore, the Baſes and Alti- 


| tudes of the equal Pyramids A BCG, DEF, are 


reciprocally proportional; and if the Baſes and Alti- 


tudes of the Pyramids ABCG, DE F , are reci- 


procally proportional, that is, if the Baſe ABC to 
| the Baſe DEF, be as the Altitude of the Pyramid 


5 DEF, 
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T 34 11. 


therefore the Pyramid AB CG is equal to the Pyr 
mid DEF H. Wherefore the Baſes and Altitudes if 


cauſe the Baſe ABC to the Baſe DEF, is as the Al. 
titude of the Pyramid DEF H to the Altitude of the 
Pyramid AB CG; and as the Baſe ABC is to the 
lelogram EP; the Parallelogram BM to the Par. 
ramid DE F H is to the Altitude of the Pyramid 
AB CG. But as the Altitude of the Pyramid DEFH 

is the ſame as the Altitude of the ſolid Parallelepipe- 
don EH PO, and the Altitude of the Pyramid ABCG 
the ſame as the Altitude of the ſolid Parallelepipedon 


will be as the Altitude of the ſolid Parallelepipedon 


. EH PO; and the Pyramid AB CG is a ſixth 


procally proportional ; and thoſe Pyramids, having tri. 


cally proportional, are equal; which was to be demon. 
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DEF H to the Altitude of the Pyramid ABCG; 
I fay, the Pyramid AB CG is equal to the Pyrami 
DEF H: For, the fame Conſtruction remaining, he. 


Baſe DEF, ſo is the Parallelogram B M to the Pari. 
lelogram E ſhall be alſo as the Altitude of the Py. 


BGML; therefore the Baſe BM to the Baſe EP 


EHPO to the Altitude of the ſolid Parallelepipedon 
BGML. But thoſe ſolid Parallelepipedons whoſe| 
Baſes and Altitudes are reciprocally proportional, 
are + equal to each other; therefore the ſolid Para- 
lelepipedon BGM is equal to the ſolid Parallelepi- 


art of the Solid BGML : And, in like manner, the 
Pyramid DEF H is a ſtxth Part of the Solid EHPO; 
equal Pyramids, having triangular Baſes, are re: 
angular Baſes, whoſe Baſes and Altitudes are recipri 


ſtrated. | 


PROPOSITION x I 

. 5 8 tut 
232 i Re” 
Every Cone 1s a third Part of a Cylinder, having A 
the ſame Baſe, and an equal Altitude. he 

FE Pi 


E T a Cone have the ſame Baſe as a Cylinder, viz. WD 
L the Circle AB C D, and an Altitude equal to it. W of 
I fay, the Cone is a third Part of the Cylinder; that I fe. 

is, the Cylinder is triple to the Cone, T, 


For, 


4 
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For, if the Cylinder be not triple to the Cone, it 


be greater than triple to the Cone, and let the Square 
ABCD be deſcrib'd in the Circle AB CD; then the 
Guare AB CD is greater than one half of the Circle 


ABCD, having the ſame Altitude as the Cylinder, 


Cylinder; becauſe, if a Square be circumſcrib'd about 
the Circle AB CD, the inſcrib'd Square will be one 
half of the circumſcrib'd Square; and if a Priſm be 
erected upon the circumſcrib'd Square of the ſame 


Square ABCD is one half of the Priſm erected upon 
the Square deſcrib'd about the Circle ABCD. But 


ole Square deſcrib'd about the Circle AB CD; there- 


the ſame Height as the Cylinder, is greater than one 
half of the Cylinder. Let the Circumferences A B, 
BC, CD, DA, be biſected in the Points E, F, G, H; 
and join AE, EB, BF, FC, CG, GD, DH, HA: 
Then each of the Triangles AEB, BFC, CGD, 


DHA, of the ſame Altitude as the Cylinder ; then 


to AB, BC, CD, DA, and Parallelograms be com- 
pleted on the ſaid AB, BC, CD, DA, on which 


are erected ſolid Parallelepipedons of the ſame Alti- 


tude as the Cylinder ; then each of thoſe Priſms that 
re on the Triangles AEB, BFC, CGD, DHA, 
vine are Halves Þ of each of the ſolid Parallelepipedons ; 
and the Segments of the Cylinder are leſs than the 


erected ſolid Parallelepipedons; and, conſequently, the 


Priſms that are on the Triangles A EB, BFC, CGD, 
DHA, are greater than the Halves of the Segments 
of the Cylinder; and fo, biſecting the other Circum- 
ferences, joining right Lines, and on every one of the 
Triangles erecting Priſms of the ſame Height as the 

Cylinder; 


ſhall be greater or leſs than triple thereof. Firſt, let it 


ABCD. Now let a Priſm be erected upon the Square 


and this Priſm will be greater than one half of the 


the Cylinder is leſſer than the Priſm ere&ed on the 


fore the Priſm erected on the Square AB CD, having 


every one of theſe Priſms erected is greater than its 
correſpondent Segment of the Cylinder. For, becauſe, 
if Parallels be drawn through the Points E, F, G, H, 
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Altitude as the Cylinder, ſince Priſms are * to one * 2 Cor. 3. 
another as their Baſes, the Priſm erected upon the #55. 


DHA, is ÞF greater than the half of each of the Seg- + 75s fol- 
ments in which they ſtand. Let Priſms be erected _ ey Bs 
from each of the Triangles AE B, BFC, CG ny 
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Cylinder; and, doing this continually, we ſhall at lt 


have certain Portions of the Cylinder left, that are 
leſs than the Exceſs by which the Cylinder exceed 
triple the Cone. 88 

No let theſe Portions remaining be AE, EB, 


BF, FC, CG, GD, DH, HA; then the Prim 


remaining, whoſe Baſe is the Polygon AEBFCGDH, 


and Altitude equal to that of the Cylinder's, is 


greater than the Triple of the Cone. But the Priſm 
whoſe Baſe is the Polygon AEBF CGDH, and 
Altitude the ſame as that of the Cylinder's, is“ 


triple of the Pyramid whoſe Baſe is the Polygon 
AE BFCGDH, and Vertex the ſame as that of the 
Cone; and therefore the Pyramid whoſe Baſe is the 


Polygon AEBFCGDH, and Vertex the ſame as that 
of the Cone, is greater than the Cone whoſe Baſe is 


the Circle ABC D: But it is leſſer alſo (for it b 


comprehended by it), which is abſurd ; therefore 


the Cylinder is not greater than triple the Cone. 1 


ſay, it is neither leſſer than triple the Cone: For, if it 


be poſſible, let the Cylinder be leſs than triple the 
Cone; then (by Inverſion) the Cone ſhall be greater 


than a third Part of the Cylinder: Let the Square 
ABCD be deſcrib'd in the Circle ABCD ; then the 


Square AB CD is greater than half of the Circle 


ABCD: And let a Pyramid be erected on the Square 
AB CD, having the fame Vertex as the Cone; then 


the Pyramid erected is greater than one half of the 


Cone; becauſe, as has been already demonſtrated, 
if a Square be deſcrib'd about the Circle, the Square 


ABCD ſhall be half thereof: And if ſolid Paralle- 
lepipedons be erected upon the Squares of the ſame 
Altitude as the Cones, which are alſo call'd Priſms; 


then the Priſm erected on the Square A BCD is one 


half of that erected on the Square deſcrib'd about the 


Circle; for they are to each other as their Baſes, and 


ſo likewiſe are their third Parts: Therefore the Py- 


ramid whoſe Baſe is the Square AB C, is one half 


of that Pyramid erected upon the Square deſcrib'd 
about the Gircle. But the Pyramid erected upon the 
Square deſcrib'd about the Circle, is greater than the 
Cone, for it comprehends it; therefore the Pyrs 


mid whoſe Baſe is the Square ABCD, and Vertex 
the ſame as that of the Cone, is greater than one halt 


of 
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of the Cone. Biſect the Circumferences AB, BC, 


„Cob, DA, in the Points E, F, G, H; and join AE, 
+ Wl £B, BF, FC, CG, GD, DH, HA; and then each 

of the Triangles AEB, BFC, CGD, DHA, is greater 
o dan one Half of each of the Segments they are in. 
= WM [et Pyramids be erected upon each of the Triangles 


AEB, BFC, CGD, DHA, having the ſame Vertex 
15 the Cone; then each of theſe Pyramids, thus erect- 
m ed, is greater than one half of the Segment of the 
a Cone in which it is; and ſo biſecting the remaining 
Circumferences, joining the right Lines, and erecting 
on Pyramids upon e of the Triangles having the 
be ame Altitude as the Cone, and doing this continually, 
he we ſhall at laſt have Segments of the Cone left, 
bat that will be leſs than the Exceſs by which the Cone ex- 
. ceeds the one third Part of the Cylinder: Let 
tis WM theſe Segments be thoſe that are on AE, EB, BF, 
ore FC, CG, GD, DH, HA; and then the remaining 
| WW Pjramid, whoſe Baſe is the Polygon AEBFCGDH, 
bit Wl and Vertex the ſame as that of the Cone, is greater 
the WM than a third Part of the Cylinder: But the Pyramid 
ter WM whoſe Baſe is the Polygon AEBFCGDH, and Ver- 
are tex the ſame as that of the Cone, is one third Part of 
the the Priſm whoſe Baſe is the Polygon AEBFCGDH, 
cle and Altitude the fame as that of the Cylinder: 
rare Therefore the Priſm, whoſe Baſe is the Polygon 
hen WM AEBFCGDH, and Altitude the ſame as that of the 
the Cylinder, is greater than the Cylinder, whoſe Baſe is 
ted, the Circle ABCD; but it is lefs alſo (as being com- 
prehended thereby); which is abſurd ; therefore the 
| Cylinder is not leſs than triple of the Cone: But it 
has been prov'd alſo not to be greater than triple of 
the Cone; therefore the Cylinder is neceſſarily triple 
of the Cone. Wherefore every Cone is a third Part 
| of a Cylinder, having the ſame Baſe, and an equal Al. 
titude ; which was to be demonſtrated. ns 


PRO- 
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PROPOSITION XI. 


THEOREM. 


| Cones and Cylinders, of the ſame Altitude, arty 


one another as their Baſes, 


J ET there be Cones and Cylinders of the ſame Al. 


+ titude, whoſe Baſes are the Circles ABCD, 


EFGH, Axes KL, MN, and Diameters of the Baſes 


AC, EG. I ſay, as the Circle ABCD is to the Circk 


EFG, ſo is the Cone AL to the Cone EN. 


For, if it be not ſo, it ſhall be, as the Circle ABCD 


is to the Circle EF GH, ſo is the Cone AL to ſome 


Solid either leſs or greater than the Cone E N. Firſt, 
let it be to the Solid X leſs than the Cone; and {kt 
the Solid I be equal to the Exceſs of the Cone EN 
above the Solid X: Then the Cone EN is equal to 
the Solids X, I. Let the Square E F G H be deſcrib'd 


in the Circle EFG H, which Square is greater than 


one half of the Circle, and erect a Pyramid upon the 


Square EFG , of the ſame Altitude as the Cone; 
therefore the Pyramid erected is greater than one hal 


of the Cone. For if we deſcribe a Square about the 


Circle, and a Pyramid be erected thereon, of the ſame 


Altitude as the Cone; the Pyramid inſcrib'd will be 


one half of the Pyramid circumſcrib'd, for they ar 


6 of this, 


F to one another as their Baſes ; and the Cone is les 
than the circumſcrib'd Pyramid: Therefore the Py- 
ramid whoſe Baſe is the Square EFG H, and Verte 
the ſame as that of the Cone, is greater than one hal 


of the Cone. Biſect the Circumferences EF, FG, 


GH, HE, in the Points P, R, S, O, and join HO, 
OE, E P, PF, FR, RG, GS, S H; then each d 


the Triangles HO E, EPF, FRG, Gs, is greater 


remaining Circumferences, joining the right Lines, 


than one half of the Segment of the Circle wherein 


it is. Let a Pyramid be rais'd upon every one of the 
Triangles HO E, EPF, FRG, GHS, of tbe 
ſame Altitude as the Cone; then each of thoſe erect 
ed Pyramids is greater than one half of its corre 
ſpondent Segment of the Cone: And ſo biſecting the 


and erecting Pyramids upon each of the Triangles _ 
Fan tle 
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the ſame Altitude as that of the Cone; and doing this 
continually, there will at laſt be left Segments of the 


Cone that will together be leſs than the Solid I. Let 


thoſe be the Segments that are on HO, OE, E P, 
PF, FR, RG, GS, SH ; therefore the Pyramid 


remaining, whoſe Baſe is the Polygon HOEPFRGS, 
and Altitude the ſame as that of the Cone, is greater 


than the Solid X. Let the Polygon DTAY BQCV be 
deſcrib'd in the Circle AB CD, ſimilar and alike ſitu- 
ate to the Polygon HOEPFRGS; and let a Pyra- 


mid be erected thereon of the ſame Altitude as the 


Cone AL : Then, becauſe the Square of AC to the 


Square of EG, is * as the Polygon D'TAYBQCV* 


to the Polygon HOEPFRGS; and the Square of 
AC is + to the Square of EG, as the Circle ABCD 2*f b. 


to the Circle EF GH; it ſhall be, as the Circle ABCD 


to the Circle EFG H, ſo is the Polygon D TAY BQCV 


to the Polygon HO EPF RGS. But as the Circle 
AB CD is to the Circle EF G H, ſo is the Cone 


AL to the Solid X: And as the Polygon DTAYBQCV. 


is to the Polygon HOEPFRGS, ſo is the Pyramid 
whoſe Baſe is the Polygon DTA Y BOC V, and Ver- 


tex the Point L, to the Pyramid whoſe Baſe is the 


Polygon HO EPF RGS, and Vertex the Point N. 
Therefore, as the Cone AL to the Solid X, ſo the 


Pyramid, whoſe Baſe is the N DTAYBQCY,_ 


yramid whoſe Baſe 


and Vertex the Point L, to the 
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I of th i 


is the Polygon HOEPFRGS, and Vertex the Point 


that is in it; therefore the Solid X is greater than the 


Pyramid that is in the Cone EN. But it was put 


N. But the Cone AL is greater than the Pyramid 


leſs, which is abſurd ; therefore the Circle ABCD 


to the Circle EFG H, is not as the Cone AL to 
lome Solid leſs than the Cone E N. In like manner 
it is demonſtrated, that the Circle EFGH to the 


EN. For, if it be poſſible, let it be to the Solid Z, 


| greater than the Cone; then, (by Inverſion) as the 


Circle EFG H is to the Circle ABCD, ſo ſhall the 


Solid Z be to the Cone A L. But ſince the Solid Z 


= 


greater than the Cone E N, it ſhall be, as the W 


Circle AB C D, is not as the Cone EN to ſome So- 
| lid leſs than the Cone AL: I ſay, moreover, that 
the Circle AB C D to the Circle EF GH, is not as 
the Cone A L to ſome Solid greater than the Cone 
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which has been prov'd to be impoſſible. Therefoff 


EN. It has alſo been prov'd, that the Circle ABCY 
to the Circle EFGH, is not as the Cone ALY 


5.5. is * Cylinder to Cylinder; for each Cylinder is trip 


ſtanding on them, of the ſame Altitude. 'Wherefo 


another as their Baſes; which was to be demonſtrated} 
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Z is to the Cone AL, ſo is the Cone E N to ſo 
Solid leſs than the Cone AL; and therefore, as offi 
Circle EFGH is to the Circle AB C D, fo is oil 
Cone E N to ſome Solid lefs than the Cone A 


the Circle ABCD to the Circle EFG H, is not 
the Cone AL to ſome Solid greater than the Conf 


ſome Solid leſs than the Cone EN; therefore, as tf 
Circle ABCD is to the Circle EFGH, ſo is the Conf 
AT, to the Cone EN: But as Cone is to Cone, 


of each Cone; and therefore, as the Circle ABCD 
to the Circle EF GH, fo are Cylinders and Cone 


Cones and Cylinders, of the ſame Altitude, are to on 


' PROPOSITION XII. 


TRHEOR E M. 


Similar Cones and Cylinders are to one another i 


a a triplicate Proportion of the Diameters of thei 
Baſes. 25 Fn 


ET there be ſimilar Cones and Cylinders, whoſe 
Baſes are the Circles ABCD, E F G, and 
Diameters of the Baſes BD, F H, and Axes of the 
_ Cones or Cylinders KL, MN. I ſay, the Cone whoſe 
Baſe is the Circle AB C D, and Vertex the Point L, 
to the Cone whoſe Baſe is the Circle EFGH, and! 
Vertex the Point N, hath a triplicate Proportion off 
that Which B D has t FH. 1 
For, if the Cone ABCD“ to the Cone EFGHN, 
has not a triplicate Proportion of that which B D ha 


to FH; the Cone ABC DL ſhall have that tripl: 


cate Proportion to ſome Solid, either leſs or greater 
than the Cone EFGHN. Firſt, let it have that tr] 
plicate Proportion to the Solid X, leſs than the Cone 
FGHN; and let the Square E F G H be defcrid's 
in the Circle EFGH, which will be greater than one 
half of the Circle EF GH; and erect a Pyramid ; 
Eon 1 e 


Bool A Plate 1 . 
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the Square E FG H of the ſame Altitude with the 

cone, then that Pyramid is greater than one half of 

he Cone. And fo let the Circumferences EF, FG, 

GH, HE, be biſected in the Points O, P, R, S; and 

pin EO, OF, FP, PG, GR, RH, HS, SE; then 

each of the Triangles EOF, FPG, GRH, HSE, 

b greater than one half of the Segment of the Circle 

1 H, in which it is; and erect a Pyramid upon 

ach of the Triangles EOF, E PG, GRH, HSE, 

having the ſame Altitude as the Cone: Then each of 

the Pyramids, thus erected, is greater than half its cor- 

reſponding Segment of the Cone; wherefore, biſect- 

ing the remaining Circumferences, joining right Lines, 

and wrong Pyramids upon -each of the Triangles, 

having the ſame Vertex as the Cone; and doing this 
continually, we ſhall leave at laſt certain Segments of 

the Cone, that fhall be leſs than the Exceſs by which 

the Cone E FGHN exceeds the Solid X. Let theſe 
| be the Segments that ſtand on EO, OF, FP, PG, 

GR, RH, HS, SE; then the remaining Pyramid, 

whoſe Baſe is the Polygon EOFPGRHS, and Ver- 

tex the Point N, is greater than the Solid X: Alſo, 

kt the Polygon AI BY CVD Q be deſcrib'd in 

the Circle AB CD, fimilar and alike ſituate to the 

Polygon EOFPGRHS; upon which erect a Pyra- 

mid having the ſame Altitude as the Cone ; and let 

LBT be one of the Triangles containing the Pyra- 

mid, whoſe Baſe is the Polygon ATBYCVDQ, 

and Vertex the Point L; as, likewiſe, NFO one of 

the Triangles containing the Pyramid EQFPGRHS, 

and Vertex the Point N ; and let KT, MO, be join'd. 

Then, becauſe the Cone AB CD, is ſimilar to the 

Cone EFG HN, it ſhall be, as BD is to FH, fo is 

the Axis KL to the Axis MN: But as BD is to FH, 

ſo is * B K to FM; and as BK is to F M, conſe- 15. 5. 
quently ſo is K L to MN; and (by Alternation) as 

BK is to K L, ſo is FM to MN. And ſince each 

1s perpendicular, and the Sides about the equal Angles 

BKL, FMN, are proportional; the Triangle BEL 
ſhall be + ſimilar to the Triangle FM N. Again, be- 4 6. 6. q 
cauſe BR is to K T, as FM is to MO, the Sides are 0 
proportional about equal Angles BK T, FMO; for 

the Angle BK T is the ſame Part of the four right 
Angles at the Centre K, Jug Angle FMO is ad 

* our 


26: 
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four right Angles at the Centre M; the Triangle 


BK T ſhall be * ſimilar to the Triangle FMO. And 


becauſe it has been prov'd that BK is to KL, as FM; 


to MN; and BK is equal to KT; and FM to MO; 
it ſhall be, as TK is to KL, fo is OM to MN; and 
the proportional Sides are about equal Angles T KL, 
OM N, for they are right Angles: Therefore the 
Triangle LE T ſhall be ſimilar to the Triangle MN, 


And fince, by the Similarity of the Triangles BKI, 
FMN, it is, as LB is to BK, ſo is NF to FM ; and, 


by the Similarity of the Triangles BET, FMO, i 
is, as KBis to BT, ſo is MF to FO; it ſhall be(by 
Equality of Proportion) as LB is to BT, fo is NF 


to FO. Again, ſince, by the Similarity of the Tri. 


angles L T K, NOM, it is, as LT is to T K, ſo 
NO to OM; and, by the Similarity of the Trriang's 
K BT, OM, it is, as K Tis to TB, fo is MO to 
OF; it ſhall be, (by Equality of Proportion) as LT 


is to TB, ſo is NO to OF. But it has been prov'd, 


+ 3 of thts, 


that TB is to BL, as OF is to FN; wherefore, 
again, (by Equality of Proportion) as T L is to LB, 
ſo is ON to NF; and therefore the Sides of the Tri- 


angles LIT B, NOF, are proportional; and ſo the 


Triangles L ITB, N OF, are equiangular and fimilzr 


to each other; and, conſequently, the Pyramid, whoſe 


Baſe is the Triangle BK T, and Vertex the Point L, 
is ſimilar to the Pyramid whoſe Baſe is the Triangle 
FMO, and Vertex the Point N; for they are con- 
tain'd under ſimilar Planes equal in Multitude : But 
fimilar Pyramids, that have triangular Baſes, are f to 
one another in the triplicate Proportion of their homo- 


| logous Sides; therefore the Pyramid BE TL to the 


Pyramid F MON, has a triplicate Proportion of that 


which BK has to FM. In like manner, drawing 


right Lines from the Points A, Q, D, V, C, V, to K, 


as alſo others, from the Points E, 8, H, R, G, P, to 


M, and erecting Pyramids on the Triangles having the 


rr 


ſame Vertices as the Cones, we demonſtrate, that 


every Pyramid of one Cone, to every one of the other 


Cone, has a triplicate Proportion of that which the 
Side B K has to the homologous Side M F, that i, 
which B D has to FH. But as one of the Antece- 
dents is to one of the Conſequents, fo are þ all the 
Antecedents to all the Conſequents. Therefore, X 

6 the 
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the Pyramid BE TL is to the Pyramid FMON, fo 
is the whole Pyramid whoſe Baſe is the Polygon 
ATBY CVDQ,, and Vertex the Point L, to the whole 
Pyramid, whoſe Baſe is the Polygon EOFPGRHS, 
ind Vertex the Point N. Wherefore the Pyramid, 
whoſe Baſe is the Polygon ATBY CVDYQ,, and 
Vertex the Point L, to the Pyrainid whoſe Baſe is the 
Polygon EQOFPGRHS, and Vertex the Point N, 


has a triplicate Proportion of that which B D hath to 


FH. But the Cone whoſe Baſe is the Circle ABCD, 
and Vertex the Point L, is ſuppos'd to have to the 
Solid X a triplicate Proportion of that which BD 
has to FH; therefore, as the Cone whoſe Baſe is 
the Circle ABCD, and Vertex the Point L, is to the 
Solid X, ſo is the Pyramid whoſe Baſe is the Polygon 
ATBYCVDYQ, and Vertex the Point L, to the 
Pyramid whoſe Baſe is the Polygon EOF PGRHsðS, 
and Vertex the Point N. But the ſaid Cone is greater 
than the Pyramid that is in it, for it comprehends 


it; therefore the Solid X, alſo, is greater than the 
Pyramid, whoſe Baſe is the Polygon EOFPGRUHS, 
and Vertex the Point N: But it is alſo leſs, which is 


abſurd; therefore the Cone, whoſe Baſe is the Circle 
ABCD, and Vertex the Point L, to ſome Solid leſs 
than the Cone, whoſe Baſe is the Circle EF GH, 
and Vertex the Point N, has not a triplicate Propor- 


tion of that which B D has to FH. In like manner 


we demonſtrate, that the Cone EFG HN, to ſome 
Solid leſs than the Cone ABC DL, has not a tripli- 


| Cate Proportion of that which F H has to BD. Laſt- 


ly, I ſay, the Cone ABCD L, to a Solid greater than 
the Cone EFG HN, has not a triplicate Proportion 
of that which BD has to FH : For, if this be poſſible, 


let it be ſo to ſome Solid Z greater than the Cone 


EFGHN); then (by Inverſion) the Solid Z, to 


the Cone AB CD L, has a triplicate Proportion of 
that which F H has to BD. Bur ſince the Solid Z is 


greater than the Cone EFG H N, the Solid Z ſhall 
be to the Cone ABCD L, as the Cone EF GH N 
is to ſome Solid leſs than the Cone ABC DL; and 
therefore the Cone EFG HN, to ſome Solid leſs 
than the Cone ABC DL, hath a triplicate Proportion 
| of that which FH has to BD, which has been prov'd 
to be impoſlible ; therefore the Cone ABCDL, to 

| 5 OO ſome 
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ſome Solid greater than the Cone EFG HN, has wy 
a triplicate Proportion of that which BD has to FH 
It has been alſo demonſtrated, that the Cone AEChl. 
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to ſome Solid leſs than the Cone EFG HN, hath m K 
a triplicate Proportion of that which BD has to FH; the 
wherefore the Ce ABCDL, to the Cone EFGHN, am 
has a triplicate Proportion of that which B D has » Ml the 
FH. But as Cone is to Cone, ſo is “ Cylinders WM GU 
Cylinder; for a Cylinder, having the fame Baſe a; WW K) 


+ xovf cin. Cone, and the fame Altitude, is F triple of the Core; 


bas a triplicate Proportion of that which BD tu 
to FH. Therefore fimilar Cones and Cylinder, 


Diameters of their Baſes ; which was to be demon. 
J N 


Cylinder B G is to the Cylinder G D, fo is the Axis 


and M; and put any Number of EN, NL, &c. each 
XM, c. each equal to FK; and thro' the Points 


are to one anather in a triplicate Praportion of thi 


PROPOSITION XII. 


„%% 2 

Fa Cylinder be divided by a Plane parallel to tit 
_ oppoſite Planes; then, as one Cylinder is to the 
other Cylinder, jo is the Axis to the Axis. 

T ET the Cylinder A D be divided by the Plane 
2 GH, parallel to the oppoſite Planes AB, CD, 
and meeting the Axis EF in the Point K. I ſay, as the 


For, let the Axis EF be both ways produced to I. 


equal to the Axis EK; and any Number of FX, 
L, N, X, M, let Planes parallel to AB, CD, paſs; and 


in thoſe Planes from L, N, X, M, as Centres, deſcribe 


11 this, 


the Circles OP, RS, TY, VQ, each equal to 
AB, CD; and conceive the Cylinders PR, RB, 
DT, TQ, to be completed: Then, becauſe the 
Axes LN, NE, EK, are equal to each other, the 
Cylinders PR, RB, BG, will be * to one another as 
their Baſes ; and therefore the Cylinders PR, RB, 
BG, are equal: And ſince the Axes LN, NE, EK, 

Fn Oy, - 


der 

ſince it is demonſtrated, that every Cone is one ti K 
Part of a Cylinder, having the ſame Baſe, and equi WM the 
Altitude: Therefore, alſo, a Cylinder to a Cylinda {Ml cau 
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re equal to each other, as alſo the Cylinders PR, 
B, BG; and the Number of LN, NE, E K, is 
equal to the Number of PR, RB, BG: The Axis 
KL ſhall be the ſame Multiple of the Axis EK, as 


H; the Cylinder P G is of the Cylinder G B. For the 
eme Reaſon, the Axis MK is the fame Multiple of 
sche Axis K F, as the Cylinder G Q is of the Cylinder 


ru GD. Now, if the Axis K L be equal to the Axis 


„KM, the Cylinder PG ſhall be equal to the Cylin- 
ne; der GQ; if the Axis LE be greater than the Axis 
id KM, the Cylinder PG ſhall be likewiſe greater than 


ul the Cylinder G and, if leſs, leſs: Therefore, be- 


der WWF cauſe there are four Magnitudes, viz. the Axes EK, 
ha WW KF, and the Cylinders BG, GD; and there are taken 
en their Equimultiples, namely, the Axis K L, and the 
„Cylinder PG, the Equimultiples of the Axis EK, 
n- and the Cylinder BG; and the Axis K M, and the 
Cylinder G Q, the Equimultiples of the Axis K F, 

and the Cylinder G D: And it is demonſtrated, that 


| if the Axis L K exceeds the Axis K M, the Cylinder 


| PG will exceed the Cylinder GQ and, if it be equal, 


| by a Plane parallel to the oppoſite Planes; then, as one 
| Cylinder is to the other Cylinder, ſo is the Axis to the 
Axis; which was to be demonſtrated. = 


PROPOSIT ION XIV. 
THEOREM. 


Cones and Cylinders, being upon equal Baſes, are 
| Io one another as their Alttudes, 


i 2% Cylinder F D, fo is the Axis GH to the Axis 


put LN equal to the Axis GH ; and let a Cylinder 
CM be conceiv'd about the Axis LN : Then, be- 
| Cauſe the Cylinders EB, CM, have the ſame Alti- 


S 4 their 


| equal; and lefs, leſs. Therefore, as the Axis EK 
is to the Axis KF „ fo * is the Cylinder BG to the De. 5. . 
| Cylinder GD. Wherefore if a Cylinder be divided 


| JET the Cylinders E B, FD, ſtand upon equal 
* Baſes AB, CC D. I ſay, a8 the Cylinder E. B is 


For, r the Axis K L to the Point N; and 


| tude, they are * to one another as their Baſes. But 11 & s. 


266 Euclid's ELEMENTS. Book XII. 


their Baſes are equal ; ; therefore the Cylinders EB, 

CM, will be alſo equal. And becauſe the C ylinde 

FM is cut by a Plane CD, parallel to the vr 

Planes, it ſball be, as the Cylinder CM is to the Cy. 

linder F D, fo is the Axis LN to the Axis KL, 

But the C) linder C M is equal to the Cylinder EB; 
and the Axis LN to the Axis GH ; therefore the 
Cylinder EB is to the Cylinder FD, as the Axis Gf 
is to the Axis K L: And as the Cy linder EB is to 
1 15-5- the Cylinder FD, fo is t the Cone ABG to the Cone 
*1097 cin. CD EK, for the Cylinders are * triple of the Cone, 
Therefore, as the Axis GH is to the Axis K L, ſo 
is the Cone ABG to the Cone C D K; and ſo the 
Cylinder E B to the Cy linder FD. Wherefore Cones 
i Cylinders, being fin equal Baſes, are to one another 
as their Altitudes; | which v was to be demonſtrated, 


PROPOSITION Xv. 


TREO REM. 
7 he Baſes and Altiludes of equal Cones and Cylir 


ders are reciprocally proportional; and Cont; 
and Cylinders, whoſe Baſes and Altitudes art 


reciprecally pruf a bianas, are equal to one an. 
other. 


ET the Baſes of the equal Cones and Cylinden 
be the Circles ABCD, EFGH, and their Di- 
ameters AC, EG; and Axes 8 MN ; - vhich are 
alſo the Altitudes of the Cones and Cylinders : And 
let the Cylinders AX, EQ, be completed. I fay, 
the Baſes and Altitudes of the Cylinders AX, E 
are reciprocally proportional ; that is, the Baſe ABCI) 
is to the Baſe EF GH, as the Altitude MN is to tlic 
Altitude K IL. 

For the Altitude K L is * equal to the Alt. 
tude MN, or not equal. Firſt, let it be equal; and 
the Cylinder AX is equal to the Cylinder EO. 
But Cylinders and Cones that have the ſame Altitude, 

# 11 l, are * to one another as their Baſes ; therefore the 
Baſe ABCD is equal to the Baſe EFGH : And, 
conſequently, as the Baſe ABCD is to the Baſ 
EF GH, ſo is che Altitude MN to the Altitude KL. 


But 
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But if the Altitude K L be not equal to the Altitude 
MN, let MN be the greater; and take PM, equal 
to LK, from MN ; and let the Cylinder E O oy cut 
| thro! P by the Pane TTS, parallel to the oppoſite 
Planes of the Circles E F G i, RO; and conceive 
ES to be a Cylinder, whoſe Baſe is the Circle 
EFGH, and Altitude PM: Then, becauſe the 
Cylinder 'AX is equal to the Cylinder EO, and ES 


Cylinder E 8, ſhall be as the. cylinder EQ is to the 
Cylinder E 8. But as the Cylinder AX is to the 


EFGH; for the Cylinders AX, Es, have the ſame 
Altitude: And as the Cylinder EO! is to the Cylinder 


for the Cylinder E O is cut by the Plane IT Y S pa- 
| ralle] to the oppoſite Planes. Therefore, as the Baſe 
ABCD is to the Baſe EFGH, ſo is the Altitude 
MN to the Altitude M P. Bur the Altitude MP is 
equal to the Altitude K L; wherefore, as the Baſe 
ABCD is to the Baſe EF GH, fo is the Altitude MN 
to the Altitude K L; and therefore the Baſes and 
Altitudes of the equal Cylinders AX, E O, are re- 
ciprocally proportional. 


| AX, EO, are reciprocally proportional, — is, if 
| the Baſe ABC D be to the Baſe EFGH, as the 


| Cylinder AX is equal to the Cylinder E O. F or, the 
| ſame Conſtruction remaining, becauſe the Baſe ABCD 
is to the Baſe EF G, as the Altitude MN is to 
| the Altitude K L; and the Altitude K L is equal to 


to the Baſe EFGH, ſo is the Altitude MN to the 
Altitude MP. But as the Baſe ABC D is to the 
Baſe EFG H, ſo is the Cylinder AX to the Cylinder 
ES, for they have the ſame Altitude ; and as the Alti- 


EO to the Cylinder ES. Therefore, as the Cylinder 
AX is to the Cylinder ES, ſo is the Cylinder EQ to 
the Cylinder ES: Wherefore the Cylinder AX 1s 
equal to the Cylinder EO. In like manner we prove 
this in Cones 3 which was to be demon/trated. 


PR O- 


is ſome other Cylinder; the Ty linder AX to the 


And if the Baſes and Altitudes of the Cy inden 


Altitude MN is to the Altitude K L; I fay, the 


the Altitude MP ; it ſhall be, as the Baſe AB C D is 
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Cylinder ES, ſo is * the Baſe ABCD to the Baſe 11 of this. 


Es, ſo is + the ys is MN to the Altitude MP; + x3 of this, 


tude MN is to the Altitude MP, ſo is + the Cylinder t «1 of eb'c- 
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PROPOSITION XVI. 


3 POT E M. 

Two Circles being about the ſame Centre, to in- 
ſcribe in the greater @ Polygon of equal Sides, 
even in Number, that ſhall dot touch. the leſer 

Circle. e 4 


JET ABCD, EFGH, be two given Circ 


about the Centre K. It is requir'd to inſcribe 2 


Polygon of equal Sides, even in Number, in the Circle 
ABC D, not touching the leſſer Circle EFGH. 


Draw the right Line BD through the Centre K, 
as alſo AG from the Point G, at right Angles to 


BD, which produce to C; this Line will * touch 


the Circle EFG H: Then, biſecting the Circumfe- 
rence BAD, and again biſecting the Half thereof, and 
doing this continually, we ſhall have a Circumference 
left, at laſt, leſs than AD. Let this Circumference be 


LD, and draw LM, from the Point L, perpendicular 
to BD, which produce to N; and join LD, DN: 
And then LD is + equal to DN. And ſince LN is 


parallel to AC, and AC touches the Circle EFGH, 
LN will not touch the Circle EFG H; and much 
leſs do the right Lines LD, DN, touch the Circle. 
And if right Lines, each equal to LD, be applied 
round the Circle ABCD, we fhall have a Polygon 


inſcrib'd therein of equal Sides, even in Number, that 
does not touch the leſſer Circle EFG; which was to 


be demonſtrated. 


= PR OB L E M. 


To deſcrile a ſolid Polybedron, in the greater of tui 


Spheres, having the ſame Centre, which ſhall 
not touch the Superficies of the leſſer Sphere. 


E T two Spheres be ſuppos'd about the ſame 
+ Centre A, It is requir'd to deſcribe a ſolid Poly- 
nedron in the greater Sphere, not touching the Super- 
h::ir3 of the lefſer Sphere. 5 Let 


”& 


II. 
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Let the Spheres be cut by ſome Plane paſſing thro? 
he Centre; then the Sections will be Circles: For, 
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kecauſe a Sphere is ® made by the turning of a Semi-: Pf 14. 


circle about the Diameter, which is At Reſt; in what- 11. 


fever Poſition the Semicircle is conceiv'd to be, the 
plane in which it is ſhall make a Circle in the Super- 
ies of the Sphere. It is alſo manifeſt, that this Cir- 


cle is a great Circle, ſince the Diameter of the Sphere, 
which 1s likewiſe the Diameter of the Semicircle, is 


greater than all right Lines that are drawn in the + 15. 3. 


Circle or Sphere. Now, let BCDE be that Circle 
of the greater Sphere, and FGH of the leſſer Sphere ; 
and let BD, CE, be two of their Diameters drawn ag 
right Angles to one another ; let B DD cnet the Le 


| fer Circle in the Point G, from which, to AG, let GL 
be drawn at right Angles, and AL join'd: Then, 
being the Circumference EB, as alſo the Half 


thereof, and doing thus continually, we ſhall have 
left, at laſt, a certain Circumference leſs than that Part 
of the Circumference of the Circle BC D, which is 
ſubtended by a right Line equal to GL. Let this 
be the Circumference BK ; then the right Line 


BK is leſs than GL; and BK ſhall be the Side of a 


Polygon of equal Sides, even in Number, not touch- 


ing the lefler Circle : Now, let the Sides of the Po- 
eon, in the Quadrant of the Circle BE, be the right 


ines BK, K L, LM, ME; and produce the Line 


joining the Points K, A, to N; and raiſe t AXt 12. 11. 


from the Point A, perpendicular to the Plane of the 
Circle BCD E, meeting the Superficies of the Sphere 
in the Point X; and let Planes be drawn thro' AX, and 
BD, and thro' AX, and KN, which, from what has 
been ſaid, will make great Circles in the Superficies oi 


the Sphere; and let BXD, KX N, be Semicircles 


on the Diameters BD, KN: Then, becauſe XA is per- 
pendicular to the Plane of the Circle BCD E, all Planes 

that paſs through X A ſhall alſo “ be perpendicular to * 18, 
| that ſame Plane. Therefore the Semicircles B X D, 


KXN, are perpendicular to that ſame Plane. And 
becauſe the Semicircles BED, BXD, K XN, are 
equal, for they ſtand upon equal Diame'ers B D. 
KN; their Quadrants BE, BX, KX, ſhall be alſo 


equal. And therefore, as many Sides as the Polygon 
in the Quadrant B E has, ſo many Sides may there 


be 


11. 
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be in the Quadrants BX, K X, equal to the Sides 


BK, KL, LM, ME. Let thoſe Sides be BO, 


T 33. 11. 


OP, PR, RK, K 8, ST, TY, VX; and join 
SO, TP, YR ; and let Perpendiculars be drawn 


from O, 8, to the Plane of the Circle BCD E. 


Theſe will + fall on BD, KN, the common Sections 
of the Planes; becauſe the Planes of the Semicircles 


BX D, KXN, are perpendicular to the Plane of the 


Circle BC DE: Let the ſaid Perpendiculars be OV, 


SQ, and join VQ ; then, ſince the equal Circumfe- 


rences BO, SK, are taken in the 4 5 Semicircles 


12. 6. 
® 6. 11. 


133 · 1 


I 9. 11. 
7. 11. 


— 


to 


IT, 


BXD, K XN, and OV, SQ, are Perpendiculars, 
OV ſhall be equal to SQ, and BV to K Q. But 
the Whole BA is equal to the Whole KA ; there- 
fore the Part remaining V A is equal to the Part re- 
maining Q A : Therefore, as BV is to VA, ſo is KQ 


to QA; and ſo VQ is 4 parallel to BK. And ſince 
OV and SQ are both perpendicular to the Plane of 


the Circle BC DE, OV ſhall be “ parallel to SQ. 


But it has alſo been prov'd equal to it; wherefore 


QV, SO, are t equal and parallel. And becauſe Qi 
parallel to SO, and alſo parallel to K B, SO ſhall be 
alſo 4 parallel to K B: But BO, K 8, join them; 
therefore K BOS is * a quadrilateral Figure in one 


Plane: For if two right Lines be parallel, and 


Points be taken in both of them, a right Line join- 


ing the ſaid Points is in the ſame Plane as the Paral- 
lels are. And, for the ſame Reaſon, each of the qua- 


drilateral Figures SOPT, TPRY, are in one Plane. 


And the Triangle YRX is + in one Plane; there- 
fore, if right Lines be ſuppos'd to be drawn from 


the Points O, 8, P, I, R, Y, to the Point A, there 


weill be conſtituted a certain ſolid polyhedrous Figure 


within the Circumferences BX, K X, compos'd of 
Pyramids whoſe Baſes are the quadrilateral Figures 


K BOS, SOPT, TPRY, and the Triangle YRX; 


and Vertices the Point A. And if there be made 
the ſame Conſtruction on each of the Sides KL, LM, 
ME, like as we have done on the Side K B, and 
alſo in the other three Quadrants, and the other He- 
miſphere, there will be conſtituted a poly hedrous Fi— 


gure Gelcrib'd in the Sphere, compos'd of Pyramids 


_ whoſe Pafes are the aforeſaid quadrilateral Figures 


.nd the Iriapzgle Y RM, being of the ſame * 
| | | all 
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; not touch the Superhcies of the leſſer Sphere. There- 
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and Vertices as the Point A; I ſay, the ſaid Polyhe- 

dron does not touch the Superficies of the Sphere, 

wherein the Circle FG H is. Let AZ be drawn 111. fr. 
from the Point A, perpendicular to the Plane of the 
quadrilateral Figure KBSO, meeting it in the Point 

Z; and join BZ, ZK: Then, ſince AZ is perpendi- 

cular to the Plane of the quadrilateral Figure K BSO, 
it ſhall alſo be * perpendicular to all right Lines that * De. 3. 11. 
touch it, and are in the ſame Plane: Wherefore AZ 
is perpendicular to BZ and Z K. And becauſe AB is 

equal to A K, the Square of AB ſhall be alſo equal 

to the Square of AK; and the Squares of AZ, Z B, 


are + equal to the Square of AB; for the Angle at + 4;. 1. 


Z is a right Angle ; and the Squares of AZ, ZK, 
are equal to the Square of AK: Therefore the 
Squares of AZ, ZB, are equal to the Squares of AZ, 
ZK. Let the common Square of AZ be taken away, 
and then the Square of B Z, remaining, is equal to 
the Square of Z K remaining, and ſo the right 


| Line BZ is equal to the right Line Z K. After the 


ſame manner we demonſtrate, that right Lines drawn _ 


\ from the Point Z to the Points O, 8, are each equal 


to BZ, Z K. Therefore a Circle deſcrib'd about 
the Centre Z, with either of the Diſtances Z B, 
ZK, will alſo paſs thro' the Points O, 8. And be- 


cauſe BK SO is a quadrilateral Figure in a Circle, and 
OB, BK, KS, are equal, and Os is leſs than BK; 


the Angle BZ K ſhall be obtuſe ; and fo B K greater 
than BZ. But GL, alſo, is much greater than BK; 


| therefore GL is greater than BZ; and the Square 
| of GL is greater than the Square of BZ. And tince 


AL is equal to AB, the Square of AL ſhall be equal 
to the Square of AB. But the Squares of AG, GL, 
together, are equal to the Square of AL ; and the 
Squares of B Z, Z A, together, equal to the Square 
of AB. Therefore the Squares of A G, GL, toge- 


ther, are equal to the Squares of BZ, Z A, together. 


But the Square of B is leſs than the Square of GL; 


| therefore the Square of Z A is greater than the 


Square of AG; and fo the right Line Z A will be 


greater than the right Line AG. But A is per- 
| pendicular to one Baſe of the Polyhedron, and AG 


to the Superficies ; wherefore the Polyhedron docs 


fo 4 
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cbrol. Alſo, if a ſolid Polpbedron be defcrid'd i in ſome 


Pyramids, that are in the Sphere whoſe Centre isA, 
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fore there is deſerib'd a 1025 Polyhedron in the greater 
two Spheres, having-the ſame Centre, which doth nut 


touch the Super fictes of the _ Rl; 3 which was to 
de demonſtrated. 


other Sphere, ſimilar to that which is deſcribꝰd in 
the Sphere BC DE; the ſolid Polyhedron deſcrib'd 
in the Sphere BCDE, to the ſolid Polyhedron de- 
ſcrib'd in that other Sphere, ſhall have a triplicate 
Proportion of that which the Diameter of the 
Sp here BCDE hath to the Diameter of that other 
Se For the Solids being divided into Pyra- 
mids, equal in Number, and of the ſame Order, 
the fame Pyramids ſhall be ſimilar. But ſimilar 
Pyramids are to each other in a triplicate Proportion Wk © 

2 of their homologous Sides; therefore the Pyramid ie 
whoſe Baſe is the quadrilateral Figure KBOS, and L 
Vertex the Point A, to the Pyramid of the fame le 
Order into the other Sphere, las a triplicate Pro- 
portion of that which the homologous Side of one 


has to the homologous Side of the other; that is, 0 
which AB, drawn from the Centre A of the Sphere, 
to that Line which is drawn from the Conner of the 


other Sphere. In like manner, every one of the 


to every one of the Pyramids of the ſame Order in 
the other Sphere, hath a triplicate Proportion of 
that which AB has to that Line drawn from the 
Centre of the other Sphere: And as one of the 
Antecedents is to one of the Conſequents, ſo are 
all the Antecedents to all the Conſequents. Where-. 
fore the whole ſolid Polyhedron, which is in the 
Sphere deſcrib'd about the Centre A, to the whole 
| ſolid Polyhedron that is in the other Sphere, hath a 
triplicate Proportion of that which A B hath to the 
Line drawn from the Centre of the other Sphere; 
that is, which the Diameter BD has to the Dis- 
meter r of the other Sphere. 
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PROPOSITION XvIIL 


THEOREM: 


Ne Spheres are to one another in a triplicate Pro- 
4 E - tion of their Diameters, 

1 0 Uppoſe A BC, DE F, are two Spheres, whoſe 
he Td] Diameters are B C, EF. I ſay, the Sphere AB C 
r oo the Sphere DEF, has a triplicate Proportion of that 
1- which B C has to E F. 3 3 

r For, if it be not ſo, the Sphere ABC to a Sphere 

5 


either leſſer or greater than DEF, will have a tripli- 

| cate Proportion of that which BC has to E F. Firſt, 

let it be to a leſſer, as GH K; and ſuppoſe, the Sphere 

D E F to be deſcrib'd about the Sphere & HK; and 

let there be deſcrib'd * a ſolid Polyhedron in the * 17 of bis. 

greater Sphere DEF, not touching the Superficies of the 

leſſer Sphere G H K; alſo, let a ſolid Poly hedron be 

deſcrib'd in the Sphere AB C, ſimilar to that which is 

| deſcrib'd in the Sphere DE F; then the ſolid Poly- 
hedron in the Sphere AB C, to the ſolid Polyhedron 

in the Sphere DEF, will have Þ a triplicate Propor- Cr. to tle 

W tion of that which B C has to E F : But the Sphere / Fre. 

= ABC to the Sphere GHK, hath a triplicate Propor- 5 
tion of that which BC hath to EF; therefore, as the 
Sphere ABC is to the Sphere G H K, fo is the ſolid 

W Polyhedron in the Sphere AB C to the ſolid Polyhe- 

W cron in the Sphere DE F; and (by Inverſion) as the 

W dphere ABC is to the ſolid Polyhedron that is in it, 
ſo is the Sphere GH K to the ſolid Polyhedron that is 
in the Sphere DEF. But the Sphere AB C is greater 
than the ſolid Polyhedron that is in 1t ; therefore the 
Sphere GHE is alſo greater than the ſolid Polyhedron 
that is in the Sphere DEF, and alſo leſs than it, as 
being comprehended thereby, which is abſurd ; there- 
fore the Sphere ABC to a Sphere lets than the Sphere 
DEF, hath not a triplicate Proportion of that which 

BC has to E F. After the ſame manner it is demon- 


20S 2G WW: CT. 8... © Ge fas 3 


a 
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ſtrated, that the Sphere DE F to a Sphere leſs than 
AB C, has not a triplicate Proportion of that which 
E F has to BC: I ſay, moreover, that the Sphere 
ABC to a Sphere greater than DEF, hath not a tri- 

plicate 
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DE F, has not a triplicate Proportion of that which g 


than DEF; then (by Inverſion the Sphere LM 


becauſe the Sphere LM N is greater than DE] ö 
Therefore he Sphere DEF to a Sphere leſs thaff 
has to BC, which is abſurd, and has been | befor 


that which BC has to EF. But it has alſo been demon : 


which B Chas to EF; which was to be dns 
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plicate Proportion of that which BC has to EF: F@ 
if it be poſſible, let it have to the Sphere LMN preaÞ 


to the Sphere ABC, ſhall have a triplicate_Proporti 
of that Which the Diameter E F has to the Diamet 
BC. But as the Sphere L MN is to the Sphere AB 
ſo is the Sphere DEF to ſome Sphere leſs than AB 


ABC, hath a triplicate Proportion to that which E 


prov'd. Therefore the Sphere ABC to a Spher : 
greater than DEF, has not a triplicate Proportion of 


ſtrated, that the Sphere ABC to a Sphere leſs tha ö 


BC has to EF; ; therefore the Sphere A B C to the 
Sphere DE F, has a triplicate Proportion of that 
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ELEMENT $ 


of Plain and Spherion 


TRIGONOMETRY. 


7 : H E Buſineſs 0 Trigonometry Is 75 find the 
Angles . the Sides are given, and obe 


Sides, or the Ratios of the Sides, when the 


Angles are given, and to find Sides and An- 


gles, when Sides and Angles are given : In order to 


which, it is neceſſary, that not only the Peripheries of 
Circles, but alſo certain right Lines in and about Cir- 


5 be ſuppos d divided into ſome determined Number of 
AA | 5 

And fo the ancient Mathematicians thought fit to 
| divide the Periphery of a Circle into 300 Parts, which 


they call Degrees; and every Degree into G0 Minutes, 
| ind every Minute into 60 Seconds; and again, every 


Second into 60 Thirds, and ſoon. And every Angle 


| ts ſaid to be of ſuch a Number of Degrees and Minutes, 


as there are in the Arc meaſuring that Angle. 
There are ſome that would have a Degree divided 


into centeſimal Parts, rather than ſexageſimal ones: 


And it would perhaps be more uſeful to divide, not only 
a Degree, but even the whole Circle, in a decuple Ratio; 


which Diviſian may ſome time or other gain Place. 
Now, if a Circle contains 300 Degrees, a Quadrant 
thereof, which is the . of a right Angle, my 

| | 0 
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be go of theſe Parts: And if it contains 100 Part, / 


Quadrant will be 25 of theſe Parts, had 
The Complement of an Arc is the Difference theri I Tan; 
from a Quadrant. it e. 


A Chord, or Subtenſe, :, a right Line drawn from 
one End of the Arc ts the other. EN 
# 5 Right Sine of any Arc, which alſo is commun) 
called only a Sine, 1s a Perpendicular falling from m 
End of an Arc, to the Radius drawn through the othy 
End of the ſaid Arc; and is therefore the Semi ſubtenſ 
of double the Are, viz. DE DO, and the Arc DO 
Is double of the Arc DB. Hence, the Sine of an Arc if 
o Degrees is equal to the one half of the Radius. Un 
fo 15 El. 4.) the Side of an Hexagon inſerib'd ini 
Circle, that is, the Subtenſe of bo Degrees, is equal; 
the Radius. A Sine divides the Radius into two Ser: 
ments CE, EB; one of which, CE, which is inter: 
cepted between the Centre and the Right Sine, is thi 
Sine Complement-of the Arc D B to a Quadrant, (fr 
CEF D, which is the Sine of the Arc DH) andi 
called the Coſine: The other Segment B E, which i 
intercepted between the Right Sine and the Periphery 
#5 called a Verſed Sine, and ſometimes a Sagitta, 
And if the right Line CG be produced from tht 
Centre C, thro' one End D of the Arc, until it mii 
the right Line BG, which is perpendicular to the Dia: 
meter drawn thro" the other End B of the Arc, ther 
CG ts called the Secant, and BG the Tangent of the 
© The Coſecant and Cotangent of an Arc is the Secai 
or Tangent of that Arc, which is the Complement if 
the former Arc io a Quadrant. Note, As the Chor 
of an Arc, and of its Complement to a Circle, is the 
fame ; ſo, likewiſe, is the Sine, Tangent, and Secant if 
an Arc, the ſame as the Sine, Tangent, and Secant i 
its Complement to a Semicirele. | 


: 


The Sinus Totus is the greateſt Sine, or the Sin 
of go Degrees, which is equal ta the Radius of i: 
Circles. | S Bal 


A Trigonometrical Canon 75 a Table, which, . 
ginning from one Minute, orderly expreſſes the Length 
that every Sine, Tangent, and Secant, have, in reſpeci of 
the Radius, which is ſuppoſed Unity; and is concerved! 
be divided into 10,000,000 or more decimal Parts, All 


& 7. 


PLAIN TRIGONOMETRY. 


the Sine, Tangent, or Secant, of any Arc, may be 
had by Help rf this Table; and, "contrariwiſe, a Sine, 
Tangent, or Secant, being given, we may find the Arc 
it expr 757 Take notice, That in the 9 
Traci, R. fignifies the Radius, S. a Sine, Coſ. a oO ine, 
1. 4 Tangent, * "ny a Cotangent. 1 
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PROPOSITI 0 N 1. 


THEOREM. 


| The 1.00 8 ides of any rigbt. angled 7 riangle ing 


Even, the other Side is a % given. 


1 Fa R (by 47 of the firſt Element) ACqzABq 
| q and AC q- BC DAB q, and in- 
che A O9 — 18 — BCq. W hence, by 8 


the Exuaction of * Square Rode there is given 
| AT=y/ ABq+BCq and AB=y NA = N. 
And BC = n ; 2 


PROPOSITION Il. 


PROBLEM. bY 


| The Sine D E : of the Arc BD, and the Radius 


0 D, being given, to find the Caſing 1 F. 


HE Radius C D, and the Fus D of being © given 
in the right-angled # riangle CDE, there will be 


given (by the laſt Prop.) . 4 — ang, 


1.2 PR ©- 
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J The Sine 88 7 any Arc DB being given, to fn 


Ti 1 r Sine B M being given, there will be giv 


Nhe ELEMENTS of L 
PROPOSITION ut. 
PROBLEM. 


"mM M or B M the Sine of balf the Arc, 


D E bone: given, CE (by the laſt Prop.) will be 
given, and accordingly EB, which is the Difference 
between the Cofine and- Radius. Therefore DE, EB, 


being given in the right-angled Triangle DB E, "ther 


will be given DB, whoſe Hale DM 1 s the Sine of the 


Arc D L. the Arc BD. 


PROPOSITION IV. 


8 


| The Si ne BM of the Arc BL being given, 10 ful 


the Sine of double that Arc. 


(by Prop. 2.) the Coſine CM. But the Trian- 
gles CBM, 5 BE, are equiangular, becauſe the An- 


ales at E and M arc right Angles, and the Angle atÞ 
common: Wherefore (by 4. 6.) we have CB: CM 


: BD, or 2 BM: DE: Whence, ſince the three 
fir Terms of this Analogy are given, the fourth allo, 
which is the Sine of the Arc DB, will be known. 


C:rell. Hence, CB : 2 CM 23 BD :2DE ; that i, 


the Radius is to double the Coſine of one Half d 
the Arc DB, as the Subtenſe of the Arc DB 
to the Subtenſe of double that Arc. Alſo, CB: 
2 M:: {?2BM:2DE::) BM: DE:: 
CB: CM. Wherefore the Sine of any Arc, 00 


the Sine of its Double, being given, the Coſine of 


the Acc itſelf is given, 


p R O. 
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PLAIN TRIGONOMETRY. 


PROPOSITION V. 
The Sines of 110 Arcs B D. FD, being om 5 


the Sine of their Difference. e 


LI the Radius C D be drawn, and then C 55 is 


the Coſine of the Arc F D, which accordingly i "= 


given, and draw OP thro' O parallel to DK; alſo, 
let OM, G E, be drawn parallel to C B: Then; be- 
cauſe the Triangles CDK, COP, CHI, FOH, 


FOM, are equiangular; in the firſt Place, D: 


DK:: CO: OP, which, conſequently, is known. 


Alſo, we have CD: CK::FO: FM, and ſo like- 


wiſe this ſhall be known. But be Ale FO = 


| EO, then wil FM = MG = ON; and fo OP 
IFM = FI Sine of the Sum of the Arcs: And 
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OP — FM ; that is, OP — * of the 


Difference of the Arcs. W. W. D. 
Coroll. Becauſe the Differences of the Arcs BE, BD, 


BF, are equal, the Arc BD ſhall be an Arithme- 
tical Mean between the Arcs BE, * 


PROPOSITION vl. 


De ſame Things being ſuppoſed, Ran is to 


double the Coſine of the mean Arc, as the Sine 


of the Difference to the Difference of the Sines 5 


of the Extremes, 


Fox we have CD: C K. FO: FM: Whence, 
by doubling the Conſequents CD3143CK: 


FO:2FM, or to FG; which is the Difference of 


the Sines EL, FI, W. W. D. 


Coroll. If the Arc BD be 60 Degrees, the ener 


of the Sines F I, EL, ſhall be equal to the Sine 
FO, of the Diſtance. F or, in this Caſe, CK. is the 


Sine of 30 Degrees; double thereof being equal 
to Radius: And fo, fince CD=2CK, we ſhall. 
have FO=FG. And, conſequently, if the two 
Arcs 3 E, BF, are equidiſtant from the Arc of 60 


& 3 De- 


Degrees, the Difference of the Sines ſhall be equal 
to the Sine of the Diſtance F D. 


Coroll. 2. Hence, if the Sines of all Arcs be Piven 


diſtant from one another by a given Interval, from 
the Beginning of a Quadrant to 60 Degrees, the 


other Sines may be found by one Addition only : 


For the Sine of 61 Degrees = Sine of 59 Degrees 
＋ Sine of 1 Degree; and the Sine of 62 Degrees 
== dine of 58 Degrees + Sine of 2 Degrees: Alf, 
the Sine of 63 Degrees = Sine of 57 Degrees 4. 


Sine of 3 Degrees, and ſo on, 


Corll. 3. If the Sines of all Arcs, from the Begin- 


ning of a Quadrant to any Part of the Quadrant, 
diſtant from each other by a given Interval, be 


given, thence we may find the Sines of all Arc: 
to the Double of that Part. For Example, Let 
all the Sines to 15 Degrees be given; then, by the 


precedent Analogy, all the Sines to 30 Degrees, 
may be found : For Radius is to double the 2 


of 15 Degrees, as the Sine of 1 Degree is to the 


Difference of the Sines of 14 Degrees, and 16 De- 


grees. So, alſo, is the Sine of 3 Degre: s, to the 


Difference between the Sines of 12 and 18 De- 
grees ; and ſo on continually, until you come to 


the Sine of 30 Degrees. 55 
After the ſame manner, as Radius is to double the 


Coſine of 30 Degrees, or to double the Sine of be 
Degrees, fo is the Sine of 1 Degree to the Diffe· 
rence of the Sines of 2g and 31 Degrees : : Sine 


2. Degrees, to the Difference of the Sines of 28 


and 32 Degrees: Sine 3 Degrees, to the Diffe- 


rence of the Sines of 27 and 33 Degrees. But in 


this Caſe, Radius is to double the Coſine of 30 


_— Let B 


Degrees, as 1 toy 3*. And, accordingly, if the 


Fig. for the DE rixITIONS, 
D be an Arch of 30e 


| Rad, Tan. To. ſine Sine | 
Then as CB: BG :: FD: DE. DO==CB #24 DE 


VTCH—EDE;—=CE=yvI=i=YIZCB:CE::1:y5, 


CD:2CE::1:2y3=v#Zv3. & E. D. 


Sine? 


% „„ 2 © qEeNGQ 


In 


lal 


equal to B G, If EB be leſs than the 3 


PLAIN TRICGONOME TRX. 
Sines of the Diſtances from the Arc of 30 Degrees, 
be multiplied by / 3, the Differences of the Sines 
will be had. 

50, likewiſe, may the Sines of the Minutes in the Be- 
inning of the Quadrant be found, by having the 
Eines and Coſines of one and two Mir nutes given. 
For, as the Radius is to double the Coline of 2: 
Sine 1: Difference of the Sines of 1' and 3 ey Sing 
2: Difference of the Sines of © and 4, that is, 
to the Sine of 4. And ſo, the Sines of the four 
firſt Minutes being given, we may thereby find the 


| Sines of the others to 8 3 and from thence to 16, 


and fo on. 
PROPOSITI ON vn. 


Tutors. 


| In ſmall Ares, the Sines and Tangent, of the ſame 


Arcs are nearly io one 9 in a Ratio of 
Equality. 


Fon, e the Triangles CED, CBG, are 


equiangular, CE: CB :: ED:: BG. But 


| as the Point E approaches B, EB will vaniſh in 
reſpect of the Arc BD; whence CE will become 


nearly equal to CB, and ſo E will be alſo nearly 


I 5,000,000 


| Part of the Radius, then the Difference between the Sine 


and the Tangent will be alſo leſs than the TT, 


19,000,000 


Part of the T. 5 


| Corell, Since am Are is leſs tas the Tangent, and 
greater than its Sine, and the Sine and Langent 
of a very ſmall Arc are nearly equal; it follows, 
that the Arc ſhall be nearly equal to its Sine: And 
ſo, in very ſmall Arcs, it ſhall be, as Are is to Are, 
ſo is dine to Sine. 


T 4 PR O- 
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PROPOSITION VIII. 
To, find the Sine of the Arc of one Minute. 


HE Side of a Hexagon inſcrib'd in a Circle, that 
is, the Subtenſe of 60 Degrees, is equal to the 


Radius, (by 15th of the 4th) and ſo the Half of the | 


Radius ſhall be the Sine of the Arc of 30 Degree, 
Wherefore the Sine of the Arc of 30 Degrees being 


given, the Sine of the Arc of 15 Degrees may be 
found (by Prop. 3.) Alſo, the Sine of the Arc of 1g 


Degrees being given, (by the ſame Prop.) we may 


have the Sine of 7 Degrees 30 Minutes: So, like. 


wiſe, can we find the Sine of the Half of this, viz, 


” 3 Degrees 45; and ſo on, until twelve BiſeQions 


ing made, we come to an Arc of 522, 443, 03, 


455, whoſe Coſine is nearly equal to the Radius, in 


which Caſe (as is manifeſt from Prop. 7. Arcs are pro- 
portional to their Sines: And ſo, as the Arc of 52}, 


443, 34, 455, is to an Are of one Minute, ſo ſhall the 
Sine before found be to the Sine of an Arc of one Mi- 
nute, which therefore will be given. And when the 
Sine of one Minute is found, then (by Prop. 2. and 


4-) the Sine and Coſine of two Minutes will be had. 
' PROPOSITION IX, | 


000 
If the Angle BA C, being in the Peripbery of 


Circle, be bijefied by the right Line AD, and 
F/ AC be produced until DE= AD meets i 


ix E; then ſhall C E= ABZ. 


3 N the quadrilateral +5 ABDC (by 22. 3) 
+ the Angles B and A 
| Angles = DC ET DCA (by 13. 1.): Whence the 


D are equa] to two right 


Angle B= DCE. But, likewiſe, the Angle E= 
DAC (5% 5. I.) = D AB, and DC= DB; where: 
fore the Iriangles BAD and CE D are congruous, 


and CE is equal to AB. W. W. D. 


P R 0 


Let 


PLaiN TRIGONOMETRY. 
PROPOSITION X. 


THEOREM. : 

Lit the Arcs AB, BC, CD, DE, EF, &c. be 
equal ; and let the Subtenſes of the Arcs AB, 
AC, AD, AE, &c. be drawn; then will AB 

:AC::AC: AB+AD: AD: AC+AE: 
«AE: AD+AF: AF: AE+AG. 3 


LET AD be produced to H, AE to I, AF to K, 


and AG to L, that the Triangles AC H, ADI, 
AEK, AFL, be Iſoſceles ones: Then, becauſe he 


Angle BAD is biſected, we ſhall have DH AB 
(by the laſt Prop.) ; fo likewiſe ſhall EI=AC, F K. 
AD, alſo GL = AE. 

But the Lſoſceles Triangles ABC, CH A, D Al, 
EA K, FAL, becauſe of the equal Angles at the 
Baſes, are equiangular : Wherefore it ſhall be, as AB : 
AC:: AC: AH=AB+AD:: AD: Al AC - 


AE :: AE: AK=AD+AF :: AF : AL=AE+ 


AG. W.W.D.. 
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Coroll. 1. Becauſe A B is to AC, 2 Radius in to dou- 


ble the Coſine of 4 the Arc AB, it ſhall alſo be (by 


Coroll. Prop. 4.) as Radius is to double the Coline 


of 3 the AGA B, ſo is 3 AB: 4 AC:: 1 AC:: 
1 ABT AD: 2 AD: 4 AC AE: AE 


| AD-+3AF, Sc. Now let each of the Arcs AB, 


BC, CD, tc. bez'; then will 4 A B be the Sine 


of one Minute, + AC the Sine of 2 Minutes, 3 AD 
the Sine of 3 Minutes, 4 AE the Sine of 4, &c. 
Whence, if the Sines of one and two Minutes be 


given, we may eaſily find all the other Sines in the 


ollowing manner: 
Let the Coſine of the Arc of one Minute, that is, the 


Sine of the Arc of 89 Deg. 59', 1 calld Q, and 


1 the followin Analogies; R:2Q :: din. 2' 

I +8. 3“ herefore the Sine of 3 Minutes 

A been Alſo, R: 2 Q:: 8. 3: S. 2 ＋ 8. 4 

e the 8. 4 is given; and R. 2Q::$4:; 
8.3 wp 5 ; IIS will be had. 


4 
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Likewiſe, R:2Q::58.5*':S.4'+8.6'; and ſo we 


ſhall have the Sine of 6. And, in like manner, the 
Sines of every Minute of the Quadrant will be 
given. And becauſe the Radius, or the firſt Term 
of the Analogy, is Unity, the Operations will be 
with great Eaſe and Expedition calculated by Mul- 
tiplication, and contracted by Addition. When 
the Sines are found to 60 Degrees, all the other 
Sines may be had by Addition only (by Cor, 1, 
Prop. 6.). . 


The Sines being given, the Tangents and Secants may 


be found from the following Analogies (in the Fi- 
5 2 for the Definitions); becauſe the Triangle 
CED, CBG, CHI, are equiangular, we have 


CE: ED :: CB: BG; that is, Coſ.: 8 1 
'GB*BC:: CH: Hij thats, TR ::K:- Cot, 


CE: CD:: CB: CG; that is, Coſ.: R:: R: Secant, 


DE: CD:: CH: CI; that is, S: R:: R: Coſec. 


SC HOLIU M. 


That great Geometrician, and iycemparable Philbſi- 


ppber, Sir Iſaac Newton, was the fir/t that laid down 


4 Series converging, in infinitum; from which, having 


the Arcs given, their Sines may be found. Thus, 4 
an Arc be called A, and the Radius be an Unit, th: 
Sine thereof will be found to be 3 

AT e - AS” 


e 8 
1.2. 1. . J „ 12.36. 1.46%... 
And the Coſine, er FR Lon 7 
„ As AS FED 
1 — — _w____ 
1.2.3 1. 2.3.4 1-2.3-4.5.0 1.2.3.4-5.6.7.8 


Theſe Series in the Beginning of the Quadrant, ohm 
the Arc A is but ſmall, ſoon converge, Por in the Se- 
ries for the Sine, if A does not exceed 10 Minutes, the 
two firſt Terms thereof, via. A3 A3 gives the Sine 


to 15 Places of Figures, If the Arc A be not greater 


than one Degree, the three firſt Terms will exhibit the 


Sine to 15 Places of Figures; and ſo the ſaid Series are 
very uſeful for finding the firſt and laſt Sines of the 
Quadrant. But the greater the Arc A is, the more 

Are 


*. 


Prix TRISONOHET Rr. 285 
ae the Terms of the Series requir'd to have the Sine 


in Numbers true to a given Place of Figures. And 


then, when the Arc is nearly equal to the Radius, the 
Series converges very flow. And therefore, to remedy 
this, I have devis'd other Series, ſimilar to the Newto- 
nian one, wherein, I ſuppoſe, the Arc, whoſe Sine is 
ſought, is the Sum and Difference of two Arcs, viz. 


Az, or A—g: And let the Sine of the Arc A 


ze calld a, and ths Coſine b. Then the Sine of the 
fre Az will be expreſs'd thus: 1 


Ib 22 bg, . , be 


| T4 Þ> ———— — PEE 


| '% | = | fs 

4 l 3 13.3.4 1. , %% 
F? ꝰæ 8 

„ 22 bet, an? , bes 

err 12.94 an 1.23458 


1.2.3.4.5 „ 


In lile manner the Sine of the Arc Az ts, : 
he ai nn 4 
1 1.2 1.2.3 1-2-4 '1-2-3-4-5  1-2,5-4-5.6 
And the Coſine is, = | e 

| 4 5 bz? JL azs 


„ % bd 
The Arc A is an Arithmetical Mean between the Arc 


| A—z and Az. And the Difference of the Sines are, 


dz % „ 42%, be* ag 


. 14-345 T5340 
3 b z? 3 


I 1.2 1.2.3 1.2.3.4 . nl I.2.3.4.5.6 Wes 
Whence the Difference of the Differences or . ſecond 
| Difference. Ts 5 | 
. , a ASS - IN 
| 1.2 1.2.3.4 1.2.3.4.5.6 
mnt 
Oran ax Eh 8 . 
1.2 1.4.34 1,50 


| Which Series is equal to double the Sine of the mean 

| Arc, drawn into the verſed Sine of the Arc Tz, and con- 

| berges very ſpon. So that if 2 be the firſt Minute 4 
the Quadrant, the firſt Term of the Series gives the 

| ſecond Difference to 15 Places of Figures, and the ſe- 

| cond Term to 25 Places, = 


From 


286 


if A be go Degrees, we ſhall have bo, and a=), 
4 


tonian ones. By the fifth Propoſition. 


De ELEMENTS of 
From hence, if the Sines of the Arcs diſtant one Mi. 
nute from each other be given, the Sines of all the Aras 
that are in the ſame Progreſſion may be found by an ex- 
ceeding eaſy Operation. | 
In the firſt and ſecond Series, if Aro; then ſhall 
a oo, and b its Cofine, will become Radius, or |, 
And hence, if the Terms wherein a is, are talen 
away, and 1 to be put inflead of b, the Series wil 
become the Newtonian. In the third and fourth Series, 


hence again, taking away all the Terms wherein 
is, and putting 1 inſtead of a, we ſhall have the Neu. 


tonian Series ariſe. 


Note, All the ſaid Series eaſily flow from the New. 


PROPOSITION XL 


Jn a right-angled Triangle, if the Hypotheniſ. 
be made the Radius, then are the Sides the Sint 
of their oppoſite Angles; and if either of the 

| Legs be made the Radius, then the ather Leg i 
the Tangent of its oppoſite Angle, and the Hy: 
gothenuſe is the Secant of that Angle. 


TT is manifeſt, that C B is the Sine of the Arc CD, 

and AB the Coſine thereof; but the Arc CD is the 
Meaſure of the Angle A, and the Complement of the 
Meaſure of the Angle C: Moreover, if AB, inthe 
Figure to this Propoſition, be ſuppos'd Radius, then 
BC is the Tangent, and AC the Secant of the Arc 
BD, which is the Meaſure of the Angle A. So, allo, 
if BC be made the Radius, then is BA the Tangent, 
and AC the Secant of the Arc BE, or Angle C. 
W. W. D. Therefore, as AC, being taken as ſome 
given Meaſure, is to BC taken in the fame Meaſure; 
ſo ſhall the Number 10,000,000 Parts, in which the 
Radius is ſuppos'd to be divided, be to a Number ex: 
preſſing in the ſame Parts the Length of the Sine oi 
the Angle A; that is, it will be, : 


— 2 9 = bay FF hh. 


N e 
ag 


iy the ſame Reaſon, as AC: BA::R : S. C. 


PLAIN TRIGONOMETRY. 
as AC: BC :: R: N, A. 


alſo, as AB: BC :: R: T, A. 
2. "ould ee BA N: T, Co 


And fo, if any three of theſe Proportionals be given, 
the fourth may be found by the Rule of Three. 


PROPOSITION XII. — 


The Sides of plain Triangles are as the Sines of : 


_ their oppoſite Angles, 
IF the Sides of a Triangle, inſcrib'd in a Circle, be 


biſected by perpendicular Radii, then ſhall the half 
Sides be the Sines of the Angles at the Periphery ; for 
the Angle BDC at the Centre is double of the Angle 
| BAC at the Periphery (by 20 El. lib. 3.) ; and fo the 


Half of every of them, viz. B DE = BAC, and 
BE is the Sine thereof. For the fame Reaſon, B F 


hall be the Sine of the Angle BCA, and AG the 


Sine of the Angle ABG GW. 
In a right-angled Triangle we have BD== 4 B C 


= Radius (by 31 Eucl. 3.) ; but Radius is the Sine 
gl 


of a right An 
Angle A. 5 SE 
In an obtuſe-angled Triangle, let BI, CI, be 
drawn; and then the Angle L ſhall be the Comple- 
ment of the Angle A to two right Angles, (by 22 
El. 3.) and ſo they ſhall both have the ſame Sine. 


e: Whence 1 BC is the Sine of the 


But the Angle BD E (whoſe Sine is BE) = Angle 


L; therefore BE ſhall be the Sine of the Angle 
BAC. And ſo in every Triangle, the Halves of the 
Sides are the Sines of the oppotite Angles : But it is 


manifeſt, that the Sides are to one another 23 their 


Halves W. W. D. 5 


. 7 
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Circle be deſcrib'd ; produce DB to G, and from Þ 


The ELEMENTS of 
PROPOSITION XII. 


In a plain T. riangle, the Sum of the Legs, the Dif. 


ference of the Legs, the Tangent of the half Syn 


of the Angles at the Baſe, and the Tangent 


one half their Difference, are proportional. 


L 1 i tire be a Triangle AB C, whoſe Legs 1 


— AB, BC, and Baſe AC. Produce AB to H, 
ſo that BH = BC; then ſhall AH be the Sum of the 
Legs; and if you make BI=BA, then I H will be 
the Difference of the Legs. Alſo, the Angle H BC 
= Angles A- AC B, (by 32 El. 1.) and ſo EBC 
the Half thereof = half the dum of the Angles A and 
ACP, and its Tangent (putting the Radius = EB) is 
EC. Again, let B D be drawn parallel to AC, and 


make HF=CD ; then, ſince HB SCB, we ſhal 
have (by 4 El. I.) the Angle HBF = CBD = BCA 


(by:29 El. 1.) Alfo, the Angle HB D = Angle A; 
whence F BD ſhall be the Difference of the Angles 
A and AC B; and EB D, whoſe Tangent is ED, 


half their Difference. Let I G be drawn thro' I pa- 


rallel to AC or BD, and then (% 2 El. G.) AB: 
BI:: CD: DG. But AB 2 BI; whence we ſhall 


have CD = DG: But CDH F, and fo H FDG; 


and, conſequently, HG = D F, and HGS DF 
— DE ; and becauſe the Triangles AHC, IHG, are 


equiangular, it ſhall be, as AH: IH:: HC: HG: 


+HC:4HG::EC: ED. That is, A the Sum 
of the Legs, to I H the Difference of the Legs, ſhall 


be, as EC the Tangent of one half the Sum of the An- 


gles at the Baſe, to E D the Tangent of one half their 


Difference. W. W. D. 


PROPOSITION xIv. 
In a plain Triangle, the Baſe, the Sum of the Sidi, 
the Difference of the Sides, and the Difference 
of the Segments of the Baſe, are proportional. 


ET DC be the Baſe of the Triangle BCD. 
About the Centre B, with the Radius BC, let a 


kt 


PLAIN T RIGONOMETRY. 
+ fall BE perpendicular to the Baſe ; then ſhall 


DG—= DB + BC == Sum. of the Sides, and DH = 


Difference of the Sides; and DE, C E, are the Seg- 
nents of the Baſe whoſe Difference is 5 F; becauſe 


(ly Cor. Prop. 38. El. 3 „ Rectangle under D = 


nd DF, is eq #1 to the Rectangle under DG, 1 
hall be (by 16 El. b.), as DC: G: DH: DF. 


PROBLEM. 


The Sum and Difference of any two Quantities be- 
ing given, to find the Vantities * 


JF one Half of the Sum be added to one Half of the 
Difference, the Aggregate ſhall be equal to the 


eater of the Quantities; and if from one Half of 
the Sum be taken one Half of the Difference, the Re- 


ſdue ſhall be equal to the leſſer of the Quantities. 


For, let there be two Quantities AB, BC, and let 


there be taken AD==BC ; then DB will be their Dif- 


ference, and A C their Sum; which, biſected in E, 
gives AE or EC the half Sum; and DE or EB the 
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half Difference. Hence, AB = AE +EB= the 


half Sum ＋ the half Difference, and BC = CE'— 


EB = the half Sum — the half Difference. 


In any plain Triangle, if two Angles be given, the 


third Angle is alſo given; becauſe It is their Comple- 
ment to two right Angles. . 
If one of the acute Angles of a Aehi-angled Tri- 


angle be given, the other acute Angle will be given, 


becauſe it is the Complement of the given Angle to 4 


fight Angle. . 
"And if two Sides of a right-angled Triangle be 


zen, the other Side may be found by the firſt Fropo- 


ition without a Canon. 
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The 7 rigonometrical SoluSions of a rig bt. agli 
7 riangle, may be as follow. Vid. Fg A 


> 2. 


nt: | Given | ren I. Sought |Make a 8 1 


he | The AB: BU: : R. "TTY of the 

1 Lo A BjAngles. Angle A, whoſe ons 

| ind BC. lis the Angle C. 

Il 8. Ihe } - the AC: AB:: NN 

Jes AE, Angles. | whoſe Complement is 0 
100; chene Angle A. 

Typo- | 

: i 

i . T1... ²¹·. TTC 

i ich The +: The: 4K: , aA a8:2306 

Leg AB, other IS, C: R:: AB: AC. 
{4 jind the [Side BC TTT We; 

3 angle A. and the | 
* Hypo 

13 Ithenuſe | 

1. „ de ooo ti 

Fl The | The JR :$,03: AC: AB 

Hypo- Leg AB. 8 RS 728 

- JJ 8 | 

; „„ La 4 

1 f [the Angle 1 3 ta ag 


| — — | _ | | : - | 


—_ 


_—_ i 
— 


The 7. rigonomet rical n of obligue-anglt 
i 4 riangles. Vid. Fi ig. to "OP 12. 


: « 
id. * — 


e 


25 Given Te Make as | 


3 4 Ihe 8, C: A: "AB: BC i 
Ang! be S, C:S,B::AB: AC. But 
| AB, CBC and when two Angles are given, the 
I go the A C. ſchird is alſo given: Whence the 

Side AB Caſe wherein two Angles and 

2 | a Side are given, to find the reſt, 
| | | falls into this Caſe. 


1 8 


_ Givett 


8 3 


PLAIN TRIGONOMETRY. 


©. as. 


| Given j vought | "Make = 
All the All the pb, C: 8, A:: AB: BC. Xa 
Angles Sides AB, 8. : 8, B : AB: AC. Whence, 
A, B, C. AC, BC. 1 the Angles are given, the Pro- 
* portions of the Sides may be 
found, but not the Sides them 
ſelves, unleſs one of them be 
| [firſt known, 7 
The two The AB: BC: 8. e TX; which 
Sides [Angles |therefore may be found. When 
AB, BC, A and B. AB, the Side oppoſite to C, the 
ind C, | [given Angle, is longer than CB, 
theAngle the Side oppoſite to the ſought 
oppoſite | Angle, the ſougnt Angle is leſs 
zo one off than a right one. But when it 
them. is ſhorter, becauſe the Sine of an 
Angle, and tnat of its Comple- 
[| ment to two right Angles, is 
{the ſame, the Species of the An- 
zle A muſt be firſt known, or 
. 3 [che Solution will be ambiguous. 
The twoſ The Lid. Eig. to Prop. . 57 
Sides [Angles Am C: 
AB, BCA 9c. 3C—AB:: TT, 
Aland the Whencei is known theD; ſence 
linterja- Þf the Angles A and C, whoſe 
| ſcent An- zum is given; and ſo (by the 
ze B. Prob. following Prop. 14.) the 
es Angles, themſelves will be given. 
All the [The |» id Fe. B. Let the oor Or | 
Sides AB, Angles. cular be drawn from the Vertex 
BC, AC. to the Baſe, and find the Seg- 
1 [ments of the Baſe by Prop. 14. 
viz, make as BC : „ +4 
Þ BD, DC, are given from 
this Analogy ; ; and thence the 
Aneles ABD, ADC, will be 
given by the Reſolution of 
en — Lingles, 1 
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THE 


ELEMENT 
OF 


Spherical Trigonometry, 


DEFINITIONS. 


I "PHE Poles of a Sphere are two Poms 
in the Superfictes of the Sphere, that art 
the Extremes of the Axis. 

II. The Pole of a Circle in a Sphere is a Point 

the Superficies of the Sphere, from which al 
Night Lines that are drawn to the Circunſt. 
rence of the Circle are equal to one another, 

III. 4 great Circle in a Sphere, is that whil 

Plane paſſes through the Centre of the Sphtrt 
and whoje Centre is the ame of that of It 
S 
IV. A ſpherical Triangle is a Figure comprt 
bhended under the Arcs of three great Giro in 
a Sphere, 
V. A ſpherical Angle 1s that which, in the du 
perficies of the Sphere, is contained under 15 
Arcs of great Circles; and this Angle is 17 


10 the Inclination of the Planes of fot ſaid 
Circles. 


PR 0 


Plane Trigonometry. 
Fe ff EN and {op _ M 
Gig. for the Definitions I 
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SPHERICAL TRIGONOMETRY. 


PROPOSITION I. 


Great Circles AC B, AFB, mutually biſect each 


other. 


OR ſince the Circles have the ſame Centre, 
their common Section ſhall be a Diameter of 


F 


Groll. Hence the Arcs of two oreat Circles in the 
Superficies of the Sphere, being leſs than Semi- 
circles, do not comprehend a Space; for they can- 
not, unleſs they meet each other in cwo oppoſite 
Points in a Semicircle. 


PROPOSITION I. 


equal Parts, 


If ** the Pole C of any Circle A F B, be drawn 
right Line CD io the Centre thereof, the 
ſaid 55 will be perpendicular to the Plane of 


that Circie, Vid. Fig. to Prop. 1. 


8 there be drawn any Diamietex EF, G H, in 
the Circle AFB; then, becauſe the Triangles 


Sides C D, DE, and the Baſe C F equal to the Baſe 


CE (by Def. 2.) ; then (by 4 EI. 1.) Jhal the Angle 


DF = Angle CDE, 5 ſo each of them will be 
right Angle. After the ſame manner we demon- 
rate, that the Angles CDG, C DH, are right An- 


les; and ſo 'by 4 £1.11.) C D ſhall be perpendicular 


o the Plane of ihe Circle AFE. W. W. . 


roll. 1. A great Circle is diſtant Hom its Pole by 


| the Interval of a Quadrant ; for ſince the Angles 
CDG,/CDF, are right Angles, the Meaſures of 
them, v7z. the Arcs CG, CF, will be Quadrants. 

. Great Circles, that paſs thro? the Pole of ſome other 
Circle, make right Angles with it; and contrari- 
wiſe, if great Circles make right Angles with ſome 

| other Circle, they ſhall paſs thro” the Poles of that 


other Circle ; for they mult pecellarily paſs thro the 
right Line BC. 


U 2 P R O- 


each Circle, and fo will cut them into two 


CDF, CDE, the Sides CB, DF, are equal to the 
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If a great Circle ECF be deſcribed about 1 


| THE Arcs AC, AF, (by Cor. 1. Prop. 2. 
EI. 11. ) the Ang le C 


or CBF. W. W. D. 
Ceroll 1. Ir the Arcs Ac, Af, are Quadrants, the 


2. The vertical Angles are equal, for each of then 


The ELEMENTS of 
PROPOSITION III. 


Pole A; then the Arc CF intercepted betwe 
AC, AF, is the Meaſure of the Angle CA 
or CDF. Vid. Fig. to Prop. 1. 


Quadrants; and, conſequently the Angles AN ( 

A DE are right Angles Wherefore, (by Def. 
F (whoſe Meaſure is the A 

CF) is equal to The In inden of the Planes AC} 

AFB, and alſo equal to the ſpherical Angle CA 


thall A be the Pole of the Circle paſſing thro! t 
Points C and F; for AD is at right Angles tot 
Plane FDC (by 1 14 Zl. 11.). 


equal to the Inclination of the Circles; alſo the a 
N Angles are equal to two right Angles. 


PROPOSITION IV. 


Triangles ſhall be equal and congruous, if MM 
have two Sides equal to two Sides, and l 
Avgles comprehending the two Sides alſo equal 


PROPOSITION V. 


Alſo Triangles ſhall be equal and congruous, if 
Side, together with the adjacent Angles in 0 
Triangle, be equal to one Side, and the adjaclf 
drgles of the uther 7 Triangle. 


PROPOSITION vi 


T riangles mutually Equilateral, are alſo mutual 
Eguiangular. 


PROPOSITION VII. 


In Jſoſceles Triangles, the Ang. es at the Baſe 
equal, 
PR 
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PROPOSITION VIII. 
And if the Angles at the Baſe be equal, then the 
Triangle ſhall be Tſoſceles. 


betwey | | 
CA T HES E four laſt Propoſitions are demonſtrated 
in the ſame manner as in plain Triangles. 
= PROPOSITION IX. 
Def. (ny two Sides of a Triangle are greater than the 
the A third. EC 
e CA FON the Arc of a great Circle is the ſhorteſt 
Ways between any two Points in the Superhcies 
of the Sphere. | 


PROPOSITION X. 


bout i 


ats, the 
thro' t 


es to t : 
WA Side of a ſpherical Triangle is leſs than a 

OO . Semicircle. | e 

O the A | 


les. LET AC, AB, the Sides of the Triangle ABC, 

N be produced till they meet in D; then ſhall the 
F- Arc ACD, which is greater than the Arc AC, bea 
| if th Semicircle. _ LS 1 


and PROPOSITION XI. 
ö eure three Sides of a ſpherical Triangle are leſs than 
3 whole LIEN 

OR BD+-DC is greater than BC (by Prop. q.) ; 
es, if 0 F and Ad on each Side B A AC, DBA + 
(es in DC A; that is, a whole Circle will be greater than 
adſact AB+ BC AC, which are the three Sides of the 

ſpherical Triangle A B C. | 5 


Ff 
In any ſpherical Triangle ABC, the greater An- 
gle A is ſubtended by the greater Side. 


| AKE the Angle BAD = Angle B ; then ſhall 
I. AD=BD (by 8 of this) and fo BDC ADA 
IC, and theſe Arcs are greater than AC. Wherefore 
Baſe ade Side BC, that ſubtends the Angle BAC, is greater · 
tan the Side AC, that ſubtends the Angle B. 
8 8 U 3 P R O- 


| 
A j 


mutual 
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PROPOSITION XIII. 

In any ſpherical Triangle ABC, if the Sum of the 

* Legs AB and BC be preater, equal, or leſs, than 
a Semicircle, then the internal Angle at the Baj 

AC hall be greater, equal, or leſs, than the 

external and oppoſite Angle BC D; and ſo th: 

Sum of the Angles A and ACB Shall alſo be 

_ greater, equal, or leſs, than 1x00 right Angles. 


RS T, let AB + BC — Semicircle = AJ), 
then ſhall BC = BD, and the Angles B CI) 
and D equal (by 8 of this); and ee the Angle 

BCD (hall be = Angle A. | 
Secondly, Let AB BC be greater than ABD; 
then ſhall BC be greater than BD ; and fo the Anz 
D {that is, the Angle A, by 12 of this) ſhall be greatu 
than the Angle BCD. In like manner we demon- 
ſtrate, if AB BC be together «fs than a Semicir- 
cle, that the Angle A will be leſs than the Angle 
BCD: And becauſe the Angles BCD and BCA e 

= two right Angles, if the Angle A be greater thai 

the Angle BCD, then ſhall Aand BCA be greater 
than two right Angles; ; if the Angle Arn BCD, 
ten ſhall A and BCA be equal to two right Angles; 
and if A be leſs than BCD, then will A and BCA 

be leſs than two right Angles. W. W. D. 


PRO POSITION XIV. 


Ty any ſpherical Triangle GHD, the Poles of the 
Sides, being joined by great Circles, do conſtitrs 
another Triangle X MN, <obich is the Supp'e- 

ment of the Triangle G H D; viz. the Side 
NX, XM. and NM, hall be e  Þ 
the Ares that are tbe Meaſures of the Angles 
D, G, H, 10 the Semicircles; and the Arcs . 
ate ibe Meaſures of the Angles M, X, N, wil 
be the Supplements of the Skies G H, GD, and 
HD, to Semicircles. 


x F ROM the Poles G, H, D, let the great Circles 
XCAM, TMNO, XKBN, be deſcrib'd ; then, 


becauſe 


S PHERICAL T'RIGONOME TRY. 


tecauſe G is the Pole of the Circle XCAM, we ſhall 
hve GM==Quadrant (by Cor. 1. Prop. 2.) ; and ſince 
His the Pole of the Circle T MO, then will H M be 


of the Ie a Quadrant; and fo (by Cor. 1. Prop. 3.) M ſhall 


thay de the Pole of the Circle GH. In like manner, be- 


* Baſe Naauſe D is the Pole of the Circle X BN, and H the 


n the pole of the Circle TMN, the Arcs DN, HN, will 
ſo the Wb: Quadrants; and ſo (by Gor. 1. Prop. 3.) N ſhall 
1% be {be the Pole of the Circle HD. And becauſe & X, 
5 DX, are Quadrants, X will be the Pole of the Circle 

ob. Theſe Things premis'd, _ 5 
AD, Becauſe NK Quadrant, (by Cor. 1. Prop. 2.) then. 
CDE NK +XB, that is, NX + K B= two Qua- 


Angle Nerants, or a Semicircle; and fo N X is the Supple- 


Nrent of the Arc K B, or of the Meaſure of the 
BD; angle HDG to a Semicircle. In like manner, becauſe 


Ange {WM C = Quadrant, and X A = Quadrant, then will 
reuter WUCS-XA ; that is, XM + ACS two Quadrants 


mon- Wor Semicircle; and, conſequently, XM is the Supple- 


nicii» ment of the Arc AC, which is the Meaſure of the 


Angle angle HG D. Likewife, ſince MO, NT, are Qua- 


A are brants, we ſhall have MO+NT=OT+-NM 


than W=Semicircle : And therefore N M is the Supplement 

reater Wof the Arc OT, or of the Meaſure of the Angle 
CD, 6H to a Semicircle. W. W. D. * 

gles; Moreover, becauſe D K, HT, are Quadrants, 

CA FHD KHT, or KT +HD, are equal to two Qua- 

I éklants, or a Semicircle ; therefore K T, or the Mea- 

ſure of the Angle X NM, is the Supplement of the 

Side HD to a Semicircle. After the ſame manner it 

/ the ö demonſtrated, that OC, the Meaſure of the Angle 


Hue 
ue Side G D. W. W. D. 


Sides : 
wy J PROPOSITION XV. 
16 Tguiangular ſpherical Triangles are alſo equi- 
coil Ry lateral. 


and | FOR their Supplementals (by 14 of this) are equi- 

WH lateral, and therefore equiangular alſo ; and fo 
7 are likewiſe equilateral (by Part 2. Prep. 
| 14. . | | | | | 


ircles 
then, 
cauſe 


[XMN, is the Supplement of the Side GH ; and BA 
the Meaſure of the Angle X, is the Supplement of 


4 PR Os 
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D ſhall CD, and RS, which is parallel thercto, be 


be three Angles of a ſpherical Triangle are greater 
7 OR the three Meaſures of the Angles G, H, D, 


the three Sides of the Triangle X NM are lels than 


than two right Angles. 
for in every ſpherical Triangle, the external and in- | 


Wherefore the internal Angles are leſs than fix right 


If from the Point R, not being the Pole of the Cir- 


In like manner, R8qSGq, or RGq, ſhall be greater 


The ELEMENTS of 
PROPOSITION XVI. 
than two right Angles, and leſs than ſix, 


together with the three Sides of the Triangle 
XN M, make three Semicircles (by 14 of this) ; bit 


two Semicircles (by 11 of this). Wherefore the three 
Meaſures of the Angles G, H, D, are greater than; 
Semicircle ; and ſo the Angles G, H, D, are greater 


The ſecond Part of the Propoſition is manifeſt; 
ternal Angles together, only make ſix right Angles: 


Angles. 
PROPOSITION XVII. 


cle AFBE, there fall the Arcs RA, RB, 
RG, RV, of great Circles to the Circumfe- 
rence of that Circle; then the greatef? of ibo 
Ares is RA, which paſjes through the Pole C 
thereof , and the Remainder of it is the la; 
and thoſe that are more diſtant from the great} 
are leſs than thoſe which are nearer to it, and 
they make an obtuſe Angle with the former Cit- 
cle AFB, on the Side next to the greif 
Arc, Vid. Fig. to Prop. 1. 


A Ecauſe C is the Pole of the Circle AFB, then 


perpendicular to the Plane AFB. And if SA, 56, 
dV, be drawn, then ſhall SA (by 5 El. 3) be greater 
than S G, and SG greater than SV. Whence, in the 
right-angled plain "Triangles RSA, RSG, RS), 
we ſhall have RSq+SAq, or R Aq, greater than 
RSq+SGq, or RSq; and ſo RA will be greater 
than KG, and the Arc RA greater than the Arc RG. 


than 


ealtr 


| 
* 


„ D, 
angle 
z bot 
than 
three 
han a 
"eater 


1 feſt 3 


ad in- 


les: 


right 


e Cir- 
RB, 
unfe- 
thoſe 
Wl: C 
40400 z 
reale 
„ and 
Ci 
realeſ 


„ then 
to, be 
„80, 
rreater 
in the 
RSV, 
r than 
rreatel 
c RG. 
Treater 

that 


than RV, and the Arc RG 
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than RSq+SVq q: or RVq; and ſo RG jhall be greater 
greater than the Arch RV. 

2dly, The Angle R GA is greater than the Angle 
CG A, which is a right Angfe (by Cor. Prop. 3.) ; 
and the Angle RVA is greater than the Angle YR; 
which alſo is a right Angle. Therefore the Angles 
RGA, RVA, are obtuſe Angles. 


PROPOSITION XVII. 


In a 1 Triangle, rigbt. angled at A, ibe Legs 


containing the right Angle are of the ſame Aﬀec- 
tion with the oppoſite Angles ;, that is, if the Legs 
be greater er liſs than Quadrants, then, accord- 
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ingly, will the Angles oppoſite to them be greater 


or leſs than Tiga! Angles. Vid. Fig. to Prop. 1. 


ne if AC be a Quadrant, then will C be the Pole 
of the Circle AFB; and the Angles AG C, or 
AVC, will be right Angles, If the Leg AR be 
greater than a Quadrant, then ſhall the Angle AGR 


be greater than a right Angle (by 17 of this) ; and 


if the Leg A X be leſs than a Quadrant, the Ange 
AGX ſhall be leſs than a right Angle. 


PROPOSITION XIX. 


If two Legs of a right-angled ſpherical Triangle be 
of the ſame Affection, (and conſequently the An- 
ples) that is, if they are both leſs or both greater 
than a Qurdrant, then will the Hypothenuſle be 
leſs than a Quadrant. Vid. Fig. to Prop. 10 
N the Triangle AR V, or B RV, let F be the Pole 


of the Leg AR; how will R F be a 
which i is greater than R V (by 17 of this). 


PROPOSITION XX. 


If they be of a different Affection, then ball the 


 Hypothenuſe be greater than a Quadrant. 
Vid. Fig. to Prop. 5 


OR in the Triangle A R G, the Hypothenuſe 
RG is r than RF, Which! is a Quadrant. 


Quadrant, 


PR O- 
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PROPOSITION XXL 
If the Hypothenuſe be greater than a Quadrant, 
then the Legs of the right Angle, and ſo the Angle 
oppoſite to them,are of a afferent Affection ; b, 
leffer,of the ſame Affection. Vid. Fig. to Prop. i. 
T HIS Propoſition, being the Converſe of the for- 


mer ones, ealtly follows from them. 


PROPOSITION XXII. 


In any ſpberical Triangle ABC, if the Angles at 


Ibe Baſe B and C, be of the ſama Affection, then 


the Perpendicular falls within the Triangle; and 


tif they be of a different Affection, the Pe 1 Pen- 
 dicular falls without the Triangle, 
N the firſt Caſe, if the Perpendicular does not fall 


weithin, let it fall without the Triangle, (as in Fig. 2 
ther in the Tr 'angle ABP, the Side AP is of the 1 
Affection with the Angle B. And, in like manner, 


in the Triangle ACP, 1 is of the ſume Affection 


with the Angle ACP; therefore, fince AB C, and 
ACP, are of the ſame Affection, the Angles ABC, 
ACB, ſhall be of a different Affection; which | is con- 
to the Hypotheſis. 
I; the ſecond Cafe, if the Perpendicular does not 
tal without, let it fall within (as in Fig. 1.). Then, in 
the Triangle ABP, the Angle B is of the ſame Aﬀec- 
don with the Leg AP. do, likewiſe, in the 1 riangle 
ACP, the Angle C is of the fame Affection with 
AP); and therefore the Angles B and C are of the 
ſalne Allection; ; which | is contrary to the Hy Potheſis. 


PROPOSITION XXIII. 


I ſpherical Triangles BAC, BHE, rigbt-angled 


at A aud H, if the ſame acute Angle B be at 
the Baje BA, or BH, then the Sines of the Hy- 
Pothenujes Hall be proportional 10 the Sines of 
_ the perpendicular Arcs. 
OR the right Lines CD, E F, being perpendi- 


cular to the ſame Plane, are parallel, Alfo, FR, 
7 


7 


| 


{ 


CPHERTCAL FRIGONOMETRY. 
Dp, perpendicular to the Radius OB, are likewiſe 
arallel: Wherefore the Planes of the Triangles EFR, 


ans CDP, are alſo parallel (by 15 El. I.). W herefore 
1 CP, ER, the common Sections of thoſe Planes, with 
po e Plane paſting thre? BE, CO, will be parallel (by 

1110 16 El. 11.). Therefore the Triangles CDP, EFR, 
op. l. | 


all be wr; 10 : Wherefore CP, the Sine of the 
Hypothenuſe B 
licular Arc CA, as ER the Sine of the Hypothenuſe 


BE, to EF the Sine of the perpendicular Arc E H. 
W. W. D. | . 


PROPOSITION XXIV. 


as The ſame Things being ſuppoſed; A Qs H K, the 
Lines of the Baſes, are proportional to I A, 
Pe. GH, the 7. angents of the perpendicular Arcs. 
»t fall 0 R, after the ſame manner as m the laſt Propo- 
g. 2.) WM. fition, we demonſtrate, that the Triangles QAI, 


KH: HG. 


nner, | 
— PRAPOSELION.XXV..- 
BC, Wir a pberical Triangle ABC, right-angl-d at A, 


to the Sine of the vertical Angle AC B, fo is tbe 
Coſine of the Perpendicular to the Radius. 


n, in 

\ftec- if Yr 

age PREPARATION, 

with L T the Sides AB, BC, CA, be produced, fo 

f the that BE, BF, CI, CH, be Quadrants ; and from 

efts, My: Poles B and C draw the great Circles EF DG, 
IHG; then will the Angles at E, F, I, H, be right 
Angles ; and ſo D is the Pole of BAE, by Cor. 2. 

Prop. 2. of this) and G the Pole of IFCB: Alſo, AE 

led Will be = Complement of the Arc BA, and F E the 

be at leaſure of the Angle B == GD, and DF their Com- 

Hy- plement: Alſo, BC ſhall be = FI = Meaſure of the 


endi- engled at I and F, and having the ſame acute Angle 
FR, WC; fince BA is leſs than a Quadrant, it will be, as S, 


DP, 4 DF: 


C, is to C P the Sine of the perpen- 


KHG, are equiangular; whence, QA: AI:: 


as the Coſine of the Angle B, at the Baſe BA, is 


Angle G, and CF their Complement : Likewiſe, 
A= HD, and DC their Complement. Theſe 
Things premis'd, in the Triangles HIC, DCF, right- 
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DF: S, HI::S, DC: S, HC; that is, the Coſi: 
of the Angle B is to the Sne of the vertical Angi 
BCA, as the Coline of wy is to Radius. W. W. I. 


PROPOSITION XX VI. 


The Coſine of the Baſe : Coſine of the Hypothenuſe:: 
R: Co. of the Perpeidicular. 


TOR in the Triangles AED, CFD, right-anole 
- at E, F, having the ſame acute Angle B; becauſ 

| AE i is leſs than a Quadrant, we have 8, EA: 8, of 
8, DA: 8, DC. W. W. D. 


PRO POSITION XXVII. 
S, of the Baſe :R :: T, of the Perpendicular: T, | 
of the Angle at the Baſe, — 


7OR in | the Triangles B AC, B E F, right-anglel i 

at A and E, and having the ſame acute Angle B; 

| becaufe A C is leſs than a Quadrant, we have 8, BA: 
8, BE: T, AC: IT, EF. W. W. P. = 


PROPOSITION XXVIII. 


Col. 85 the vertical Angle: R:: T, of the Per 
pendicular : T of the Hypothenuſe, 


I N the Triangles GIF, GHD, right-angled at] 
1 and H, and having the ſame acute Angle G, be 
cauſe H D is leſs than H C, or a Quadrant, it is, 4 

* l: 8, GI: T, HD: ö 


PROPOSITION XXIX. 
S, of the Hypethenuſe : R:: S, of the Perpend. 
cular: 8, of the Angle at the Baſe. 


IN. the aforeſaid Triangles, we have 8, IF: 8, Gr 
8, H D: 8, GD. 


© Coſine 
1 Angle 
W. P. 


N 


0. 


\ 
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PROPOSITION XXX, 
R: Co. of the Hypotbenu/e :: T, of the vertical 
Angle: Cot. of the Angle at the Baſe. 


JN the Triangles HIC, DF C, right-angled at 1 
and F, and having the ſame acute Angle C, be- 
cauſe DF is leſs than a Quadrant, we have S, CI : S, 


$93 


CF:: T, HI: T, DF; that is, R:Col.BC:: T, N 


C: Cot. B. 
The laſt ſix Propoſitions are ſufficient for ſolving 


all the ſixteen Caſes of right-angled ſpherical Trian- 
oles. Theſe ſixteen Caſes, with their Analogies de- 
duced from the ſaid Propoſitions, are as follow. 


4 Right 8 


the 


| Angle 
A 


and C. | 


XC | 
12]and B. 


{Given Y0ught 


beſides 


29, 30. 


Vid. Fig. to Prop. 253 26, 27, 28, 


[TEXTE CTETS GC 


ſchis is ambiguous. 


. 


t R Col. CA, of 
che ſame Kind with the Angle B. 


IBC. If BA, AC, be of the ſame 
|. ﬀe&ion,and not 


| 


N Col. BA "GX. Col. 


Quadrants, then 
8 C will be leſs than a Quadrant. 
If they be of a different Affection, 


drant. 7 


B C ſhall be greater than a Qua- 


18 : .Cof. CA:: 8, C. Col. Bot; 
che ſame Kind with CA. | 


Given 
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f cen sought N 
| [beſides ; 
the | 
Right ö | 
Angle | | 3 ; 
"BA, AC. Col. BA:R : : Col. BC: Col. By | Proy, 
BC. CA. If B C be leſs than a Qua- 20, and 
drant, then ſhall BA and CA beſz1. 
1 of the ſame Affection; if greater, 
| > ſof a different: But BA is given,, 
jand therefore the Species thereof. 
Wherefore the Species of AC is! 
EO alſo given. | | _ 
"A. B. 8, 5. * N. %y oh CA: ＋T. by Prop. Prop. 
CA. the ſame Affection with the oppo- 27, and 
ſite Side CA. 18. 
BA, B. AT. N d, EA T. B:T, A Tor 7iby by Preh. 
OE ne fame Kind with B. «gh „ and 
: 18. 
FE ITE. BA. 17 B N I's TA: S; BA am- by Prop. 
18 {wag nal 
5 : 
BC, c. AC. R: Col. . r FC T, CA. by Prop. Prop 
LS If BC be leſs than a uadrant,! 28, and 
the Angles C and B are of the ſame 21. 
19 Affection; if greater, of a different. 
5 1 herefore, if the Species of the 
1 Angle B be given, then will A C 
e given, 
MCCTAH Kk.C:KR:: T7; FIEKT I, BC; 6 Pls 
1 HAnd ſo, if the Angle Ci and CA, 28. 10. 
10 be of the ſame Affection, then BC 21. 
4 ſcthall be leſſer than a Quadrant; if 
2 ſof a different, greater. 
BC, S 1, EA: TLC. by — 
AC. | JBC be lefs thana Ouadrank fab, and 
then CA and BA, and conſequent- 21. 
111 y the Angles, {hall be of the lame] : 
Ws 7 Affection; if greater, of adifterent, 
but the Species of CA is given. 
4 1 herefore the Species of the Angle 
| S 1- will be alſo given. 
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wen Sought 


the ſame 0 with B. 


ein . Bof 
1 the ſame e Species with CA. 


ER K 
* e 


| 


F. Jy by. R —* B: Col. B C: 
And ſo, if the Angles Band C ar: 
of the ſame Affection, then ſhal 


IB C be leſs than a e ; if 
| jof a Wacken, greater. 


* — 


B. 


N Tol. 1 Ns KC: 99 — P. 
And ſo if BC be leſler than: 


By Prop. 


29, and 
18. . 
[TB 7. AC : 1 BCambr 


; LUOUS, 


by Prop. by Prop. 
29. 


by Prop. 


29. 
* 


by Prop. 
30. 10, 
ng 20. 


Quadrant, the Angles C and !] The 
hall be of the ſame Affection: 
ſif greater, of a different. But th 
Species of the Angle C is given ;| 
therefore the e of the Angle 
IB will be giver cn alſo. 


+$ i 


— „ — lf... 


of 
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Of the Solution of cake acti ſpherical 
T riangles, by the five circular Parts, 


T HE Lord Napier, (the noble Inventor of Logs. 


rithms) by a due Conſideration of the Analog 
by which W angled ſpherical Triangles are ſoly'4, 
found out two Rules, eaſy to be remember'd, by 
means of which, all the ſixteen Caſes may be foly'd! 
For ſince, in theſe Triangles, beſides the right Angle, 
there are three Sides, and two Angles ; the two Sides 


comprehending the right Angle, and the Complement 


of the Hypothenuſe, and the two other Angles, were 


call'd, by Napier, Circular Parts; and then there 


are given any two of the ſaid Parts, and a third i 
ſought, One of theſe three, which is call'd the Midil 


Part, either lies between the other two Parts, which 


are call'd Adjacent Extremes, or is ſeparated from 
them, and th are call'd Oppoſite Extremes : So if the 


Complement of the Angle B (Fig. to Prop. 25.) be ſup- 
pos'd the middle Part, then the 7 hn and the 


Uomplement of the Hypothenuſe B C, are adjacent 


extreme Parts; but the Complement of the Angle ks 


and the Side AC, are oppolite Extremes. Alſo, if th 


Complement of the Hypothenuſc BC be ſuppos'd the 
middle Part, then the Complements of the Angles B 
and C are adjacent Extremes, and the Legs AB, AC, 
are oppolite Extremes. In like manner, ſuppoſug 


the Leg AB the middle Part, the Complement of the 


Anele B and AC are adjacent Extremes; for the 
right Angle A does not interrupt the Adjacence, be- 


cauſe it is not a circular Part. But the Complement 


of the Angle C, and the Complement of the Hypo- 
thenuſe BC, are oppoſite Extremes to the ſaid midi 


Part. Theſe Things premis'd, 


n I. 


In any be -angled ſoherical Triangle, the Rel. 
angle under the Radius, and the Sine of itt 
middle Part, is equal to the Rectangle und 
the Tangents of the adjacent Parts. 


RULE 


8888 n * EOS * y Tag (CLE. bole "Io . 1 . 
I GE — WWW, ang 
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r 
The Rectangle under the Radius, and the Sine of 
the middle Part, is equal to the Rectangle under 


the Coſines of the oppoſite Parts, 
Fach of the Rules have three Caſes : For the mid- 


dle Part may be the Complement of the Angle B, or 
C, or the Complement: of the Hypothenuſe BC; or 


one of the Legs, AB, AC. 


Caſe 1. Let the Complement of the Angle C be 
the middle Part; then ſhall A C, and the Comple- 


ment of the Hypothenuſe BC, be adjacent Extremes. 
By Prop. 28. the Coline of the vertical Angle C is to 


Radius, as the Tangent of CA is to the Tangent of 


| the Hypothenuſe BC. Then (by Alternation) we 
mall have Col. C: T, CA:: R: T, BC. But R: 
T, BC: : Cot. BC: R (as has been before ſnewn). 
Wherefore Coſ. C: T, AC:: Cot. BC: R; whence 

Ry of. GI, ACxCOot. BC. 8 


And the Complement of the Angle B, and AB, are 


oppoſite Extremes, to the ſame middle Part, the Coin- 
plement of the Angle C; and, (by Prop. 25.) as the 

Coſine of the Angle C, to the Sine of the Angle 
| CDF, fo is the Coſine of DF to Radius. But the 
Sine of CDF = AE = Coſ. BA, and Coſ. DF = 
5, EF=S, Angle B. Whence it will be, as Coſ. C: 

i Col. BA:: 8, B: R. And R Coſ. C= Coſ. BA 

xs, B; that is, Radius drawn into the Sine of the 
middle Part, is equal to the Rectangle under the Co- 

| fines of the oppoſite Extremes. e 


Ca ſe 2. Let the Complement of the Hypothenuſe 
| BC be the middle Part; then the Complements of 
the Angles Band C will be adjacent Extremes. In the 
| Triangle DCF (by Prop. 27.) it is as 8, CF: R:: T, 


DF: T, C. Whence (by Alternation) 8, CF : T, 


| DE:: (R: T, C: :) Cot. C: R. But 8, CF=Oof. 
F BC, and T, DF = Cot. B: Wherefore R x Coſ. 


BC=Cot. C x Cot. B; that is, Radius drawn into 


the Sine of the middle Part, is equal to the Product of 
we Tangents of the adjacent extreme Parts. 


> And 
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ARE 


AB; and in the Triangles G H D % Prop. 25.) we 
have Coſ. D: 8, DGH : : Coſ. GH: R. But Coſ. 
D = Cof. AE=S, AB, and 8, G=S, IF =S, BC. 


be, as 8, AB: 8, BC :: 8, C: R. And hence Rs, 
A DT xX8;0-: AG ci 
And ſo, in every Caſe, the Rectangle under the Ra- 
dius, and the Sine of the middle Part, ſhall be equal 
to the Rectangle under the Coſines of the oppoſite E- 
tremes, and to the Rectangle under the Tangents of 


aforeſaid Equations be reſolv'd into Analogies, (by 16 


of Proportion. And if the Part ſought be the middle 
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And BA, AC, are the oppoſite Extremes to the 
ſaid middle Part, viz. the Complement of BC; and 
(by Prop. 26.) Coſ. BA: Coſ. BC::R : Coſ. AC, 
Wherefore we ſhall have R x Cof. BC = Coſ. BAy 
CUE REG: 

Caſe 3. Laſtly, Let AB be the middle Part; and 
then the Complement of the Angle B, and AC, will 
be adjacent Extremes, and (by Prop. 27.) 8, AB: 
R:: T, CA IB. Whence; 8, AB: T, en:! 
(R: T, B:) Cot B: R. And fo RN 8, AB 
Moreover, the Complement of BC, and the An- 
gle C, are oppoſite Extremes to the ſame middle Part 


Alſo, Coſ. GH =S, HI 8, C. Wherefore it wil 


the adjacent Extremes: And, conſequently, if the 
El. 6.) the unknown Parts may be found by the Rule 


one, then ſhall the firſt Term of the Analogy be Ra- 
dius, and the ſecond and third the Tangents or Co- 
{ines of the extreme Parts. If one of the Extremes 
be ſought, the Analogy muſt begin with the other; 


and the Radius, and the Sine of the middle Part, mult 


be put in the middle Places, that ſo the Part ſought 
may be in the fourth Place. e 


IN oblique-angled ſpherical Triangles (Zig. zo Pr 


31.) BCD, if a perpendicular Arc A C beletfal 


from the Angle C to the Baſe, continu'd, if need be, 


ſo as to make two right-angled ſpherical Triangle 
BAC, DAC; then, by thoſe right-angled Triangle, 


cre ae of the Caſes of oblique-angled ones be 
o1v'd | | 


5 


( 
k 


Th 
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PROPOSITION XXXI. 


7 he Coſines of the Angles B and D, at the Baſe 
BD, are proportional to the Sines of the ver- 
tical Angles BC A, DCA. 


FU Col. Angle B: 5 BCA : (Col. OA R: J 
— D: S, DCA 00 25 of this), ” 


PROPOSITION XXXIL 


The Coſines of the Sides B C, DC, are pro bor- 
tional to the Coſines of the Baſes BA, DA. 


FOR Cof. BC: Co. BA :: (Col. CA: R: 95 


Coſ. DC : Coſ. DA () 26 of this). 


F PR O POSITION XXXIII. 

| The Sines of the Baſes BA, DA, are in a reci- 
| procal Proportion of the 7 angents of the Angles 
1 and D al the BaſeBD. 


e (by 27 3 8, BA: R. 'T, AC: T, 
| of the Angle And by the lame inverſly, R: 
8, DA :: I ok che Angle ) T, AC. Then will it be 


| (by the Equality of perturbate Ratio, according to 


| Prop. 23. El. * 9 5 BA: D DA :; T, Angle D: T, 
| Ange B. 


| PROPOSITION XXXIV. 
| TheT, angents of the Sides BC, DC, are in a reci- 


procal Proportion of the Caſines of the vertical 


Angles BCA, DC A. 


; Rcauſe by alternating the 28th Propofi ftion, we 
T, BC: R. T, CA: Coſ. BCA, 


have 


um by the ſame R : Coſ. DCA : : T, DC: T, CA. 
| Wherefore, by Equality of perturbate Proportion, 
6 WS -\ S528 B'e; | DCA: "T.DG: Coſ. BCA. 


* | PR O- 
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PROPOSITION XXXV. 
The Sines of the Sides BC, D C, are proportionil 
to the Sines of the oppoſite Angles D and B. 


Bis by the 2 gth of this, 8, BC: R:: 8, CA: 


Sz OF the Angle 15 and, by the ſame, inverting, 


R. S, DC :: 8, Angle D : 8, of CA: Whence, by 
Equality of perturbate Ratio, 8, BC: 8, DC: 8 D 


8, B. 


PROPOSITION XXXVI. 


Ir any ſpherical Triangle ABC, the Regal c cr 8 


„AE, or FMXAE, contained under the Sinesf 

he Legs BC, B A, is to the Square of the Ra. 

_ dius, as IL or IA — L.A the Vier aca of the 

verſed Sines of the Baſe CA, and the Difference 

of the Legs AM, 10 GN, the a Sine of ihe 
Angle 3 


JFT ag a great Circle PN be deſerib'd from the dil 


B; and let BP, BN, be Quadrants ; and then PN 


the Meaſure of the Angle B; alſo, deſcribe from 


the ſame Pole B a leſſer Circle CFM thro! C; ; the 
Planes of theſe Circles ſhall be perpendicular to the 
Plane BON (by the 2d of this). And PG, CH, 

eing perpendicular in the ſame Plane, fall on the 


common Sections ON, FM; ſuppoſe in G, H. 


Again, draw HI, per ndieular to AO; and then the 
Plane drawn thro' CH, HI, ſhall be perpendicular 


to the Plane AOB. Whence Al, which is perpendicu- 


lar to H I, will be perpendicular to the right Line Cl 
(by Def. 4. El. 11.) ; and fo AI is the verſed Sine of 


the Arc AC and A L the verſed Sine of the Arc 
AM = BM — BA=BC — BA. The Iſoſceles Tri- 
angles CF M, PON, are equiangular, fince MF, 


NO, as alſo CF; PO, (by-16 El. II.) are paralle. 


Wherefore, if re CH, PG, be drawn to 


the Sides FM, ON, the Trian * will be divided 
ſimilarly, and we ſhall have FM : ON :- - MH : GN. 
Alſo, becauſe the "Triangles AQE, D IH, DLM, 
are equiangular, we ſhall have AE: AO : - IL : MH, 

But 
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But it has been prov'd, that FM: ON :: MH: GN. 
Wherefore it ſhall be, as AEXFM: A0 RON 


ILXMHxMHxGN, or as IL to GN; . 


the Rectangle under the Sines of the Legs, is to the 


Square of Radius, as the Difference of the verſed Sines | 


of the Baſe, and the Difference of the Legs BC, BA, 
is to the verſed Sine of the Angle B. W. W. D. 


PROPOSITION XXXVII. 


drawn into half. the Radius, is equal to the 
Rectangle under the Sine of half the Sum and 
the Sine of half the Difference of thoſe Arcs. 


JE T there be two Arcs, BE, BF, whoſe Differ- 
ence EF let be biſected in 757 : then ſhall BD 
| be the half Sum, and FD the half Difference of thoſe 
Arcs. GE == ILL is the Difference of the verſed Sines 
| of the Arcs BE, BF ; alſo, FO is the Sine of the half 


Differences of the Ates. And becauſe the Triangles 


(DE, FEG, are equiangular, we have DK : GE :: 
(CD: FE: 2 4 2 CD: 3 FE. Whence DE x + FE,or 
| DExXFO= =GE x4 CD=IL x 3 CD. W. W. D. 


PROPOSITION XXXVIIL 


| The verſed Sine of any Arc, drawn into þ aff the 


Radius, is equal to the Square of the Sine if one 
balf of the ſaid Arc. 


TK E Trian gles CBM, DEB, are equiangular, 
| ſince the Angles at M and E are right Angles, 
and the Angle at B is common. Wherefore EB : BD 


: BM : BC. And then will EB x BC = BMxBD ; 


| ind EBX2 BC=BM x4 BD=BMq. W. W. D. 


31 


| The Difference of the verſed Sines of two Arcs ED 
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PROPOSITION XXXIX. 


In any ſpherical Triangle ABC, whoſe I eps contain. 
ing the Angle B are BC, AB, and Baſe ſubtend. 
ing that Angle AC; if the Arc AM be taker= 
Difference of the Leg5=BC—AB : Then /hall 
Ihe Radar under the Sines of the Legs BC, 
BA, be to the Square of the 1 as the Red. 


angle under the Sine of the Arc At * — 


and the Sine of the Arc AC 25 AM; is to the | 


Square of the Sine of one Half of the Angle] B. 
Vid. Fig. to Prop. 36. 


Kale the Rectangle under the Sinus of. the 
Legs AB, BC, is to the Square of Radius, a 
1L is to the verſed Sine of the N B, or as R 

TE to ; R drawn in the verſed Sine of the Angle B 
( Prop. 36. of this). And ſince 4 RX II. ReCtan- 

AC XL AM, ny 


| gle under the Sines of the Arcs © 


2 INE. (by Prop. 37. f this). And alſo 3 R 
3 into the verſed Sine of the Angle B is equal to 
the Square of the Sine of one Half of the Angle B. 
Therefore the Rectangle under the Sines of the Sides 


to the Square of Radius, ſhall be as the Rectangle 
under the Sines of the Arcs — — and © en 


is to the Savory of the Sine of one Half the Angle, B. 
W. W. D 


* 2 © we 


| Given 
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angles are as follow. 


| Sought | 


| Make as RET! 


Angles 


B, D, 


ſand BC. | 


15 Anzles B, 


BCD, and 
OS - 


he Ties 


BC, CD, 
nd. the 


Angle B. 


the Side 


Angle C. 


R : Cof. BC :: T, B: Cot, 
BCA (by Prop. 30. of this) 

Alſo Col. B: 8, p. 30. of Coſ. 
D: S, DCA (by 31 of this), 
Wherefore the Sum of the 


[Angles BCA, DCA, if the 
[Perpendicular falls within the| 
Triangle, or the Dünne! 


if it falls without, will be == 


Solutions. 


Angle D. 


BD. 


4 8, BCA: 8, DCA: 
Col. D(by Prop. 

be leſs than BOD? the AngleD|% 

_ {ſhall be of the dude Affection 


| [greater than the Angle BCD, 


The Side 


according as thePer pendicular 
falls within or without the Tri- 


BCD. Whether the my 
cular falls within or without 
the Triangle, may be known 
| [from che Affection of the An- 
Eles B and D (% 22 of this) 3 
which Admonition ought 0 
be obſerv'd in * following : 
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The Twelve Caſes of oblique-angled ſpherical Tri- 


In the Ori- 
ginal the 
Proportion 
was thus ; 
Col. BC: 
R::TB: 
Cot. BCA. 


2. „ B : Kot, 
BCA (Prop. 30. of this). And 


R: Cof. B 


: Cof. B 
31.) If BCA 


with the AngleB. If BCA be 


then the Angles Band D ſhall 
be of a different Affection, by 
— of Prop. 22. 


R : Col. B 


Difference of BA and DA, 


„BC: T. BAT 

(by 128, of this), And Col. BCI 
Coſ. BA :: Coſ. DG: Co. 
5 80 - + Ke of this). The Sum] 


langle, is equal to BD; which 
cannot be known, unlels thc 


Species of the Angle D be firſt]. 


Thes Pro- 
Portion in 
the Or igi- 
nal bas as 
in the fore- 
going. De 
of 
e Angle 

BCA may 
be known by 
Prop. 18, 
and 19. 


known. 


—— 


Xx 4 


then | 
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6B P, 


8 


Then Sought | Make as 1 — 

{ - [The in N: Cob B: , Be: , 
sides Side (by 28. of tie). And Coſ. BA: 
WC, CD. sf. BC :: Co. DA : Col. DE 

. (by Prop. 32. of this). According 
and the as DA is ſimilar or diflimilar to 
[Angle [CA, or to the Angle BDC, 6 
Du | hall DC be leſſer or greater chan 
la Quadrant (by 52 and 20. of 
Ithis). 
4 FF ＋ EC: we BA 
B, D, side ((by 28. of this). And 1 1 1. 
and the B D. B:: S, BA: 8, DA (by 2% of 
Side | this). 'The Sum or Difference of 
BC. which BA and DA is =BD. 
The [Angle IR - Col, B:: T, BC: T. BA 
Sides . (by: Prop. 28. of this). And S, DA 
—_— TT FF EN: 1,8: T, D (by 33 
8 of this). According as BD is great- 
ſand the er or leſſer than BA, the Angle b 
Angle ſhall be ſimilar or difimilar to the 
=_ Angle B (by 22. of this). 
The JAngle |Col. BC: R :: Cor. B: T "BCA 
Sides C. |[(by 30. of this). And T, DC: T, 
BC, BC :: Coſ. BC A: Coſ. DCA 
DC, (by 34. of this). The Sum or Dit- 
7 ſand the | [ference of the Angles B CA, 
Angle [DC à, according as the Per- 
5 pendicular falls within or without 
the Triangle, is equal to the e 
| BCD. 
The [e Coſ. BC: R:: Cot. B: T, BCA 
IAngles Side (by 30. of this). Alſo, Col, 
BCD,JDC. DCA: Cof. BCA :: T, BC: 
and B, n DC (by 34.i0f this). If 
and the | the Angle DCA be ſimilar to 
Side the Angle B, (that is, if AD 
BC. be ſimilar to CA) then DC 
ſhall be leſs than a Quadrant, If 
| the Angles D C A and B be diſſ- 
milar, then D C ſhall be greater 
than a Quadrant, which follows 
„ 1 Cap: | 18. 19. and 20. of this), 


— EIS" 1 


Given 


Cx 
G 


15 
6 


m— 


=: 


2 
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Given Sought | N Make as 


0D C 


The 


Fides 


B C, 


ind the 


Side“ 


B C. 


All the 


11 


Iides 


gs 5 


Angles | 
, H, || 


D. Vid. 
Fig. 
Prop. 
I4. 


1 


Angle 


D. 


| 


3 
1:3 BG: 


1 AC— AM. 
and E 


„ GD: 8, B:: 8; B C: 8, D; 
which is ambiguous. The Ana- 
logy follows from Prop. 35. of 


| this. 


SB: 8, Der 
which Side is ambiguous. ET 


As the Rectangle er the Sa 
of the Legs AB, BC : the Square 
f Radius : : the ne under 


the Sines of the Arcs 


” 15 . 


j 


—: the Square of the 
Sine of! 2 the _ B (by Bod 


439.) 
In the N X N NI. the Nie 


MN is the Complement of the 
Angle GHD to a Semicircle. 


XM is the Complement of the 


. Angle G, and XN the Com- 


plement of the Angle D. And 
the Angle X, the Complement 
of the Side GD to a Semicircle. 
| Wherefore, if the Angles be 


changed into Sines, and the Sides 


jinto Angles, the Operation will 
be the ſame as in Caſe 11. of 


| |this; ſince Arcs and their Com- 
| plements to Semicircles have the 


„ 


lame Sines. 


= = | 


LEN 
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The following REMARK 65 
SAMUEL CUNN. 

T HAT this is true but in a particular Caſe, viz, 

when two of the Angles of the Triangle are 

right ones, and two of the Sides Quadrants, may be 


thus demonſtrated : For, if poſſible, let ſome Trian- 


ole RST, Fig. to Prop. 14th, be ſuch, that its Sides 
RS, S T, TR, be equal to the Meaſures of GHD, 
HGD, GDH, the Angles of a Triangle GHD; 
and, alſo, that the Meaſures of RS T, S T R, TRS, 
the Angles of the Triangle RS T, be equal to GH, 


GD, HD, the Sides of the Triangle GHD. And 


produce MX, MN, two Sides of the ſupplemental 
Triangle, to Semicircles, and they will meet ſome- 
where, ſuppoſe at E; and there will be conſtructed 
thereby the Triangle NEX, of which X E (the 


Supplement of XM, which, by the 14th Prop. was 
the Supplement of the Meaſure of the Angle HGD) 


is equal to the Meaſure itſelf of the ſame Angle 
HGD: And, in like manner, NE, the Supplement 
of NM, which, by the 14th Prop. was the Supple- 


ment of the Meaſure of the Angle G HD, is equal to 


| the Meaſure itſelf of the fame Angle GH D. But 


the third Side X N is not the Meaſure of the third 
Angle G DH, but its Supplement, by the 14th Prop. 
Moreover, of the Angle EXN, (whoſe Supplement 
is NXM) the Meaſure, by the 14th Prop. is equal to 
GD; and of the Angle X NE, (whoſe Supplement 
is MNX) the Meaſure, by the 14th Prop. is equal 


to HD. But of the third NE X, (which is equal to 


NM) the Meaſure is not equal to GH, but its Sup- 
plement.: - FF 


Now make NV RT = BK, the Meaſure of 


the Angle GDH, and draw the great Circle EV. 
And ſince R S, by Suppoſition, is equal to the Mea- 


ſure of the Angle GHD, which is equal to EN; 


and ſince the Meaſure of the Angle SR T' is, by Sup- 
poſition, equal to DH, which is alſo equal to the 


| Meaſure of the Angle XNE ; the Angle X NE is 
Equal to the Angle R. Then, conſequently, by oe 


1 | 40 
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4h Prop. the Triangles SRT, ENV, will have the 
Biſe 8 L, equal to the Baſe EV; the Angle T, to the 
Angle N V E, and the Angle S, to the Angle NEV. 
But S T, (which is equal to EV) by Suppoſition, is 
equal to the Meaſure of the Angle HGD; to which 
Meaſure X E is alſo equal. Therefore EV is equal 
to XE; and, conſequently,by the 12 Prop. the Angle 
EVX is equal to the Angle EX V 


ſince, by Suppoſition, the Meaſure of this is alſo equal 


to G D. Therefore the Angle EVX is equal to the = 


Angle EVN, and ſo both right ones; and, conſequent- 

ly, EXV a right one alſo. Therefore, by the 24 Cor. 

to the 2d Prop. EV and E X are both Quadrants. 
But if EV be a Quadrant, and at right Angles to 


NX, then E, by 2d Prop. and its Coroll. is the Pole 
of NX; and ſo EN a Quadrant alfo, and the Angle 
| ENV a right one. Therefore, if the Sides of a T ri- 
angle (NEV, or its Equal) RS T are equal to the 
Meaſures of the Angles of ſome other Triangle GHD, 


and the Meaſures of the Angles of the former, equal 


to the Sides of the latter; two Sides of ſuch a Triangle 
RST, or GHD, muſt be Quadrants, and two An- 
gles of each right ones. . i 


Therefore, if a Triangle RS T be conſtructed, 


; and the Angle 
EXV (whoſe Meaſure, as hath been ſhewn above, is 
equal to G D) is equal to the Angle T, (or NVE) 


SF 


whoſe Sides are equal to the Meaſure of the Angles 


of another Triangle GHD; the Meaſures of the 
Angles of the Triangle RS T ſhall not be equal to 


| the Sides of the Triangle G H D, unleſs in the one 
Caſe be ore- mention'd. Therefore the Meaſures of 
the Angles of the Triangle G HD, us'd as the Sides 


of a Triangle in the 11th Caſe, will not give us a Side 
of GH D, but the Meaſure of an Angle of the 


| Triangle RS T, unleſs in the one aforemention'd 
| Caſe; which was to be demonſtrated. 


But to find a Side GD of a ſpherical Triangle & HD, 


whoſe Angles are all given, produce MN, that 


dide of the ſupplemental Triangle which is equal to 


the Supplement of the Meaſure of GHD, the Angle 


oppoſite to the Side ſought, and MX, either of the 


other Sides, till they meet as in E. And there, as hath 
been before ſhewn, the Sides EX, E N, of the Tri- 


angle 
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angle EXN, are exactly equal to the Meaſures of the 
Angles H GD, GHD, of the Triangle GHD; and 
of the Angles EX N, ENX, of the Triangle EXN, 
the Meaſures are eqdal to G D, HD. But the Side 
XN is equal to the Supplement of the Meaſure of the 


Angle GDH. And of the Angle XEN, the Mea- 
ſure is equal to the Supplement of G H. | 


Therefore the SOLUTION is thus: 


Change one of the Angles G DH, adjacent to the 
Side ſought, into its Supplement ; and then work with 
the Meaſures of the Angles as tho” they were Sides; 
and the Reſult will be GD, the Side fought. 


The preceding Fault, as well as the Omiſſions here- 
after mention'd, are not peculiar to our Author ; but 
may be found in Dr. Harris, Mr. Caſwell, Mr, Heynes, 
and many other Trigonometrical Writers. 


In the Solution of our 8th and gth Caſes, they have 
told us, that the Qu ædſita are ambiguous ; which ſome- 


times, indeed, is true, but ſometimes alſo falſe: There- 


fore, as I conceive it, they ought to have laid down 
Rules, by Help of which we might diſcover when the 
Quæſita are ambiguous, and when not. 

This Overſight may be corrected by the following 


Directions; wherein, becauſe every Sine correſponds 


to two Arches, to one leſs than a Quadrant, and to 


another, which is the Supplement of the former to a 
Semicircle, (a true Diſtinction of which of theſe are 


to be us'd, being neceſſary to be known, before 2 


proper Solution can be given to ſuch Problems as theſe 
are) I ſhall beg Leave, for Brevity- ſake, to call the 


leſſer Arch the Acute Value, and the greater the Ob- 


tuſe ; whether the Sine be of an Angle, or a Side. 


In the tenth Caſe, there are given two AnglesB,D, 
and BC, a Side oppoſite to one of thoſe Angles 


D, to find DC the Side oppoſite to the other. 


O the acute Value of DC, and allo to its ob- 
tuſe one, add BC; and if each of thefe Sums are 
1 105 greater 
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ü greater fon _ a Semicircle, when the Sum of the 


| leſs 


* 


boch the VG of DC may be admitted, and then is 
ambiguous : But when only one of thoſe Sums is 


; greater 2 than a Semicircle, only one Value of 


obtuſe 
acute 


(leſs 
DC can be true, VIZ, the { 


— and then 


js not — 


Is the ninth Caſe, : there are given 120 Sides BC, 
DC, and one Angle B, oppoſite io D C, one of 
thoſe Sides, to "fd D ihe Angle ppl. te lo the 


other. 


75 hs acute Value of D, and alſo to its ebene 
Value, add B; 5 and if each” of theſe Sums is 


'Coreater 
Cleſs - 


of the Sides is 4 prent ater ? than a Semicircle, boch the 
Values of D may be admitted, and conſequently D is 
ambiguous: But when only one of thoſe Sums is 


HH Le than two right Angles, only hich Value 


F than two right Angles, when the Sum 


of Dis true, vix. „ the m_ one; and an n not 


ambiguous, 


Nor are we better us'd in the firſt Propoſition ; 
for tho” it is determin'd by the given Angles, whether 
the Perpendicular falls within or without the I rian- 
ples, yet, in each of thoſe Varieties, the Pux/ita 
wil be METRES ambiguous; and ſometimes not. 
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In this firſt Propoſition there are given two An als 
B, D, and BC, a Side oppojite to D, © 
them, to find C the third Angle. 


1. Let the Perpendicular fall within; thati is, let the 
given Angles be of the ſame Species. Zh 


T* © the acute Value of DCA, and al ſo to its ob- 

—tuſe one, add the Angle B CA; and if each of 
theſe Sums is leſs than two right Angles, then either 
the acute Value of DCA, or its obtuſe one added to 


"me A, gives a Value of BC D; which, therefore, i 


ambiguous. And when only one of theſe Sums is leh 


than two right Angles, the acute Value of DCA, 


added to BCA, gives the only Value of BCD; which 
then is not ambiguous, though in both Varictics the 


| Perpendicular fell within. 


2. Let the Perpendicular fall without ; ; that is, let 
the given Angles be of different Species. 


WHEN the obtuſe Value of the Angle DCA; 15 


leſs than the Angle BCA, the Angle BCD m - Hy 


had by ſubtracting either Value of PCA from BCA 
and then B C D is ambiguous, But when the obtuſe 


Value of DCA is not leſs than BCA, the acute Value 


of DCA, taken from BCA, gives the ſingle Value of 


BCD; which, therefore, is not ambiguous ; tho in 


both Varieties che Feraneein fell without. 


In the fifth Caſe we lie under the ſame Misfortum, 
where there are given, as in the firſt, the Angits 
B, D, and the Side BC, to find BD ibe Sid 
ing between thoſe given Angles, „ 


© When the Perpendicular falls within; that Is, 
when the given Angles are of the ſame Species. 


O the acute Value of DA, and ſo alſo to its 
obtuſe one, add BA; and if each of theſe Sums 
is leſs than a Semicircle, then either the acute Value 


of DA, or its obtuſe one, added to BA, oa Ls 
6 


= ©” OO wy © rd 


2 OS „ 
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Value of BD; which thence is ambiguous. And 
when only one of theſe Sums is leſs than a Semicircle, 
the acute Value of DA, added to BA, gives the only 
Value of BD; which then is not ambiguous, tho? in 


both Varieties the Perpendicular fell within. 


2. When the perpendicular falls without; that is, 


when the given Angles are of different Species. 


WHEN the obtuſe Value of DA is Jef in 


BA, BD will be had by ſubtracting either Value 


of DA from BA; ; and then BD is ambiguous. 
But when the obtuſe Value of D A is not leſs than 


| BA, the acute Value of DA, taken from BA, leaves 

the only Value of BD; Which, therefore, is not am- 

biguous, tho? in both Varieties the * fell 
without. | i 


| In the ird, we have the ſame Omiſſion; where 


there are given two Sides BC, CD, and B 


an Angle oppoſite to CD one of them, to ind 


the third Side B D. 
Fus T, we may obſerve, that the 8 of DA 


a different 


is always known; for it is of 35% lame. + Af- 


fection with the Angle B, when DCi is leſs 2 
than a Quadrant. And, 


greater. 


If AD be leſs than AB, WO alſo the Sum of AD 
and AB leſs than a e - then AD, either added 


| to, or ſubtracted from AB, will give the Value of 


BD; which, therefore, 1 1s ambiguous. 


Bat ir AD be not leſs than A B, or * * Sum be 


not lefs than a Semicircle; then their Sum in the for- 
mer, and their Difference in the latter Variety, ſhall 


give one ſingle Value of BD; and then is not ambi- 
guous. 


The 
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Kind with the Angle B, when DC is leſs j 


| NV. B. IE. any one will be at the Trouble to DO 


The Truth of theſe Rules may be exfily deduced | 


The ELEMENTS of 


The fc th Caſe much e the third; % 
there are given two Sides BC, CD, and B a 
Angle, oppoſite to CD one of bem; 3 to find ih. 
Angl: B C D, lying between thoſe two Sides, 


AN D here we may obſerve, that the Species of th: 


Angle DCA is known; for it is of 3 aelteren 


greater) f 
than a Quadrant. And, 


If DCA be leſs than BCA, and the "I of Dea 
and BCA leſs than two right Angles; then DCA 
either added to, or ſubtracted from BCA, wilt g give the | 
Angle BCP; which, therefore, is ambiguous. 


If D CA be not leſs than BCA, or the Sum of 
DCA and BCA not leſs than two right Angles; then 
their Sum in the former, and their Difference in the 
latter Variety, ſhall give the ſingle Value of BCD; | 
which, then, 1s not : ambiguous. ; 


double Calculation for the Side DC, or the Angle 
D, as taught in the Remarks on the gth and 1oth} 
| Caſes, they will find the ſeveral Varieties in the 
1ſt, 3d, 5th, and 7th, to be as here laid down in 
theſe eaſy Rules, ö 


from the 10th, 13th, 18th, and 22d Prop. o of this, | 


and the 2d, 8th, and 1 3th Examples following | 
. 30. of ibis. 


In our third Caſe of s plain Tl, our 
Author ſhould have added this : 


If AB be leſs than BC, the Angle A is ambiguous; 
otherwiſe. not. 


A 


re 
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LOGARITHMS 


The PREFACE. 


HE Mathematics formerly received con- 
fiderable Advantages ; firſt, by the Intro- 
duction of the Indian Characters, and af- 
terwards by the Invention of Decimal Fractions; 
et has it fince reaped at leaſt as much from the 
Invention of Logarithms, as from both the other 
Two, The Uſe of theſe, every one knows, is of 
the greateſt Extent, and runs through all Parts 
of Mathematics. By their Means it is that Num- 
bers almoſt infinite, and ſuch as are otherwiſe im- 
raficable, are managed with Eaſe and Expe- 
lttion. By their Aſiſtance the Mariner ſteers bis 
Veſſel, the Geometrician inveſtigates the Nature of 
be higher Curves, the Aſtronomer determines the 
Hlaces of the Stars, the Philoſopher accounts be 
* other 
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aber to the Apprebenſi on of Novices, have 
Perties of Logarithms, but have left their Nature 


n therefore in the following Tract, is to ſuppl 
what ſeemed ſtill wanting, viz. to diſcover and 


without any Rival. 


_-other and more commodious Form of Legari _ 


The PREFACE. 


other Phænomena of Nature; and, laſtly, the Upurep 
. the Intereſt of his Money. 


d 7 Ze Subject of the following T reatiſe has ern 
cultivated by Mathematicians of the firſt Rant; 
ſome of whom, taking in the whole Doctrine, have 
indeed written learneadly, but ſcarcely intelligible to 
any but Maſters. Others, again, accommodating 


feletted out ſome of the moſt eaſy and obvious Pri. 


and more intimate Properties untouch' d. My De- 


explain the Doctrine of Logarithms, to thoſe who | Tit 


are not yet got beyond the Elements of Aigebra 


and Geometry. 


The wonderful Invention of Logarithms we on 5 
to the Lord Napier, «who was the firſt that con. F 
ſtructed and publiſhed a Canon thereof, at E.din- 8. 


burgh, in the Year 1614. This was very gr. g1 


ciouſly received by all Mathematicians, who were MM 4 
immediately ſenſible of the extreme Uſe efulneſs there WF 7 
of. And tho" it is uſual to have varivus Nation WM « 


contending for the Glory of any notable Inventim, W + 
yet Napier is univerſally allowed the Inventor r } 
Logarithms, and enjoys the whole Honour 8 5 A 


The ſame Lord Napier afterwards invented ar 


which he communicated to Mr. Henry Brigg 
Profeſſor of Geometry at Oxford, who was 555 
iutroduced as a Sparer in the completing there: 
Hut the Lord Napier dying, the whole Buſineſs fi. 
maining was devolved upon Mr. Briggs, wk 
with prodigious AAS; and an uncommt 
; Dexterity 
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Dexterity, compos*d a Logarithmic Canon, agree- 
able to that new Form for the Firſt twenty Chi- 


liads of Numbers, (or from 1 to 20000) and 
for Eleven other Chiliads, viz. from 90000 te 


101000. For all which Numbers be calculated 
the Logarithms to fourteen Places of Figures, 


This Canon was publiſhed at London in the Year 
1624. 


Adrian Vlacq publiſhed again this 3 at 


Gouda in Holland, in the Year 1628. with the 
intermediate Chiliads before omitted, filled up ac- 
cording to Briggs's Preſcriptions ; but theſe Tables 


are not ſo uſeful as Briggs's, becauſe the Loga- 
rithms are continued but to 10 Places of Figures. 


Mr. Eriogs alſo has e the Logarithms 


of the Sines and Tangents of every Degree, and 


the Hundredth Parts of Degrees to 15 Places of 
Figures; and has ſubjoined to them the natural 
Sines, T angents, and Secants, to 15 Places of Fi- 
| gures. The Logarithms of the Sines and Tangents 

are called artificial Sines and Tangents. Theſe 
Tables, together with their Conſtruction and Uſe, 
were publiſh'd after Briggs's Death, at London, 
in the Year 1633. by Henry Gillibrand, and * 
bim called Trigonometria Britannica. 


Since then there have been publiſhed, in ſeveral 


Places, compendious Tables, wherein the Sines 


ond Tangents, and their Logarithms, conſiſt of but 
ſeven Places of Figures, and wherein are only the 
Logarithms of the Numbers from 1 to 100000, 


which may be Sufficient for moſt Uſes. 


The beſt Diſpoſition of theſe Tables, in my Opi- 
| mon, is that firſt thought of by Nathanael Roe, 
| of Suffolk; and, with ſome Alterations for the 

1 2 better. 
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The PREFACE. 
better, followed by Sherwin in his Mathematical 
Tables, publifhed at London in 1705 ; wherein 
are the Logarithms from 1 to 101000, conſi- 
ing of ſeven Places of Figures. To which are ſub- 
Joined the Differences, and proportional Parts, h) 
_ means of which may be found eaſily the Loga- 


rithms of Numbers to 10000000, obſerving at 


the ſame time, that theſe Logarithms conſiſt only of 
ſeven Places of Figures. Here are alſo the Sines, 
Tangents, and Secants, with the Logarithms and 
Differences for every Degree and Minute of tht 
Quadrant, with ſome other Tables of Uſe in prac- 
tical Mathematics. DRE | 
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-S in Geometry, the Magnitudes of Lines are 
often defined by Numbers ; fo likewiſe, on 
the other hand, it is ſometimes expedient to 
expound Numbers by Lines, iz. by aſſume- — 

ing ſome Line which may repreſent Unity, and the : 6 

Double thereof; the Number 2, the Triple 3, the 

one half, the Fraction £, and ſo on. And thus the 

Geneſis and Properties of ſome certain Numbers are 

better conceived, and more clearly conſidered, than . 

can be done by abſtract Numbers. — 
Hence, if any Line a* be drawn into itſelf, the "Ip * Fig. 1, 1 

tity a? produced thereby, is not to be taken as one of 

two Dimenſions, or as a Geometrical Square, whoſe * 
Side is the Line a, but as a Line that is a third Pro- 

portional to ſome Line taken for Unity, and the Line 2 

| 7. So likewiſe, if a“ be multiplied by a, the Product — 

; will not be a Quantity of three Dimenſions, or a bl 
Geometrical Cube, but a Fo that is the fourth Term k 


in a Geometrical Progreſſion, whoſe firſt Term is 1, 1 
and ſecond ; for the Terms 1, a, a", 2, 4, a, as, a 
a”, Cc. are in the continual Ratio of 1 to 4a. And = 
the Indices affixed to the Terms ſhew the Place or l 
3 . i 
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ing towards the Left Hand, as aſcending towards the 
Fight; for che Terms . — —- 1 at, 
, 


un; 44, 25, &c. are al; in the ſame Geometrical Pro- 


towards the Right Hand; and poſitive or + 1, the 


which ſhall be the leis of the Term 3 — 


may be written a 


ſccond Place from Unity towards the Left Hand, and 
the Terms a * 


| ſhew, that the Tame belonging to them go from 


whoſe Indices are poſitive, do. Theſe hangs premiſed, 


Of LOGARITHMS. 
Diſtance that every Term is from Unity. For Ex. 
ample, a* is in the fifth Place from Unity, a is the 
ſixth, or ſix times more diſtant from Unity than a, ot 

a*, which immediately follows Unity. 

If, between the Terms 1 and a, there be put a mean 
Proportional, which is Va, the Index of this will be!; 
for its Diſtance from Unity will be one Half of the 
Diſtance of a from Unity; and ſo a + may be writ. 
ten ya. And if a mean Proportional be put between 
a and 4, the Index thereof will be # or 3, for its 
Diſtance will be ſeſquialteral of the Diſtance a from 


Dnity. ob 
If there be two mean Proportionals put between 1 ac 
anda; the firſt of them is the Cube Root of a, whoſe 18 
Index muſt be 3, for that Term is diſtant from Unity ih 
only by a third Part of the Diſtance of a from Unity; Wt 
and ſo the Cube Root. muſt be expreſſed by a 5 fi 
Hence, the Index of Unity 1 is O; for Unity is not 1 
diſtant from itſelf. 5 I 
The ſame Series of Quantities, geometrically propor- C 


tional, may be both Ways continued, as well deſcend- 


{4-2-4 
a”, a”; a', a, 


preſſion. And fince the Diſtance of a from Unity 1s 


Diſtance equal to that on "the contrary Side, v1z. the 
Diſtance of the Term z will be ann or 1 


for «idk 


. 


80 likewiſe in the Term a 
the Index — 2 ſhews, that that Term ſtands in the 


—— 
0 


and * are of the ame Value. Alſo 


4 is the ſame as. For theſe negative Indices 


Unity the contrary Way to that by which the Terms, 
3 


Of LOGARITHMS. 
If on the Line AN, both Ways indefinitely extend- 


be. taken; A-C, CE, EG; GL, IT, on the 


Right Hand; and allo AT, FT}, Sc. on the 15 
all equal to one another? and if, at the Points I'ST 


A, C, E, G, I, L, be erected to the Right Line AN, 


the Perpendiculars II 2, Fa, AB; CD, EF, GH, 
IK, LM, which let be continually proportional, and 


repreſent Numbers, whereof AB is Unity: The 
Lines A C, AE, AG, AL AL, AF, A 


| reſpectively expreſs the Diſtances of the Numbers from 
Unity, or the Place and Order that every Number 


obtains in the Series of, Geometrical Proportionals, 


according as it is diſtant from Unity. So ſince A 


i triple of the Right Line C, the Number G H 


ſhall be in the third Place from Unity, if CD bein 


the firſt : So likewiſe ſhall L M be in the fifth Place, 
ſince AL=5 A C. If the Extremities of the Propor- 
tionals, 2, &, B, D, F, H, K, M, be joined by Right 


Lines, the F; igure = S i1 L M wil become a Polygon 


conſiſting of more or leſs Sides, according as there are 


more or leſs Terms in the Progreſſion. 
If the Parts AC, CE, EG, GI, IL, be bilected 


| in the Points c, e, 7, 3 and there be gain raiſed 


the Perpendicular cd, ef, 255 E, Im, which are mean 


Proportionals between AB, CD; CD, EF; EF, GH; 


GH, IK; IK, LM; then there” will W 8 a new 8 


of Proportionals, whoſe Terms, beginning from that 


which immediately follows Unity, are double of 


thoſe in the firſt Series, and the Differences of the 
Terms are become leſs, and approach nearer to a 


Ratio of Equality than before. Likewiſe in this new 
Series, the Right Lines AL, A C, expreſs the Di- 


ſtances of the Terms LM, C D, from Unity; viz. 


Since AL is ten times greater than Ac, LM ſhall 


be the tenth Term of the Series from Unity: And 
becauſe As is three times greater than Ac, ef will 


be the third Term of the Series, if c 4 be the firſt ; 


and there ſhall be two mean Proportionals between 


AB and e f; and between AB and LM there will | 


be nine mean Proportionals, 


And if the Extremities of the lids B d, Dy, Fh, 


H, &{. be joined by Right Lines, there will be a new 


Polygon made, conliſting of more, but ſhort ter Sides 


than the laſt. 
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from ABtoL 
Number of Terms from AB to CD will be one 
fifth Part of that Number, 


Of LOGARITHMS. 

If, again, the Diſtances Ac, c C, Ce, e E, &c. he 
ſuppoſed to be biſected, and mean Proportionals be 
tween every two of the Terms be conceived to he 
put at thoſe middle Diſtances ; then there will ariſ 
another Series of Proportionals, containing double 
the Number of Terms from Unity than the forme 
does; but the Differences of the Terms will be lek, 


and if the Extremities of the Terms be joined, the 


Number of the Sides of the Polygon will be augmert 
ed according to the Number of Terms; and the Side 


thereof will be leſſer, becauſe of the Diminution of iſ 


the Diitances of the Terms from each other. 
Now, in this new Series, the Diſtances A L, AC, 


Fc. will determine the Orders or Places of the 


Terms ; viz. If A L be five times greater than AC, 
and C D be the fourth Term of the Series from Unity, 


then LM will be the twentieth Term from Unity. 


If in this manner mean Proportionals be continu: 
ally placed between every two Terms, the Number 
of Terms at laſt will be made fo great, as alſo the 
Number of the Sides of the Polygon, as to be greater 
than any given Number, or to be infinite ; and every 


dide of the Polygon ſo leſſened, as to become lels 


than any given Right Line; and conſequently the 
Polygon will be changed into a curve-lined Figure; 
for any curve-lined Figure may be conceived as a Po- 
lygon, whoſe Sides are infinitely ſmall, and infinite in 
Number. — 

A Curve deſcribed after this manner is called Lo- 
garithmical ; in which, if Numbers be repreſented by 
Right Lines ſtanding at Right Angles to the Axis AN, 


the Portion of the Axis intercepted between any Num- 


ber and Unity, ſhews the Place or Order that that 


Number obtains in the Series of Geometrical Propor- 


tionals, diſtant from each other by equal Intervals, 


For Example, if AL be five times greater than A C, 


and there are a thouſand Terms in continual Propor- 
tion from Unity to LM; then will there be two 
hundred Terms of the ſame Series from Unity to 
CD. or C D ſhall be the two hundredth Term of the 
Series from Unity; and let the Number of Terms 

M be ſuppoſed what it will, then the 
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The Logarithmical Curve may alſo be conceived 
to be deſcribed by Two Motions, one of which is 
equable, and the other accelerated, or retarded, AC- 
cording to a given Ratio. For Example, if the Right 

Line AB moves uniformly along the Line AN, ſo 
that the End thereof deſcribes equal Spaces in equal 
Times; and, in the mean time, the ſaid Line A B 
ſo increaſes, that the Increments thereof, generated 
in equal Times, be proportional to the whole in- 
| creaſing Line; that is, if AB, in going forward to cd, 
be increaſed by the Increment o d, and in an equal 
Time when it is come to C D, the Increment there- 
of is Dp, and Dp todcisas do is to AB, that is, if 
| the Increments generated in equal times are always 
proportional to the Wholes ; or, if the Line AB, 
moving the contrary Way, diminiſhes in a conſtant 
| Ratio, ſo that while it goes through the equal Spaces, 
the Decrements AB — TA IS, —IIE, are Propor- 
| tionals to AB, TA; then the End of the Line, in- 
| creaſing or decreaſing in the ſaid manner, deſcribes 
| the Logarithmical Curve: For ſince AB: do:: 
de: Dp: : DC: 7/4, it ſhall be (by Compoſition 
of Ratio) as AB: de:: de: DC:: DC: Ve, and 

ſo on. „„ 
By theſe two Motions, viz. the one equable, and 
| the other proportionally accelerated or retarded, the 
Lord Napier laid down the Origin of Logarithms, 
and called the Logarithm of the Sine of any Arc, That 
| Number which neareſt defines a Line that equally in- 
| creaſes, while, in the mean time, the Line expreſſing 
the whole Sine proportionally decreaſes to that Sine. 
It is manifeſt from this Deſcription of the Logarith- 
| mic Curve, that all Numbers at equal Diſtances are 
| continually proportional. It is alſo plain, that if there 
be four Numbers AB, C D, IK, LM, ſuch, that the 
| Diſtance between the firſt and ſecond be equal to the 
| Diſtance between the third and the fourth: Let the 
| Diſtance from the ſecond to the third be what it will, 
| theſe Numbers will be proportional. For, becauſe 
| the Diſtances AC, IL, are equal, A B ſhall be to the 
Increment Ds, as IK is to the Increment M T. 
| Wherefore (by Compoſition) AB: DC: : IK: ML. 
And contrariwiſe, if four Numbers be proportional, 
| the Diſtance between the firſt and the ſecond ol 
| | | | | e 
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be equal to the Diſtance between the third and the 


fourth. | 


The Diſtance between any two Numbers is called 
the Logarithm of the Ratio of thoſe Numbers, and 
indeed doth not meaſure the Ratio itſelf, but the Num- 
ber of Ferms in a given Series of Geometrica! Propor- 
tionals proceeding from one Number to another ; and 
defines the Number of equal Ratio's by the Compo- 
ſition whereof the Ratio's of Numbers are known. 
Tf the Diſtance between any two Numbers be dou- 


ble to the Diſtance between two other Numbers, then 


the Ratio of the two former Numbers ſhall be the 
Duplicate of the Ratio of the two latter. For let the 


Diſtance IL between the Numbers I K, L M, be 


double to the Diſtance Ac, between the Number 
AB, cd; and ſince IL is biſected in /, we have Ac 
III =I J; and the Ratio of IK to Im is equal to 


the Ratio of AB to cd; and fo the Ratio of I K to 
LM, the Duplicate of the Ratio of I K to In, (9 


De,. 10. El. 5.) ſhall be the Duplicate of the Ratio 
. „ 
In like manner, if the Diſtance E be triple of the 


Diſtance AC, then will the Ratio of EF to LM, be 


triplicate of the Ratio of AB to C D: For, becauſe 


the Diſtance is triple, there ſhall be three times more 
Proportionals from E F to LM, than there are Terms 


of the ſame Ratio from AB to CD; and the Ratio 
of EF to LM, as alſo of AB to CD, is compounded 
of the equal intermediate Ratio's (by Def. 5. El. 6.). 


And fo the- Ratio of EF to LM, compounded of | 


three times a Fuer Number of Ratio's, ſhall be tri- 
plicate of the Ratio of AB to CD. So likewiſe, if the 


Diſtance GL be quadruple of the Diſtance Ac, then 


ſhall the Ratio of GH to LM, be quadruplicate of 


the Ratio of AB to cd. 


The Logarithm of any Number is the Logarithm 


of the Ratio of Unity to that Number, or it is the 


Diſtance between Unity and that Number. And ſo 

8 Place, or Order, which 
every Number, in a Series of Geometrical Progreſſi- 
onals, obtains from Unity. For Example, if there be 


10000000 proportional Numbers from Unity to the 


Number 10, that is, if the Number 10 be in the 
10000000th Place from Unity; then it will be found, 


by 


OO LOGARITHM S. 
by Computation, that in the ſame Series from Unity, 
to 2, there are 3010300 proportional Terms ; that is, 
the Number 2 will ſtand in the 3010300t Place. In 
like manner, from Unity to 3, there will be found 
4771213 proportional Terms, which Number de- 
fines the Place of the Number 3. The Numbers 
10000000, 3010300, 4771213, ſhall be the Loga- 
rithms of the Numbers 10, 2, and 3. 

If the firſt Term of the Series from Unity be called 
„ the ſecond Term will be y*, the third y3, &c. 
And ſince the Number 10 is the 10, ooo, oooth Term 
of the Series, then will y' 222222? =10. Alſo yi* 39599 
= 2. Alſo y*77?213z=3; and fo on. 
Wherefore all Numbers ſhall be ſome Powers of 
that Number which is the firſt from Unity ; and the 
| Indices of the Powers are the Logarithms of the 
Numbers. ae 
Since Logarithms are the Diſtances of Numbers 
from Unity, as has been ſhewn, the Logarithm of 
Unity ſhall be o; for Unity is not diſtant from itſelf, 
but the Logarithms of Fractions are negative, or de- 
ſcending below nothing ; for they go on the contrary 
Way. And ſo if Numbers, increaſing proportionally 
from Unity, have poſitive Logarithms, or ſuch as are 
affected with the Sine ; then Fractions or Num- 
bers, in like manner decreaſing, will have negative Lo- 
garithms, or ſuch as are affected with the Sign — ; 
which is true when Logarithms are conſidered as the 
Diſtances of Numbers from Unity. . 
But if Logarithms take their Beginning not from an 
integral Unit, but from an Unit that is in ſome Place 
of decimal Fractions ; for Example, from the Fraction 
es; then all Fractions greater than this, 
will have poſitive Logarithms ; and thoſe that are leſs, 
will have negative Logarithms. But more ſhall be ſaid 
or this hereafter, hoot „ 7 
Since in the Numbers continually proportional, 
DC, EF, GH, IK, Cc. the Diſtances CE, EG, 
GI, &c. are equal, the Logarithms AC, AE, AG, 
AI, &c. of thoſe Numbers, ſhall be equidifferent, or 
the Differences of them ſhall be equal: And ſo the 
Logarithms of proportional Numbers are all in an 
Arithmetical Progreflion ; and from hence proceeds 
that common Definition of Logarithms, that 0 
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Term exceeded Unity. For Example, if v » be the 
Hirſt Term of the Series from Unity A B, the Logs. 
Number above Unity. As ſuppoſe vn be 1,0000001, 


from hence, by Computation, the Number 10 ſhal 
be the 230258 5th Term of the Series, which Num. 


that various Ratio, (which may be ſuppoſed at Plex 
ſure) that is between v and By, the Increment of 


of LOGARITHMS. 
rithms are Numbers which, being adjoined to Proper. 
tions, have equal Differences. 
In the firſt Kind of Logarithms that Napier pub- 


liſhed, the firſt Term of the continual Proportional 
was placed only ſo far diſtant from Unity, as that 


rithm thereof, or the Diſtance An, or By, was, ac- 
cording to him, equal to v y, or the Increment of the 


he placed 0,0000001 for its Logarithm An; and 


ber therefore is the Logarithm of 10 in this Form df 


Logarithms, and expreſſes its Diſtance from Unity in 
ſuch Parts whereof vy or An is one. 


But this Poſition is intirely at Pleaſure ; for the 
Diſtance of the firſt Term may have any given Ratio 
to the Exceſs thereof above Unity ; and according to 


the firſt Term above Unity, and the Diſtance of the 
ſame from Unity, there will be produced different 
Forms of Logarithms, 5 

This firſt Kind of Logarithms was afterwards 


changed by Napzer, into another more convenient one, 


ſo on. 


wherein he put the Number 10 not as the 23025850% 


Term of the Series, but the 1000,0000th ; and in this 


Form of Logarithms, the firſt Increment vy ſhall be 


to the Diſtance By, or An, as Unity, or AB, is to 


the Decimal FraCtion 0,4.342994, which therefore ex- 
preſſes the Length of the Subtangent AT, Fig. 4. 

After Napier's Death, the excellent Mr. Henry 
Briggs, by great Pains, made and publiſhed Tables of 
Logarithms according to this Form. Now fince in 


theſe Tables the Logarithm of 10, or the Diftance 


thereof from Unity, is 1,0000000, and 1, 10, 100, 
I 000, I0000, Nc. are continual Proportionals, they 


| ſhall be equidiſtant. Wherefore the Logarithm of the 


Numb. 100 ſhall be 2,0000000; of 1000, 3,0000000; 

and the Logarithm of 10090 ſhall be 4,0000000 ; and 
Hence the Logarithms of all Numbers between! 

and 10, muſt begin with o, or o muſt ſtand in 11 
b 


Of LOGARITHMS: 
{rſt Place to the Left-hand ; for they are leſſer than 


the Logarithm of the Number 10, whoſe Beginning 


is Unity; and the Logarithms of the Numbers be- 
tween. 10 and 100 begin with Unity; for they are 
greater than 1,0000000, and leis than 2,0000000, 
Alſo the Logarithms between 100 and 1000, begin 
with 2; for they are greater than the Logarithm of 


100, which begins with 2, and leſs than the Loga- 


rithm of 1000, that begins with 3. In the ſame man- 
ner it is demonſtrated, that the ft Figure to the Left- 
hand of the Logarithms between 1000 and 10000, 
muſt be 3; and the firſt Figure to the Left-hand of 
the Logarithms between 10000 and 100000, will be 
4; and ſo on, „ 
The firſt Figure of every Logarithm to the Left- 
hand, is called the Characteriſtic or Index, becauſe 


it ſhews the higheſt or moſt remote Place of the Num- 


ber from the Place of Units. For Example, if the 
Index of a Logarithm be 1, then the higheſt or moſt 
remote Place from Unity of the correſpondent Num- 


der to the Left-hand, will be the Place of Tens. If 


the Index be 2, the moſt remote Figure of the corre- 


ſpondent Number ſhall be in the ſecond Place from 


Unity; that is, it ſhall be in the Place of Hundredths ; 
and if the Index of a Logarithm be 3, the laſt Figure 
of the Number anſwering to it, ſhall be in the Place 
of Thouſandths. The 0 

that are in decuple or ſubdecuple Progreſſion, only 
differ in their Characteriſtics, or Indices, they being 
written in all other Places with the ſame Figures. For 


Example, the Logarithms of the Numbers 17, 170, 


1700, 17000, are the ſame, unleſs in their Indices; 


for ſince 1 is to 17, as 10 to 170, and as 100 to 1700, 
and as 1000 to 17000; therefore the Diſtances be- 


tween 1 and 17, between 10 and 170, between 100 


and 1700, and between 1000 and 17000, ſhall be all 


equal. And fo, ſince the Diſtance between 1 and 17, 


or the Logarithm of the Number 17, is 1.2304489, 
the Logarithm of the Numb. 170 will be =2.2 304489, 


and the Logarithm of the Number 1700 ſhall be 
3-2304489, becauſe the Logarithm of the Number 
100==2.0000000. In like manner, ſince the Loga- 
rithm of the Number 1000==3.0000000, the Loga- 


nthm of the Number 17000 ſhall 4.2 304489. 
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So alſo the Numbers, 6748. 674, 8. 67, 48. 6, 748. 
o, 6748. o, 06748, are continual Proportionals in the 
Ratio of 10 to 1 ; and ſo 


their Diſtances from each 6 7 4 8] 3,829175r 
otherſhall be equal to the 6 7 4,8 2,8291751 
Diſtance or Logarithm of © 7, 4 8] 1,8297751 
the Number 10, or equal 6, 7 4 & 0,8291751 
to 1,0000000. And ſo, o, 6 7 4 8— 1,8292751 
ſince the Logarithm of 0,06 7 4 9—2,8291751 


the Number 6748 is 

3,8291751, the Logarithms of the other Number; 
ſhall be as in the Margin; where you may obſcrve, 
that the Indices of the laſt two Logarithms are only 


negative, and the other Figures poſitive ; and fo, when 
| thoſe other Figures are to be added, the Indices muſt 
be ſubtracted, and contrariwiſe. 


CHAP. Il. 


Of the Arithmetic of Logarithms in whole 


Numbers, or whole Numbers adjoined 10 
Decimal Fractions. Fig. 2. | 
Ecauſe, in Multiplication, Unity is to the Mul- 
B tiplier, as the Multiplicand is to the Product, 
the Diſtance between Unity and the Multiplier, 
ſhall be equal to the Diſtance between the Multipli- 
eand. and the Product. If therefore the Number GH 
be to be multiplied by the Number EF, the Diſtance 
between GH and the Product muſt be equal to the 
Diſtance A E, or to the Logarithm of the Multiplier; 
and fo, if G L be taken equal to A E, the Number 


LM ſhall be the Product; that is, if the Logarithm 


of the Multiplicand A G be added to the Logarithm 
of the Multiplier A E, the Sum ſhall be the Loga- 
rithm of the Product. 

In Diviſion, the Diviſor is to Unity, as the Dir: 
dend is to the Quotient; and ſo the Diſtance between 
the Diviſor and Unity ſhall be equal to the Diſtance 
between the Dividend and the Quotient. So if LM 


be to be divided by E F, the Diſtance E A ſhall be 


equal to the Diſtance between LM and the Quotient ö 
| 2 
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and ſo, if L G be taken equal to E A, the Quotient 
will be at G; that is, if from A L, the Logarithm of 


the Dividend, by taken G L, or A E, the Logarithm 
of the Diviſor, there will remain A G, the Logarithm 
of the Quotient. MY i en 

And from hence it appears, that whatſoever Ope- 
rations in common Arithmetic are performed by mul- 


tiplying or dividing of great Numbers, may be much 
eaſier, and more expediently, done by the Addition 


or Subtraction of Logarithms. 
For Example, Let the Number 7 589 be to be mul- 
tiplied by 6757. Now, if the Lo- 


garithms of thoſe Numbers be Log. 3. 8801846 


added together, as in the Margin, Log. 3- 8297539 


their Sum will be the Logarithm Log. 7. 7000385 


of the Product, whoſe Index 7 


ſhews, that there are ſeven Places of Figures, beſides 
Unity, in the Product; and in ſeeking this Loga- 


rithm in Tables, or the neareſt equal to it, I find that 
the Number anſwering thereto, which is leſſer than 


the Product, is 51278000 ; and the Number Poe 


than the Product is 51279000 ; and if the acjoined 
Differences, and proportional Parts, be taken, the 
Numbers that muſt be added to the Place of Hundreds 
and Tens in the Product are 87; and that which 
muſt be added in the Place of Unity, will neceſſarily 
be 3, ſince ſeven times 9=63 ; and fo the true Product 
thall be 5 1278873. If the Index of the Logarithm had 
been 8 or 9, then the Numbers to be added in the Place 


of Hundredths or Tenths could not be had from thoſe. 
= Tables of Logarithms which conſiſt but of 7 Places of 
= Figures, beſides the Characteriſtic ; and ſo in this Caſe 


the Vlacguian or Briggian Tables ſhould be uſed ; in 
the former of which, the Logarithms are all to ten 
Places of Figures, and in the latter to fourteen. 

If the Number 78956 be to be © 
divided by 278, by ſubtracting the Log. 4. 8954004 
Logarithm of the Diviſor from 1-02 2. 4440448 


the Logarithm of the Dividend, Log. 2. 4513550 
the Logarithm of the Quotient e 
will be had. And to this Logarithm, the Number 282, 
719 anſwers ; which therefore ſhall be the Quotient. 
Becauſe Unity, any aſſumed Number, the Square 
thereof, the Cube, the Biquadrate, Sc. are all 25 
tinua 
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tinual Proportionals, their Diſtances from each other 
ſhall be equal to one another. And ſo it is manifeſt, 
that the Diſtance of the Square from Unity, is double 
of the Diſtance of its Root from the ſame : Alſo the 
Diſtance of the Cube is triple of the Diſtance of ity 
Root ; and the Diſtance of the Biquadrate is quadru- 


ple of the Diſtance of its Root from Unity, &c. And 


ſo, if the Logarithm of any Number be doubled, we 
ſhall have the Logarithm of its Square; if it be tripled, 
we ſhall have the Logarithm of its Cube ; and if it be 
quadrupled, the Logarithm of its Biquadrate. And 
contrariwiſe, if the Logarithm of any Number be hi- 
ſeed, we ſhall have the Logarithm of the ſquare Root 
thereof : Moreover, a third Part of the ſaid Loga- 
rithm will be the Logarithm of the Cube Root of the 


Number; and a fourth Part, the Logarithm of the Bi- 
quadrate Root of that Number. 5 


Hence, the Extractions of all Roots are eaſily per- 


formed, by dividing a Logarithm into as many Parts 


as there are Units in the Index of the Power. So if 


you want the Square Root of 5, the half of o, 698970 


muſt be taken, and then that half o. 34948 50 will be 
the Logarithm of the Square Root of 5, or the Lo- 


garithm of / 5, to which the Number 2.23606 
-" - Nearly an{wers. 


* 
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Of the Arithmetic of Logarithms, when 


the Numbers are Fractions. Fig. 3. 


THE N Fractions are to be worked by Loga- 


W rithms, it is neceſſary, for avoiding the Trou- 
ble of adding one Part of a Logarithm, and 


ſubtracting the other, that Logarithms do not begin 


from an integral Unit, but from ſome Unit that is the 


tenth or hundredth Place of Decimal Fractions: Fot 


Example, let PO be 355555555) and from this 


let the Logarithm begin. Now this Fraction 18 
ten times more diſtant from Unity to the Left- band, 
than the Number 10 is diſtant therefrom to the Right; 


for there are 10 proportional Terms in the Ratio of 


10 to 1, from Unity to PO. And fo, if AB be 1 
„ — 
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the Logarithm thereof, according to this Suppoſition, 
will not be o, but OA will be = 10.0000000 ; for 
the Diſtance of any Tenth from Unity is 1.0000000, 
whence the Diſtance of the Number 10 from PO will 
be 11.0000000. Alſo, the Diſtance of the Number 
100 from PO, or its Logarithm, beginning from PO, 
ſhall be 12.0000000 ; and the Logarithm of 1000, or 
the Diſtance from PO, will be 13.0000000. And thus, 


the Indices of all Logarithms are augmented by the 
Number 10; and thoſe Fractions whoſe Indices are 


—]J, or—2, or 3, Sc. are node made 8 8, or 7, &c. 
But if Logarithms begin from the Pla 
tion, whoſe Numerator is Unity, and Denominator 


Unity with 100 Cyphers added to it, (which they muſt 


do when Fractions occur that are leſs than PO) then 
that Fraction will be 100 times more diſtant from 
Unity, than 10 is diſtant from it; and ſo the Loga- 
rithm of Unity will have 100 for the Index thereof. 
And the Logarithm of any Tens will have 101 for the 


Index, that of any Hundreds 102, and fo on; all the 


Indices being augmented by the Number 100. 
The Logarithms of all Fractions that are greater 


than PO (whereat they begin) will be politive. And 


ſince the Numbers 10, 1, s, T5595 ches, Cc. are in 


a continued Geometrical Progreſſion, they will be 


equally diſtant from each other; and accordingly their 


Logarithms will be equidifferent: And ſo, when the 


Logarithm of 10 is 11.0000000, and the Logarithm 
of Unity is 10.0000000, and the Logarithm of the 
Fraction s will be-9.0000000, and the Logarithm 
of the Fraction ss will be 8.0000000 ; and, in like 
manner, the Index of the Logarithm of +55 will 
be 7. Alſo, for the ſame Reaſon, if the Index of the 


Logarithm of Unity be 100, and of 10 be 101, then 


will the Index of the Logarithm of the Fraction dis be 


99, and the Index of the Logarithm of r will be 98, 


1800 


and the Index of the Logarithm of the Fraction x5, 


ſhall be 97, Sc. And theſe Indices ſhew in what Place 


from Unity, the firſt Figure of the Fraction, not be- 


ing a Cypher, muſt be put. For Example, if the Index 
be 4, the Diſtance thereof from the Index of Unity, 
(which is 10) viz. 6, ſhews that the firſt ſignifica- 
tive Figure of the Decimal, is in the ſixth Place from 
Unity; and therefore TR? are to be prefixed 


thereto 


ce of a Frac- 
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thereto towards the Left Hand. So, alſo, if the Index 


of Unity be 100, and the Index of the Fraction be 


80, 


the firſt Figure thereof ſhall be in the 20th Place from 


Unity, and 19 Cyphers are to be prefix'd thereto. 


Nou, let it be requir'd to multiply the Fraction 
GH by the Fraction DC; Becauſe Unity is to the 


Multiplier, as the Multiplicand is to the Product; the 


Diſtance between Unity and the Multiplier ſhall be 
equal to the Diſtance between the Multiplicand and the 
Product. Therefore, if there be taken GI AC, 


the Product LK ſhall be at I. And, according 


| y, if 
from OG, the Logarithm of the Multiplicand, th 


here 


be taken GI or AC, there will remain Ol, the Loga- 


_ rithm of the Product. But AC OA — OC, which 
taken from OG, there will remain OG + OC— | 


OA=OQO1; that is, if the Logarithm of the Multiplier 


and Multiplicand be added together, and from the 


Sum be taken the Logarithm of Unity, (which is 


always expreſs'd by 10 or 100 with Cyphers) the 


Lo- 


garithm of the Product will be had. For Example, 
let the Decimal Fraction 0,007 34 be to be multiplied 


which being added together, and the - 


Logarithm of the Product, whoſe In- 
dex 94 ſhews, that the firſt Figure of the + 
Product is in the fixth Place from Unity; and fot 
will be, 00000642984. 


dend is to the 


by the Fraction 0,000876. Set down 100 for the 
Index of the Logarithm of Unity, and then the 
garithms of the Fractions will be as in the Margin; 


Lo- 


Logarithm of Unity being taken away 97, 8656961 
from the Sum, the Remainder is the 96,942 5041 
94, 8082002 


here 


muſt be five Cyphers prefix d, and then the Product 


In Diviſion, the Diviſor is to Unity, as the Divi- 
Quotient; and ſo the Diſtance between 


the Diviſor and Unity ſhall be equal to the Diſtance 


between the Dividend and the 


Quotient. And ſo, if 


the Fraction I K be to be divided by DC, you muſt 


take IGS CA, and the Place of the 


Quotient ſhall 


be G. But CA OA — OC, which being added 
to OI, we have OA OI - OCS OG; thats, 
if the Logarithm of Unity be added to the Logarithm 


of the Dividend, and from the Sum be taken the 


garithm of the Diviſor, there will remain the Loga- 


rithm of the Quotient; ſo if. the Number CD be to 


be 


Of LOGARITHMS. 
be divided by I K, you muſt take the Diſtance CS 
IA, and then ST will be the Quotient, whoſe Loga- 
rithm is OA+ OC — OI. Let CD= 0.347, IK 
= 0.00478. Then add the Logarithm | 


of Unity to the Logarithm of CD 3 19.5403295 


that is, put 1 or 10 before the Index 7.670427 
thereof, and from that ſubtra& the Lo- T 5509016 
arithm of the Diviſor, and the Remain- 8 
der will be the Logarithm of the Quotient, whoſe In- 
dex II ſhews, that the Quotient is between the Num- 
bers 10 and 100; and I ſeek the Number anſwerin 


the Logarithm, which I find to be 72, 542. If the 


Logarithm of a Vulgar Fraction, for Example, 2, be 
requir'd, the on; ee EN 34 ĩ· 
be added to the Logarithm of the Nu- 10.84.50980 
merator 7; or, which is all one, you 0.9030900 
muſt put 10 or 100 before the Index 949420080 
thereof, and ſubdu& from it the Lo- 
garithm of the Denominator 8; and there will re- 
main the Logarithm of the Vulgar Fraction 4, or the 
Decimal .875. 5 


If the Powers of any Fraction DC be requir'd, you 


muſt aſſume EC, EG, GI, IL, each equal to AC; 
and then E F will be the Square, & H the Cube, and 
IK the Biquadrate of the Number DC ; for they are 


continually proportional from Unity. Beſides, AE = 


2AC=2 AQ—20C; whence OE = OA — AE 


= 20C—OA ; that is, the Logarithm of the Square 


is the Double of the Logarithm of the Root, leſs the 
Logarithm of Unity, In like manner, fince AG = 
3}AC = 30A — 3OC, we ſhall have OG = OA — 


AG = 30C — 2DA = the Logarithm of the Cube 


| = triple the Logarithm of the Root, — the Double 


12d 


_ 


of the Logarithm of Unity, For the ſame Reaſon, 
becauſe Al 4AC==4 OA — 4OC, we have OI 
= 4OC— 3OA, which is the Logarithm of the Bi- 
quadrate. And, univerſally, if the Power of a Frac- 
tion be u, and the Logarithm L, then ſhall the Loga- 
rithm of the Power L - »OA + OA; that is, 
if the Logarithm of a Fraction be multiplied by x, and 
from the Product be taken the Logarithm of Unity, 
multiplied by n—1, the Logarithm of the Power u 
of that Fraction will be had. hi Gi 


* 


2 2 For 


341 e 
in 


—— — 


E —— — 
— — —-—c—_—_ — — 
— —— = — — — 


— — — 
2 — wet — 
- - * 


» — 
— - 8 
r - B 

* "ORG WIS : 

— — 2 - 

——_— — — 

5 
— — 1 1 — po 


- — — 
— 
- 9 a 31 > l * < 
q - — * 
* * r r * 
— = — — -— > 3 
— 2 4 4, i - 6.4 4 -/ __—— 3 „ 1 — 
2 . A g REA OLE 
_ > - nv a * » . 2 — 3 <—4As 
& a" — — — 2 


342 


Of LOGARITHMS. 


For Example, if it 1s required to find the 6th Power 


of the Fraction 20 = , Os the Logarithm of this Frac- en 
tion is 8.6089700, which, being multiplied by 6, gives Ro 
the Number 52.1938200 ; and if from 52 the Num- ara 
ber 50, which is the Index of the Logarithm of Unity 7 
drawn into 5, be taken away, the Remainder will be Hr 
the Logarithm of the 6th Power, viz. 2. 1938200, to MW an- 
which the Number ,000000015625 anſwers. For A] 
the Index 2 ſhews, that 7 Cyphers muſt be put before ; 
the firſt Figure. | Fr, 
If the 8th Power of the Fraction ,o5 be required, 
by multiplying the Logarithm by 8, there will be MW O- 
produced 69.5917600 ; and ſince 70, which is ſeven MF 
times the Index of the Logarithm of Unity, cannot be Fr 
taken from 69, unleſs we run into negative Numbers, 8 
the Index of the Logarithm of Unity muſt be ſuppoſed the 
100, and then the Index of the Logarithm of the 
Fraction will be 98. Now this Logarithm, drawn into N. 
8, gives 789.5917600; and if 700, which is 7 times tit 
the Index of the Logarithm of Unity, be taken from by 
789, there will remain 89.5917600, the Logarithm Rec 
of the 8th Power of the Fraction 26, whoſe correſpon- 5 
dent Number is ,cooooo000039062 : For ſince the In- Re 
dex is 89, and the Difference thereof from 100 1s 11; the 
the firſt ſignificative Figure of the Fraction ſhall be in 9» 
the 11th Place from Unity; and fo there muſt be Cy 
10 Cyphers placed before it. ; an 
If the Roots of the Powers of Fractions be defir'd, 
for Example, the Square Root of the Fraction EF, be- 
cauſe the Root is a mean Proportional between the 
Fraction and Unity, you muſt biſet AE in C, and 
then CD will þe the Square Root of the Fraction EF. WF 0, 
But A CAE Q; and fo the Logs 
_ rithm of the Root = OA—AC= IE, And 725 
if the Cube Root of the Fraction G H be ſought, thi k 
ſhall be the firſt of two mean Proportionals between P, 
Unity and GH; and fo, if AG be divided into three din 
equal Parts, the firſt of which is AC, then CD hal "a 
5 the Root ſought : And becauſe AC AG = 18 
ST _ if this be taken from OA, there wil 1 


remain 


Of LOGARITHMS. 


remain — —OC=Logarithm of the Cube 
Root of the Faction G H. So, likewiſe, the biqua- 
drate Root of the Fraction IK will be had, by di- 
viding AT into four equal Parts; for the Root is the 
hrſt of three mean Proportionals between Unity 
and the Fraction ; and, conſequently, if AC —= + 


Al, then will C D be the biquadrate Root of the 
Fraction IK. But 2 A 2 —0¹ ; and ſo OC 


OA-AC=2 * Q. 


And univerſally, if the Root of any Power u of the 


Fraction L M be requir'd, the Logarithm of the Root 


thereof will be *QA === 5 ah on 3 that is, if the 
Number #—1 be prefix'd to the Index of the Loga- 
rithm, and the Logarithm thus augmented be divided 
by u, the Quotient will give the Logarithm of the 


Root ſought. So if the Cube Root of the Fraction £ or 
.5 be ſought, you muſt place 2z=2—1 (ſince the Cube 


Root is required) before the Logarithm thereof, and 
there will be had 29,6989700, a third Part of which is 
9,8996566, which is equal to the tain of the 


Cube Root of the Fraction 2; and the Number 7 937. 


anſwering to this Logarithm, is the Root ſought, 


CHAP, IV, 


Of the Rule of Proportion by Loga- 


rithms. 


H E Rule of Proportion ſhews how, by having 
three Numbers given, a fourth Proportional to 
them may be found; vix. if the ſecond and third 

Terms be multiplied by one another, and the Product 
divided by the firſt Term, then will the Quotient be the 
fourth proportional Term ſought. But this fourth Term 
is much eaſier found by Logarithms; for if the Loga- 


Ya 


rithm of the firſt Term be taken from the Sum of the 


Logarithms of the ſecond and third Term, the Num- 
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Of LOGARITHMS. 
ber remaining will be the Logarithm of the fourth Uni 


ſought. and 

Or this may be done ſomething eaſier yet, if inſtead MW and 
of the Logarithm of the firſt Term be taken its Com- to t! 
plement Arithmetical, or the Difference of that Lo- s 


garithm, and the Number 10. oo00000, which is are 

done by ſetting down the Difference between each AB 
Figure of the Logarithm, and the Figure q; for then, i Ang 
that Arithmetical Complement be added to the Sum that 
of the other two Logarithms, and if Unity, which is Side 
the firſt Figure to the Left Hand, be taken from the (by. 


Sum, the Remainder will be the Logarithm of the fay, 
fourth Term fought; and ſo, by this Way, Logarithms to t 
of the fourth Term are found by only one Addition of I gin. 
three Numbers. The Reaſon of this will be manifeſt 55 
from hence : Let there be three Numbers A, B, C, Squ 
from which the firſt is to be taken from the Sum of the 7 
ſecond and third. Now this may not only be done 
by the common Way, but, likewiſe, if there be any he: 
other third Number E taken, and from this there be An 
taken A, there will remain E—A ; and if the Num- and 
bers B, C, and E—A be all added together, and from of 1 
their Sum be taken E, there will remain B4-C—A. W dot 
So, if the Number 15 be to be taken from 23, | mu 
take the Complement of the Number 15 to 100, 85 AC 
which is 85, and add this Number to 23, and 23 
the Sum will be 108, from which 100 being 108 the 
taken, there remains the Number 8. 85 we 
Hence follow ſome Trigonometrical Examples of tra 
the Rule of Proportion ſolved by Logarithms. thi 
Let ABC be a right-angled Triangle, wherein are Re 
given, the Angle A 36 Degrees 46/, the Angle B 98 thi 
Degrees 32, and the Side BC 3478, the Side AC' me 
required. Say (by Caſe 1. of plain Trig.) as the Sine me 
of the Angle A is 3 1 w 
to the Sine of the Arith. Comp. 8, A. o. 2228938 * 
Angle B, ſo is BC Log. Sin. B. 9.995 1650 th 
to AC. And be- Log. BC. 3.541 2200 ch 
cauſe the Loga- Log. AC. 3.7 593890 8e 
rithm Sine of the H 
Angle A is the firſt Term of the Analogy, I ſubſtitute A 
its Complement Arithmetical for the ſame, and add th 
the Logarithm of BC, the Logarithm of 8, B, and 5 


the ſaid Complement, all three together, and rejed 
| | g EOF: Unity, 


of LOGARITHMS. 
Unity, which is in the firſt Place to the Left Hand ; 
and then the Logarithm of the Side AC will be given 


and the Number anſwering thereto is 5706, 306 equal, 


to the Side ſought AC. 


Let there be a ſpherical Triangle ABC, in which 


are given all the Sides, viz. BC = 30 Degrees, 
AB == 24 Degrees 4, and AC = 42 Degrees 8, the 
Angle B is required. Let BA be produced to M, fo 
that BM BC; then will AM, the Difference of the 
Sides BC, BA, be equal to 5 Degrees 56'. Now 
(by Caſe 11. in oblique-angled ſpherical Triangles) 
ſay, As the ReCtangle under the Sines of the Legs is 
to the Square of Radius, ſo is the Rectangle under the 
Fines of the Arcs -, e, to the 
Square of the Sine of one half the Angle BZ. 

But — q e we 


3 


- = 24 Degrees 2', an 


| 3 
| = 18 Degrees 6“; and becauſe the firſt Term of the 
Analogy is the Rectangle under the Sines of AB, BC, 
and ſecond Term is the Square of Radius, the Sum 
of the Logarithm Sine of AB, BC, muſt be taken from 


double the Logarithm of Radius, and what remains 

muſt be added to the Sum of the Logarithm 8, of 
I and TE, which is the ſame as if 
the Logarithm Sines of each of the Arcs AB, BC, 
were ſub- | oo 


. 


tracted from Log. 8˖, BC Comp. Arith. o. 3010299 


the Log, of Log. S, N 0.3898 364 

en,, . E855 

the Comple- * © AC—AM _— 

ments Arith- 1 AC -A 

metical of b ES | 

| theſe Sines 2 Log. 8, Angle BZ. 197930549 
be taken, and | 


1 


the Complements and the aid Sines be all added toge- 


ther, then ſhall the Sum be the Logarithm of the 


| Square of the Sine of half the Angle B. And ſo the 
Half of the Logarithm . 8965274 is the Logarithm 
| dine of half the Angle B=51 Degrees 59. 56, and 
the Double of this Angle ſhall be 103 Degrees 59/ 
52 = BB, which was ſought. 


Wes CHAP. 
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2AN = Logatithm S'T + 


Of LOGARITHMS. 
CHAP. V. 


Of the continual Increments of propor- 
tional Quantities, and how to find by 
Logarithms, any Term in a Series of 
Proportionals, either increaſing or de- 


creaſing. Fig. 3. 


. any-where ; in the Axis of the n 
Curve, there be taken any Number of equal Parts 


SV, VV, YQ, c. and at the Points 8, V, Y, 


Q. &c. be raiſed the Perpendiculars ST, VX, YZ, 
Qn, Sc. then, from the Nature of the Curve, ſhall al 


| theſe Perpendiculars be continually proportional; and 


therefore, alſo, the continual Increments Xx, Zz II; 
ſhall be roportional to their Wholes : For ſince ST: 
ÄÄR [ + IEA. Qt, it 45 af (by Diviſi- 
on of ee ST:Xx::VX: : YZIIn; 
and (by Compoſition of Proportion) VR. Xx: YZ: 
Z z:: QI: II. Hence, if Xx be any Part of any 


right Line ST, then will Z z be the ſame Part of the 


right Line VX, and alſo II the ſame Part of the 
ri ght Line V. For Example; > f Xx be the A 
— of ST, then will Zz 2 VX, and II —+, YZ; 
or, which comes to the ſame, we-ſhall have VX = 
ST +4 2 ST, VZ = VX +2 VX. Alſo, ns 
YZ ＋ A Z. 

Now make, as ST is to Vx, ſo is Unity AB to 
N R; then ſhall AN —S$SV; "and ſo each of the 
right Lines SV, VV, YQ, Oc. ſhall be equal to 
the Logarithm of RN; ; and AV, the Lo arithm of 
the Term VX, ſhall be equal to AS ＋ AN = Loga- 
rithm of ST-h Lo e of NR. Allo AY, the 
Logarithm of the Term IG» Lan be equal to ASL 
f . e NR; and 
AQ, the rithm of the Term II, ſhall be equal to 
AS i Log = Logarithm ST - +3 Logarithm NR. 
And univerſally, if the Logarithm of the hae NR 


be multiplied by a Number expreſſing the Diſtance 


of any Term from the firſt, and the Product be added 
Ml 


Of LOGARIT HMS. 
to the Logarithm of the firſt Term, then will the 
Logarithm of that Term be had: But if a Series of 
Proportionals be decreaſing, that is, if the Terms 
| diminiſh in a continual Ratio, and QII be the firſt 
Term; then the os phat of any other will be had, 
in multiplying the Logarithm of the Number NR, 
by a Number that expreſſes the Diſtance of its Term 
from the firſt, and ſubtracting the Product from the 
Logarithm of the firſt, And if the ſaid Product be 
greater than the Logarithm of the firſt Term, then 
the Logarithms muſt begin from a Unit in ſome Place 
of Decimal Fractions, as from OP, and then the Lo- 
garithm of the Number QII will be OO. 

Now, let LM repreſent any e or Sum of 
Money, put out to Intereſt, ſo that the Intereſt there- 
of be accounted but at the End of every Vear, and 
let K be the Gain or Intereſt thereof at the End of 
the firſt Year ; then will I K be the Sum of the In- 
tereſt and Principal. And again, I K becoming the 
Principal at the End of the firſt Year, H, which is 
proportional to IK, or in a conſtant Ratio, will be the 
| Gain at the End of the ſecond Year; and fo HG, at 
the End of the ſecond Year, will become the Princi- 
pal; and at the End of the third Year E, proportional 
to GH, will be the Gain. Now, let us ſuppoſe the 

Principal be augmented every Year Part thereof, fo 
that IK =LM + > LM, GA IKL IK, 
EF = GH £4 GH, and ſo on. And accordingly 
| the Terms LM, I K, GH, EF, Sc. continual Pro- 
portionals, it is required to find the Amount of the 
Money at the End of any Number of Years. 

Let LM be a Farthing. Becauſe LMis to I K as 
1 to 1 ＋ 20, or as 1 to 1.05, as ABB is to NR, then 
will NR =I. O5, whoſe Logarithm AN is o. 0211893, 
or more accurately o. 0211892991, it is required to 
find the Amount of a Farthing put out at compound 
Intereſt, at the End of 600 Years. Multiply A N by 
boo, and the Product will be 12.7 135794, and to this 

Product add the Logarithm of the Fraction ;3>, viz. 

97.0177288, (for a Farthing is 388 Part of a Pound) 
and the Sum 109.7 313082 ſhall be the Logarithm of 
the Number ſought ; and fince the Index 109 exceeds 
the Index of Unity by 9, there ſhall be nine Places 
of Figures aboye Unity in the correſpondent N wa 
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of LOGARITHMS. 
ber; and that Number, being ſought in the Tables, 
will be found greater than 5386500000, and lefs 
than 5386600000. And theretore a Farthing put out 
at Intexeſt upon Intereſt, at 5 per Cent. per Annum, 
at the End of 600 Years will amount to above 
5386500000 Pounds ; which Sum could hardly be 
made up by all the Gold and Silver that has been dug 


cout of the Bowels of the Earth from the Beginning of 


the World to this Time. 
Loet QUH expound any Sum of Money due to ſome 


Perſon at the End of a full Year. Now it is certain, 
that if the Debtor ſhould pay down preſent the whole 


Sum of Money, he would loſe the yearly Uſury or In- 
tereſt that his Money would gain him; and fo a leſſer 
Sum,being put out to Intereſt, will, at the End of one 
Year, together with the Intereſt thereof, be equal to the 
dum of Money QI. Now this prefent Sum of Money, 


which, together with the reſt thereof, is equal to the 
Sum of Money (III, is called the preſent Worth of the 


Money QIT. Let AN be the Logarithm of the Ratio 


which the Principal has to the Sum of the Principal and 
Intereſt, that is, if the Principal be twenty times the 
yearly Intereſt, let AN be the Logarithm of the Num- 


ber 1 + 20 or 1.05, and take Q equal to AN; 


then will AY be the Logarithm of the preſent Worth 
of the Money QII, For it is manifeſt, that the Mo- 
ney Y Z put out to Intereſt, will, at the End of one 
Year, amount to the Money QIT; and fo, to have the 


Logarithm of the preſent Worth thereof, or Y Z, 
the Logarithm AN muſt be taken from the Loga- 
rithm AQ, and there will remain the Logarithm AY 


of the preſent Worth, or YZ. But if the Sum QIT 
be not due till the End of two Years, then the Loga- 


rithm 2 A N muſt be ſubtracted from the Logarithm 
AQ, and there will remain A V, the Logarithm of 


the preſent Worth, or of the Sum that muſt be paid 


down preſent for the Money QII due at the End of 
two Years. For it is manifeſt, that the Money VX 
being put out to Intereſt, will, at the End of two 
Years, amount to the Sum of Money QIT. By the 
fame Reaſon, if the Sum Qll be not due until the 
End of three Years, the Logarithm 3AN muſt be ſub- 
tracted from the Logarithm of QIT,and the Remainder 
AS ſhall be the Logarithm of the Number 8 To A 
I 
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ST {h:1Il be the preſent Worth of the Sum Q INT due 
at the three Years End. And univerſally, if the Lo- 
garithm AN be multiplied by the Number of Years, 
at the End. of which the Sum QT is due, and the 
Number produced be taken from the Logarithm AQ, 
then will the Logarithm of the preſent Worth of the 
Sum QIT be had. And from hence it is manifeſt, if 
5286500000 Pounds be due to ſome Society at the 


End of 600 Years, then would the preſent Worth of 


that vaſt Sum of Money be ſcarcely a Farthing. 
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If the proportional right Lines HG, EF, AB, CD, 


Fig.4. are Ordinates to the Axis of the Logarithmical 
Curve, and if their Ends F H, DB, be join'd by right 
Lines, which, produced, meet the Axis in the Points 
P and K, then the right Lines GP, AK, will be always 


equal. For ſince GH : EF : : AB: CD; it will be, as 
GH:Fs:: AB: DR. But becauſe of the equiangular | 


Triangles PG, Hs, as alſo KAB, BRD, we have 
PG: H;; (GH: F.: AB: DR'::} KA + BR, 
And fince the Conſequents Hs, BR, are equal, the An- 
tecedents PG, KA, ſhall be alſo equal. W. W. D. 

If the right Lines CD, EF, equally accede to AB, 
G , fo that the Point D at laſt may coincide with B, 
and the Point F with H, then the right Lines DBK, 


FH P, which did cut the Curve before, will be changed 


into the Tangents BT, HV. And the right Lines 


AT, G, will be always equal to each other; that 


R is, the Portion of the Axis AT, or GV, intercepted 
between the Ordinate and the Tangent, which is 
called the Subtangent, will every-where be a conſtant 


and given Length. And this is one of the chief Pro- 
ee Curve; for the different 


perties of the 
Species or Forms of thoſe Curves are determined by 
the Subtangents. 


The Logarithms, or the Diſtances from Unity of 


the ſame Number, in two Logarithmical Curves of 
different Species, will be proportional to the Subran- 


gents of their Curves. For let HBD, SN V, Fig. 4, 5. 


be Curves, whoſe Subtangents are AT, MX, and let 
AB= MN = Unity ; alſo, DC Q; then ſhall 
AC, the Logarithm of the Number CD, in the Loga- 
rithmical Curve H D, be to MQ, the Logarithm of 
the Number Q, (or of the ſaid C D) in the Curve 
SY, as the Subtangent AT is to the Subtangent 
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MX. For let there be ſuppoſed an infinite Number 
of mean proportional Terms between AB, CD, or 


NM, Q, in the Ratio of AB to ab, or MN to 


mn; and ſince AB MN, then will ab = mn, a; 
alſo be=no. And becauſe the Number of propor- 
tional Terms in each Figure are equal, they do divide 
the Lines AC, MQ, into equal Numbers of Parts, 


the firſt of which Aa, Mm, and fo the ſaid Parts ſhall 


be proportional to their W holes ; that is, it will be 
as Aa: Mm:: AC: MQ. And becauſe the Trian- 
gles TAB, Bcb, are fimilar, (for the Part of the 
Curve Bb nearly coincides with the Portion of the 


Tangent) as alſo the Triangles X MN, Non, we 


have Aa, or Bc: be:: TA: AB, 5 
Alſo, as no, or bc: No:: MN, or AB: MX, 


Where (by Equality of Proportion) it will be, Be: 


No:: TA: MX:: Aa: Mm:: AC: MQ; which 
was to be demonſtrated. If AT be called a, ſince 
AB: AT:: 5e: Be, then will Be = R. 
Hence, if the Logarithm of a Number extremely 
near Unity, or but a ſmall matter exceeding it, be 
given, then will the Subtangent of the Logarithmical 
urve be had. For the Exceſs bc is to the Logarithm 
Bc, as Unity AB is to the Subtangent A T. Or even 
if there are any two Numbers nearly equal, their Dif- 


ference ſhall be to the Difference of their Logarithms, 


as one of the Numbers is to the Subtangent. For 
Example, if the Increment bc be ,00000 00000 
ooo 02255 31945 60259, and Bc or Aa the Loga- 
rithm of the Number a be ,00000 00000 00000 
44408 92098 52062. Now if a fourth Proportional 


be found to the ſaid two Numbers and Unity, vis. 


434294481903251, this Number will give the Length 


of the Subtangent AT, which is the Subtangent of 


the Curve expreſſing Briggs's Logarithms. 

If a Sum of Money be put out to Intereſt on this 
Condition, that a proportional Part of the yearly Rate 
of Intereſt thereof be accounted every N of 
Time, viz. ſo that at the End of the firſt Moment 


of Time, or indefinitely ſmall Particle of a Year, the 


Intereſt gotten thereby be proportional to that Time; 


which being added to the Principal, again begets In- 


tereſt at the End of the ſecond Moment of 1 
. an 
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and then the Principal and this Intereſt become a 
Principal, and ſo on; it is requir'd to find the Amount 
of that Sum at the Year's End. Let à be nearly the 
Intereſt of Unity, or of one Pound. Then, if one 
whole Year, or 1, gives the Intereſt a, the indefinitely 
{mall Particle of a Year Mm will give the Intereſt 
Mmxa, proportional to Mm ; and, accordingly, if 


| Unity be expounded by MN, the firſt Increment 
thereof ſhall be zo = Mm xa. This being granted, 
let a Logarithmical Curve be ſuppos'd to be deſcrib'd 
through the Points Nun, whoſe Axis is OMQ., 


Then, in this Curve, if the Portion of the Axis 
MQ expreſſes the Time, the Ordinate Q y will 


351 


repreſent the Money proportionally increaſing every 


Moment, to that Time. For if there be taken m: I, 


| &. = Mm, the Ordinates Ip, &c. ſhall be in a Se- 


| ries of continual Proportionals in the Ratio of MN 


to m u; that is, they increaſe in the ſame Ratio as the 


Money doth. . . 

Again, let the right Line N X touch the Loga- 
| rithmical Curve in N, and the Subtangent thereof 
| MX ſhall be conſtant and invariable, and the ſmall 
| Triangle Non ſhall be ſimilar to the Triangle XMN. 


| But it has been prov'd, that the Increment zo M 


* = Nox a; and ſows: No:: NAA: No:: a: 
I. But as 1 is to No, fo ſhall NM be to MX. 
Wherefore it ſhall be, as à is to 1, ſo is NM, or 1, 
| to MX =, = ubtangent. 


| Now if the nearly Rate of Intereſt be 2 Part of the 
| Principal, or if a = A =.05, then will MX =; 
|F Becauſe of different Forms of Logarithms, the 


| Logarithms of the ſame Number are proportional to 


the Subtangents of their Curves : If M Q expreſles 


| the Time of a whole Year, or Unity, then ſhall QY 


be the Amount of the Money at the Year's End. And 
o find Q, ſay, As MX, or 2, is to o. 4342944, 
| {which Number expounds the Subtangent of the 
Logarithmical Curve expreſſing Briggs's Logarithms) 
ſo is one Year, or Unity, to a Briggian Logarithm, 
| anſwering to the Number Q. This Logarithm will 
be found 0.0217147, and the Number anſwering to 
c ſame is 1,05127 =Q Y, whoſe Increment above 

3 Vanity, 
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Unity, or the Principal, exceeds the yearly Intereſt 
„os but a ſmall Matter. And ſo if the yearly In- 
tereſt of 100 Pounds be 5 Pounds, the proportional 


_ yearly Intereſt, which is added to the Principal 100 


at the End of each Particle of the Year, will amount 
only at the Year's End to 5 Pounds 2 Shillings and 6 
Pence. 5 „ 
And if ſuch a Rate of Intereſt be required, that 
every Moment a Part of it continually proportional 
to the increaſing Principal be added to the Principal, 
Year's End an Increment be produced 

that ſhall be any given Part of the Principal ; for 
Example, the 20 Part; ſay, As the Logarithm of the 
Number 1.05 is to 1; that is, as 0.021 1893 ĩs to 1; 
ſo is the Subtangent 0.432944 to g = 20.49, and 


1 


then will a = A . 0488. For if ſuch a Part of 
the Rate of Intereſt .0488 be ſuppoſed, as anſwers to 
a Moment, that 1s, having the ſame Ratio to .0488 as 


a Moment has to a Year, and it be made as Unity is 


to that Part of the Rate of Intereſt, fo is the Principal 


ro the momentaneous Increment thereof ; then will 


the Money, continually increaſing in that manner, be 
augmented at the Year's End the & Part thereof, 


VVV 
Of the Method by which Mr. Briggs com- 


puted his Legarithms, and the Demon- 


ſtration thereof. 


Lthough Mr. Briggs has no-where deſcrib'd the 
Logarithmical Curve, yet it is very certain, that 
from the Uſe and Contemplation thereof, the 


Manner and Reaſon of his Calculations will appear. In 


any Logarithmical Curve H BD, let there be three 
Ordinates AB, a5, qs, nearly equal to one another; 
that is, let their Differences have a very ſmall Ratio 
to the ſaid Ordinates ; and then the Differences of 
their Logarithms will be proportional to the Diffe- 
rences of the Ordinates. For ſince the Ordinates are 
nearly equal to one another, they will be very nigh 

| | | 10 


Of LOGARITHMS. 


to each other; and fo the Part of the Curve Bs, in- 


tercepted by them, will almoſt coincide with a ftrait 
Line; for it is certain, that the Ordinates may be ſo 
near to each other, that the Difference between the 
Part of the Curve, and the right Line ſubtending it, 
may have to that Subtenſe a Ratio leſs than any 
given Ratio. Therefore the Triangles Bcb, Bye, 
may be taken for right-lined, and will be equiangu- 


hr. Wherefore, as 5r : be:: Br: Be:: A: Aa; 


that is, the Exceſſes of the Ordinates or Lines above 


the leaſt, ſhall be proportional to the Differences of 


| their Loparithms. And from hence appears the Rea- 


ſon of the Correction of Numbers and Logarithms 


| by Differences and proportional Parts. But if AB 
| be Unity, the Logarithms of Numbers ſhall be pro- 
portional to the Differences of the Numbers. 


If a mean Proportional be found between 1 and 10, 


| or, which is the ſame thing, if the Square Root of 10 
be extracted, this Root or Number will be in the mid- 
dle Place between Unity and the Number 10, and the 
| Logarithm thereof ſhall be 4 of the Logarithm of 10, 


| before found, and Unity, there be found a mean Pro- 


be twice nearer to Unity than the former, and its Lo- 
| garithm will be one Half of the Logarithm of that, or 
| one Fourth of the Logarithm of 10. And if in this 


the Logarithms biſected, you will at laſt get a Num- 
ber, whoſe Diſtance from Unity ſhall be leſs than the 


1 


after Mr. Briggs had made 54 Extractions of the Square 
| Root, he found the Number T.00000 00000 00090 
12781 91493 20032 3442; and its Logarithm was 
d. 00000 ©0090 00000, 5551 11512 31257 82702. 


let 9s be the Number found by extracting the Square 
Foot; then will the Exceſs of this Number above 


FFF | 

Nov, by means of theſe Numbers, the Logarithms 
of all other Numbers may be found in the following 
manner: Between the given Number (whoſe Loga- 
| rithm 


| and ſo will be given. If, again, between the Number 


portional, which may be done in extracting the Square 
| Root of the ſaid Number, this Number, or Root, will 


manner the Square Root be continually extracted, and 


ü 9856586033555 698 Part of the Logarithm of 10. And 


| duppole this Logarithm to be equal to Ag or Br, and 


Unity, viz. r$==,00000 00000 00000, 12781 91493 
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rithm is to be found) and Unity, find fo many mean 
Proportionals, (as above) till at laſt a Number be 
gotten ſo little exceeding Unity, that there be 15 Cy- 
phers next after it, and a like Number of ſignificative 
Fieuren after thoſe. Let this Number be ab, and let 
the ſignificative Figures, with the Cyphers prefixed be- 


fore them, denote the Difference þ c. Then ſay, As 


the Difference vs is to the Difference hc, ſo is Br, a 


given Logarithm, to Bc, or Aa, the Logarithm of the 
Number a b; which therefore is given. And if this 


Logarithm be continually doubled, the ſame Number 


of Times as there were Extractions of the Square 


Root, you will at laſt have the Logarithm of the 
Number ſought. Alſo, by this way may the Subtan- 
gent of the Logarithmical Curve be found, vix. in ſay- 
ing, As rs: Br : : AB, or Unity: AT, the Subtangent, 
which therefore will be found to be o. 4342944810 


03251; by which may be found the Logarithms of 
other Numbers; to wit, if any Number NM be given 


_ afterwards, as alſo its Logarithm, and the Logarithm of 


another Number ſufficiently near to N M, be ſought, 


ſay, As NM is to the Subtangent X M, ſo is o, the 
Diſtance of the Numbers, to No, the Diſtance of the 
Logarithms. Now, if NM be Unity = AB, the Lo- 


garithms will be had by multiplying the ſmall Diffe- 
rences bc by the conſtant e Fro AT. 


By this way may be found the Logarithms of 2, 3, 


and 7; and by theſe the Logarithms of 4, 8, 16, 52, 


64, Cc. 9 27» 81, 243, Oc. as alſo 7, 49, 343, 
Sc. And if from the Logarithm of 10 be taken the 
Logarithm of 2, there will remain the Logarithm of 
5 ; ſo there will be given the Logarithms of 25, 125, 
625, Oc. M 00 

The Logarithms of Numbers compounded of the 
aforeſaid Numbers, viz. 6, 12, 14, 15, 18, 20, 21, 
24, 28, c. are eaſily had by adding together the Lo- 
garithms of the component Numbers. 
But ſince it was very tedious and laborious to find 
the Logarithms of the prime Numbers, and not caly 
to compute Logarithms by Interpolation, by fir, 
ſecond, and third, &c. Differences; therefore the 
great Men, Sir Jae Newton, Mercator, Gregor), 


allis, and, laſtly, Dr. Halley, have publiſh'd infinite 


converging Series, by which the Logarithms of 
| Numbers 
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Numbers to any Number of Places may be had more 
expediently and truer : Concerning which Series 
Dr. Halley has written a learned Tract, in the Philoſo- 
pbical Tranſaftioms, wherein he has demonſtrated 


thoſe Series after a new Way, and ſhews how to 


may be more proper here to add a new Series, by 


means of which may be found eaſily and ene 


the Logarithms of large Numbers. 

Let ⁊ be an odd Number, whoſe Logarithm is 
ſought ; then ſhall the Numbers 2 — 1 and z ＋- 1 be 
even, and accordingly their Logarithms, and the 


Difference of the Logarithms, will be had, which let 


be called : Therefore, alſo, the Logarithm of 2 
| Number, which is a Geometrical Mean between 
z—1 and z ＋ 1, will be given, diz. equal to the 


balf $ rig of bt Logarithms. Now the Series 


„ . . 
Any road 5⁰⁸ 25 1252 Fama ſhall 
be equal to the Logarithm of the Ratio, which the 


T wee Mean betwath the Numbers z— 1 and 


241, has to the Antunegcal Mean, viz. to the 
Number A. 


If the Number exceeds 1000, the firſt Term of the 


* 


Series. = is ſufficient for producing the Logarithm to 


42 
13 or 14 Places of Figures, and the ſecond Term 


| But, if 2 be greater than 10000, the firſt Term will 
| exhibit the Logarithm to 18 Places of Figures; and 
| ſo this Series is of great Uſe in filling up the Loga- 
| rithms of the Chiliads omitted by Briggs. For Ex- 
| ample ; It is required to find the Logarithm of 20001. 


| rithm of 2 with the Index 4 prefixed to it; and 
the Difference of the Logarithms of 20000 and 


| Logarithms of the Numbers 10000 and 10007, 
vis. 0.00004 34272 7687. And if this Diffe- 


| rence be divided by 4 2, or 80904, the Quotient 7.2 
1 4 2 5 
. Aa ſhall 


8 4 


compute the Logarithms by them. But T think it 


| will give the Logarithm to 20 Places of Figures. 


| The Logarithm of 20000 is the ſame as the Loga- 


| 20002 15 the ſame as the Difference of the 
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ſhall be - - - o. ooooo 00005 42813 
And if the Logarithm of the 4.30105 17093 02416 
Geometrical Mean be added 4.30105 17098 45231 


to the Quotient, the Sum 


will be the Logarithm of 20001. Wherefore it is 
manifeſt, that to have the Logarithm to 14 Places of 
Figures, there is no Neceſſity of continuing out the 
Quotient beyond ſix Places of Figures. But if you 
have a mind to have the Ln m to 10 Places of 
Figures only, as they are in /lag's Table, the two firſt 
Figures of the Quotient are enough. And if the Lo- 
garithms of the Numbers above 20000 are to be 
tound by this Way, the Labour of doing them will 
moſtly conſiſt in ſetting down the Numbers, 


Note, This Series is eaſily deduced from that found 
out by Dr. Halley; and thoſe who have a Mind 
to be inform'd more in this Matter, let them 
conſult his above-nam'd Treatiſe. 
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APPENDIX. 


Fl IIS needleſs here to write a prefatory Diſ- 
courſe; ſetting forth the Uſe and Invention 
of Logarithms, ſince the Author has ſup- 

plied that in his Preface to the Treatiſe of the Nature 

and Arithmetic of Logarithms annex'd to theſe Ele- 


ments: Tis enough to inform the Reader, that my 
chief Deſign in writing this Appendix was, to render 
their Conſtruction eaſy, by inveſtigating various 


Theorems for that Purpoſe, and illuſttating them by 


proper Examples; all which is perform'd in the actual 
Operation of making the Logarithms of the firſt 10 


Numbers, and of the prime Number 101, which is 
more than ſufficient to inform the meaneſt Capacit 

how to examine or conſttuct the whole Table. I 
| havealſy ſhewn how, from the Logarithm given, to 
find its correſponding Number; and the Inveſtiga- 


tion of the Series omitted by the Author in Page 355. 


| for expeditiouſly finding the Logarithms of large Num- 
bers. As to thoſe Series exhibited by him in his Tri- 
gonometrical Treatiſe, Page 287. for making the 


Sines and Coſines; I muſt declare, that I have ex- 


ceeded my firſt Intentions, which were to give their 
Inveſtigation only; but conſidering, that as they de- 


pended upon the Newtonian Series, without the In- 


veſtigation of which our Author's Series could never 


be thoroughly underſtood, I thought it would there- 


fore prove acceptable, if I ſhew'd their Inveſtigations 
too, from which thoſe of our Author's eaſily flow. 

In order to which, and to keep the Reader no longer 
in Suſpenſe ; let r be put for the Radius of the Circle 
ABCD; à for the Arch B E, whoſe Length is to 
be inveſtigated; & equal to the Sine; and v the verſed 


Sine of that Arch; then is F E =a, IF —_ 5, and 


IE=GH=v. 
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A 


F 


& 5 


| Whenceaa= A dz but from the Equation of the 


Curve, viz. 210 — vv =55 we have V=r—y/rr—5., 


| - . Y 1 | . 0 2 ' | . 
Therefore v = ._**_ 4 and vy =— © ; which 
4 IIs rr— 


bein g ſubſtituted for x v in the firſt Equation, we have a= 


— 5 
FEE . . : 
$ -—-Þ a — 


171 -, rr rr rr —5SS 


But rr—ss i by Sir Iſaac Newton's Binomical Theo- 


rem is r FS ＋ Tr 4357 , Ge. 
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whoſe Radius is r, and Sine . But if 7 be put equal to 

Unity, then FRE WA 4 53. $4 D392. „, Cc. 
Ys 2.3 1 1 5 

will expreſs the Length of the Arch 4. 


X AML E. 
Let it be required to find the Length of the Arch of 
30 Degrees, to 6 Places of Decimals, the Radius be- 
ing Unity, 5 


Here r, and 55=Z ; whence the Operation may 
be as follows: mw Oy 


S 2=,5000000 | S_ = 45000000 
g3 =,1250000 * 2 88 = 208333 
1 | S = 23437 
8 = "825 m9 = 3487 
S' = 19531 | SY = 593 
he 4882 | 2% S'' == 109 
8 = 1220 | ==, $3 = 21 
= 5 - 1 IS == 4 

25235904 


Hence the Length of the Arch of 30 Degrees is 
45235984, Now if this Arch be multiplied by 6, 
we {hall have the Length of the Arch of the Semicir- 
dle in ſuch Parts as the Radius is 1, or of the whole Cir- 
cumference in ſuch Parts as the Diameter is I, viz, 


3-14159Þ. 5 3 
But there is no Series ſo eaſy to be retained in the 


Memory, and ſo readily put in Practice, for obtaining 


the Ratio of the Diameter of the Circle to its Circum- 
ference, as that which is derived from the Tangent 
firſt given, For if t be put equal to the Tangent of 


any Arch, then a = ff ++ tf - +579, c. 


Now the Radius being Unity, the Sine of 30 De- 


grees = +, and conſequently the Coſine =y/2 ; and 


29 05 | 4 
becauſe the Cofine is to the right Sine, as the Radius to 


the Tangent; it will be, 35 4 5 V 3 the 
Tangent of 30 00'=t, whence t=: Wherefore, 


if the Root of ; be divided continually by 3, and the 
ſeveral Quotients by all the odd Powers ſucceſſively, | 
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1223, 494101 + 3, 464101 
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vix. the firſt by three, the ſecond by 5, &c. the Sum 
of the affirmative Quotients made leſs by all the ne- 


gative ones, will be the Arch of 30 Degrees. 
And becauſe the Arch of 30 Degrees is + part of the 


Semi- circumference, if inſtead of y/* be taken 6 


V7; =y12, we ſhall have the Semi-circumference 
in ſuch Parts as the Radius is Unity; or the whole Cir- 


cumference, the Diameter being Unity, 


The OPERATION ſtands thus: 


3) 1154700 1 („384000 
5) 384900 ( + 76980 

7) 128300 ( — 18228 
9) 42766 (+ 4751 

11) 14255 „ 

3553 ( + 365 
15) 1583 „ 
5 „„ 
19) bs - 3335 


+ 3,5460228 — 40463 


Whence 3, 546228 — , 404637 3, 141501 the ſame 
as before. The Impoſſibility of expreſſing the exact 


Proportion of the Diameter of a Circle to its Circum- 
ference, by any receiv'd way of Notation, has put the 
moſt celebrated Men in all Ages upon approximating 
the Truth as near as poſſible; there being a Neceſſity of 
a near Quadrature, inaſmuch as it is the Baſis upon which 
the moſt uſeful Branches oſ the Mathematics are built. 
And after the famous Jan Ceulen, who carried it to 36 
Places of Decimals, which he order'd to be engraven on 
his Tomb-ſtone, thinking he had ſet Bounds to far- 
ther Improvements ; the firſt that attempted it with 


Succeſs was the moſt indefatigable Mr. Abraham Sharp, 


Wo by a double Computation, viz. from the Sine of 
6 Degrees one way, and from the Sine and Coſine of 
12 Degrees another way, carricd it to twice the Num- 
ber of Places that Van Ceulen had done, viz. 72. 
And ſince that Time Mr, Machin, the preſentProfel- 
ſor of Aſtronomy in Grefham-College, and Secretary to 


the Royal Society, by a different Method of Compu- 


tation, has carricd it to 100 Places, almoſt triple the 


= | Number 


* 
8 


1 
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Number that Van Ceulen had done, which not only con- 
firms Mr. Sharp's Quadrature, but ſhews us, that if the 
Diameter be 100000, &c. the Circumference will be 


3,1415. 265 35. 89793-23840. 20433. 83279. 50288. 


41971. 60309. 37510. 58209. 74044. 59230. 78164. 
_ 05286. 20899. 86280. 34825. 34211. 70679 of the 


ſame Parts. . Ed 
Which is a Degree of Exactneſs far ſurpaſſing all 
N bee being by Eſtimation more than ſufficient 


to calculate the Number of Grains of Sand that may be 


comprehended within the Sphere of the fix'd Stars. 


The late Mr. Cunn's Series for determining the Peri- 
phery of an Ellipſis (who was my Predecettor in the 


Mathematical School erected by Frederic Slare, M. D. 
and eſtabliſh'd by a Decree of the High Court of Chan- 
cery for qualifying Boys for the Sea-vervice) being 


new and curious, this Opportunity is taken of making 
it public. _ e 


Let A be equal to a Quadrant of the Cirele circum- 
ſcribing the Ellipſis, whoſe Periphery is requir' d. Then A 
Es ee eee LE Re Te 

2.2 2.4.8 2.4.6. 16 2.4. 0.8. 128 
Z. +5 7 ,w i. „e,, 
2.4. b. 8. 10.250 77 35 4. 6. 8. 10. 12. 1024 3 Sc. 
is the Periphery of a Quadrant of the Ellipſis, where 


10e 


: ee = 77" 3 being the Semi-tranſverſe Diameter „ 


and c the Semi- conjugate. 


When this Series came to hand, it was imperfect, in- 
aſmuch as there were only the firſt five Terms without 
the Law of Continuation : But being deſirous of ren- 


dring it complete, after ſome Conſideration I found the 
Law to be as follows: It is plain by Inſpection, that 


the Numerators and Denominators of each Term are 
compos'd of Numbers that run in arithmetical Progreſ- 
ſion, except the laſt in each Term,viz. , 1, , r, 


Oc. and thoſe being found by the continual Multiplica- 


tion of theſe Fractions, 4x I XXX EX NX & x A, &c. 
the Law of continuing the whole Series as above, is 
evident, Whence, by a well-known Method of ſub- 


ſtituting Capital Letters for each Term reſpectively, the 


1.2 


following Series is deduced, viz. Avi -le. (n 
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in Practice is preferable to the former Series: But the 


omitted; purely on account of! its being mo to the 


the Arch, vis. 5 +4554 s*, £fc. be revers'd, we 
ſhall have: the Value of 's in the erm of a, and con- 


Continuation is eaſily diſcover'd, making 5s = a —— 


+ - 3 — + — 8 — Ec. 
Whence ſubſtituting A for a, and we ſhall have A— 


Length being given. Q. | us 
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pi $5-a04 2d > 7-9 2 9-11, , 
1 8.8 *D— por too x2. 12.74. F, 


Sc. where the Law of Continuation is evident alſo, 
ſince each Capital Letter is equal to its precedent Term, 


Di2. B ee, 3 4 B, 2 and without doubt 


Inveſtigation of that, on which this laſt depends, is 


preſent Subject. 
But to return; if the Serics exprefling the Lengthof 


ſequently a dire& Method for finding the Sine of any 
Arch from its Length given. Thus, | 


If a =5þHif+4S+25, Sc. 


Then 5 = &—; r —_— 4 „c. I 
3 2 1 | | 
a | aA a 4 


23 s 234507 © 


For put 5 = Aa + Ba + Lo, Ie 


Then 55 S=z A * „ 
And + 40 „ | LA, a), Wo: - | 
And conſequently Ae — = a, wad A = 1, alſo B+: 


A „ and B — A = =, alſo Cf A= 
BT x 9A — 0, . FOCI PTY B— & A) = —1 * 


— W e Wherefore A = 1, B = 


— C = 1285 Se. and conſequently, S = an 
8 &c. From which three Terms the Law of 


a® eo = a? 


2. „ ;2:3-4-5+0-7 ' 2:3-4+5-6.7.8.9' 
A, * A 3 0 A Wim A 


— 


5 "3 % 1:23:44 1; 5 3-4-5-0.7:8.9, 
Sc. for the Newtoni@n Series, according to our Au- 
thor's Form, for finding the Sine of any Arch, it; 


Axa, 


Author's Form. Q. E. 
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Again, becauſe the Square of. the Radius made leſs by 
the Square of the Sine, is equal to the Square of the 
Coſine, by the ſecond Propoſition of our Author's 
Elements of Plain Trigonometry ; it follows, that if 
from the Square of the Radius = 1 be taken the 
Square of the Sine =a—+ a3 Þ 755 a, &c. the 
Square Root of the Remainder will be the Coſine = 
1 —2a* TA — 5 a*, &c. thus, 


S = 4 1504, e. 
S Sa -D a*, &c. 


2-4 ＋ 145 a5, Cc. 
— 4 4. 385 5 e.. 
f. ©. 
| | SSmma?—ta'+S, 46, Cc. which, being 
taken from the Square of the Radius 1, leaves 
1—aa + ; a'—Z; a*, &c, the Square Root of which 


will be the Coſme. 


I—aaþ3ja'—&a5, &c, hz 227 2 
| | | | — 0 
6 e 
2—aa) — 4 4. 
— 
2—aa, Fc.) 24 — 3 as, e. 
T2 at— 1 % er. 


1 &c.) — a, c. 


Wherefore putting A for a, we ſhall have for the Coſine 


. 


A Al 


— 


r 53 

** 3.4.5.6 1.2.3.4. Fg Se. according to the 
But becauſe thoſe Series, as our Author obſerves, con- 

verge very flowly, eſpecially when the Arch is nearly 


equal to the Radius; he therefore deviſed (Page 285 ) 
other Series, whole Inveſtigation may be 2 follows N 


Let 
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Let the Arc, whoſe Sine is ſought, be the Sum or 
Difference of two Arcs, viz. Az, or A—z; and 


let the Sine of the Arc A be call'd a, and the Coſine b. 


Now, if the Arc DF = DE, Prop. 5th of the 
Elements of Trigonometry, be call'd «thant its dineFO 


will, by the Newtonian Series, be =2 ——*'- + 
3 27 | 


1. 2. 3.4. 1 


1 and its Coline CO 


x 20 
21 — . ra Sc. and becauſe 


1. 4.3.4 1. 2.3.4.5•0 


CD: DE; CG. OP; therefore Or 


a2 420 a 26 


1. 1 „ I-24 $0”, 

Again, becauſe _— CDE,FOM, are  ſimi- 
lar, it will be, as CD: C FO: FM; whence 
FM bz bd, _ due - ' | 
1 -JoJah 12.34.35 1.2.3.4. 5. 5.) 
But OP+ FMI IF, the Sine of the Arc BF, 


viz. Az; conſequently the Sum of thoſe Series 


dz * * a 7 5 bz) 


t 13 63” 14-44 1-446 


is the Sine of the Arc Az. And becauſe FM= 


MG, therefore their Difference 3 Ex 26 
1 1.2” 4-2 


„Sc. is the Sine of the Arc 


"1.2.34 12345 


Amos; viz. EL. 


And again, n CD: CK::CO:CP; 


therefore CP = b — 2 3 7 

N 1.2 1.2.3.4 1.2.7750 
db „Ec. And by reaſon of the ſimilar Tri- 
1. 2. 3. 4. 5. b. 7. & 


angles © „FMO, it will be, as CD: DK : : FO: 


1 az To 
M O. Whence MO = az=— 1 Tz3% 
a 2 
1.2. 3:4+5-0.7* ; 
But CPM O Cl, the Coſine of the Arc A +3. 
Where 


WAS . Io 


The APPENDIX, 
Wherefore the Coſine of the Arc A z is b — 
in © 80 -Bx-* a 25 3 
1 3 | 1.2.3 1.2.3.4 1. 2.3.4.5 2+ 2+ 3:4-5-0 
Ec. | | mo Xa 
And becauſe MO = PL, therefore CP MO = 
CL, and conſequently the Coſine of the Arc A—z= 
54 az 8" a 25 b z* 4 8876. 

I 


Q. E. I. 


2-34.34 "1:24:94 23465; 


Nov the Arc A is an Arithmetical Mean between 


the Arcs A—z and Az, and the Difference of their 


| | | 2 f 4 5 $ | 
| Oines are bz az” FAG — 1 1 — 
BEE 1.2 1.2.3 1.2.3.4 1.2. 3.4.5 
225 Ec bz . a 2 
1.2.3˙4·5˙0 1 ö 1.2 | | 2.2; J | 1.2. 3.4 5 
1 | 6 | ä 
B „Sc. Whence the Difference of 
SW 1.2.3.4.5 | 1:2.3-4-5-0 115 
22 242 


the Differences, or ſecond Difference, is 2 — 
E _ «a. 3 
1 8 OE 1.4 OP 1.2.3-4-5-0 
| &c. Which Series is equal to double the Sine of the 
mean Arc, drawn into the verſed Sine of the Arc z, 
and converges very ſoon ; ſo that if z be the Arch of 
the firſt Minute of the Quadrant, our Author ſays the 


frſt Term of the Series gives the ſecond Difference to 
15 Places of Figures, and the ſecond Term to 25 


laces. | 


Whence the following Rule is deriv'd for finding 


the Sine of the Arc Az, or A—z, 


From double the Sine of the mean or middle Arc, 
ſubtract the ſecond Difference found by the Theorem, 
and from the Remainder ſubtract the Sine of the given 
5 Extreme, whether it be the greater or leaſt; and the 
= Remainder will be the Sine of the other Extreme. 


De—_XAMPLE... 
Let it be requir'd to find the Sine of 300 015, the 
Sines of 390 OO, and 299 59' being both ao 3 
ere 
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appear at firſt Ne 


being both given. 


Here 30 o0' is the mean Arc, whoſe Sine is 
00000 ©0000, and the Sine of 29% 59“, the given 
Extreme, is 4, 997 48062 2b, and the Leng of the Arc 
2, viz. one Minute, is, 00290888208; which ſquar'd 
and multiplied by the Sine of the mean Arc 50000, &c. 
according to the Direction of the Theorem, the Product 
will be the ſecond Difference, equal to ,000000042 307; 
which re from double 50 of the mean Arc, 
equal to 1, the Remainder will be, 693; 
from which ſubtract the Sine of en 
(which in this Caſe is the leaſt) and there will remain 
5002518943 for the Sine of 30001, the greater Ex- 
treme. 5 FR | 
This Method of making the Sines, however it may 
cht, is ſo far from being tedious or 
troubleſome, that I look upon it to be the moſt eligible 
of any other whatſoever ; for the Square of z being 
once determin'd, and the ſeveral Multiples of it by the 
nine Digits made, and ſet down in : Table orderly, all 
the Sines may be made by Addition and Subtraction 
only; as indeed our Author hints they may by the Me- 


thod demonſtrated in the 10th Propoſition of the Ele- 
ments of Trigonometry; but this is evidently prefera- 


ble to that, tho' a good Method too; and by which 
all the Sines of the Quadrant, Ipreſume, were wont to 


be made, at leaſt as far as 30, or 60 Degrees; for af- 


ter the Sines as far as bo Degrees are obtain'd, all the 
others may be had by Addition only ; and notwith- 
ſtanding there are other excellent Theorems, which 
contribute very much towards finiſhing and confirm- 
ing the Truth of the whole Canon ; yet this deduced 
from our Author's Series, I deem the moſt elegant and 
ft for Practice; becauſe the Difference of the Diffe- 
rences of the Sines being what is always required to be 
found, there will be ſeven Cyphers at leaſt before the 


ſignificant Figures of the ſaid Difference ; which is the 


O 


Product made by the Square of z, into the Sine of the 
mean Arc: So that to have the Sine true to ten Places, 
there will not be occaſion to find above four or five 


Figures in the Product, which, according to the com- 


mon Method of contracted Multiplication, may be ob- 
tained with very few Figures. Thus, for Inſtance, the 
Sine of 300 02' may be had to ten Places by a wonder- 
ful eaſy Operation, the Sines of 300 O1“ and 300 00 


E X- 


| And from the Remainder 
| the Sine of 309 oo the given Extreme ,50000000000 
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EXAMPLE. 


The Sine of 300 o is ,50025189543 
The Square of ⁊ inverted . 164800 


| Whence the Product is ,000000042 326 true to eleven 


Places at leaſt. Wherefore if, according to the Rule, from 


double the Sine of the middle Arc = 1, oo050 379086 
ve ſubtract the ſaid Product, 


| be ſubtraCted 250050374854 


| There will remain , 500503748 54. for the Sine of go? 
| 02' the other Extreme; than which, nothing of this 
Nature can be deſired more ea 7. 


SCHOLIUM. 


| Note, The Square of & in this Caſe, viz. the Arch 
of 5 Minutes, is ,00000211. 
Thus 


»000000042 32 


 1,00050374854 


| Becauſe the Difference of the Differences of the 
dines, or ſecond Difference, has always 7 Cyphers be- 
fore the ſignificant Figures; it follows, that the whole 
Canon, where the Sines conſiſt but of 6 Places, which 
zs as far as our Tables for common Practice need ex- 
tend, may be performed chiefly by Addition and Sub- 
traction only, without forming Multiples of the Square 
of 2 by the nine Digits; tho' perhaps it may be ne- 
ceeſſary to uſe the Method of contracted Multiplication 

every 5th Minute, to confirm the Truth, leſt, in conti- 
nual doubling and ſubtracting, an Error ſhould ariſe in 
the right-hand Figure: However, as it may be ſafely 
ulſed for 5 Minutes together, and ſometimes more, it 
will render the Whole very eaſy. 
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Conſtruction of Logarithms, to ſhew how, from the 


or any other Ratio whatſoever, that a Set of integral 


to be excus'd,and the rather, becauſe I believe this Me. 


laſt Remainder, and ſo on till nothing remains. 


firſt Conſequent. 


Thus having inveſtigated the Newtonian and out 
Author's Series, and exemplified the latter, by making 
the Sines of 300 or and 300 o“, and withal ſhewn 
how, from the Sine of an Arc given, to find the Length 


of that Are, and conſequently the Circumference of 
the whole Circle; I ſhall beg leave, before treat of the 


known Ratio of the Diameter to the Circumference, 


Numbers may be found, whoſe Ratios ſhall be the 
neareſt poſſible to the Ratio given; for which I hope 


thod of determining them was never before publiſh'd, 
RULE. 


Divide the Conſequent by the Antecedent, and th: 3 
Diviſor by the Remainder, and the laſt Diviſor by thi 


Then for the Terms of the firſt Ratio, Unity wi Me 
always be the Antecedent, and the firſt Quotient th We 


For the TERMs of the ſecond RATIO. 


Multiply the laſt deres ae T by the 2dQuotient; ; 
and to the Produ&t add l a 3 F and ſo will the 1 
J V | | | 
Reſult be the ſecond } Con n 


For all the following RAT 10s: 


i Multiply the laſt} Antecedent © by the next Quotient, 


Conſequent 


and to the Product add the laſt 3 8 t © but one; 


ent 


and fo will the Sum be the preſent 3 Antecedent. 


Conſequent. 


E X A M- 


f c 1:3 JForthe (1 
Whence,as1250: 3927: 3 7:22 (Tem IE 


The APPENDIX. 
EXAMPLE. 
Let it be required to find a Rank of Ratios, whoſe 


Terms are integral, and the neareſt poſſible to the fol- 
lowing Ratio, viz. of 10000 to 31416, which ex- 
| preſſes nearly the Proportion of the Diameter of the 

| Circle to its Circumference. 


But becauſe the Terms of the Ratio are not prime 


| to each other, they muſt therefore be reduced to their 
leaſt Terms. 


Whence — 256, and then 3927 divided by 
31418 3927 
1250, and 1250 by the Remainder, Cc. will be as 


Y follo ws: 


; So the firſt Antecedent is 1, and the firſt Conſequent 3. 


4 Anteced. 1 _$ 71> 0 7＋ 7 the ſecond Antec. 
1 4 Conſeq. 3 25 21 < 2141822 the ſecondConſeq, 


Which 7 and 22 is Archimedes s Proportion. 


7 118 — IP 6= | 112 * f e EIN, the 3d Antec. 
Conſeq. 22 352 352 3==355 the 3d Conſe. 


Which Terms 113 and 35. 5 is Metius's Proportion, 


2ſt. 113 * 155 (2 f 1243 t ; 15.90 
Conſeq.355 3905 3905 22 = 3927 


Producing the ſame Antecedent and Conſequent as at 


firſt; which, as it is ever the Property of 785 Rule ſo 


to do, proves, at the ſame Time, that no Error bas 
deen committed thro” the whole Operation, 


113: 355 Jof the (33 


But it muſt be obſerv'd, that 1 to 3 does not expreſs the 
| Ratio ſo near as 7 to 22, Nor 7 to 22 lo near as 113 
to 
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370. 


The APPENDIX. 


to 355 3 that is, the larger the Terms of the Ratio are, 


the nearer they approach the Ratio given. 
Mr. Molyneux, in his Treatiſe of Dioptrics, informs 
us, that when Sir /aac Newton ſet about, by Experi- 


ments, to determine the Ratio of the Angle of Inci- 
dence, to the refracted Angle, by the means of their 
reſpective Sines; he found it to be from Air to Glaſs, as 

zoo to 193, or, in the leaſt round Numbers, as 14 to 9. 


Now, if it be as 300 to 193, it will readily appear by the 


Rule, whether they are ſuch integral Numbers, whoſe 


Ratio is the neareſt poſſible to the given Ratio. 


193) 300 (1 


207 ) 193 
86) 107 (1 
* 
os ) 10 
3:2 (3 
* 


For, dividing the greater Number by the leſs, and 


the leis by the Remainder, &c, the Operation will 


ſhew, that the Numbers 193 and 300 are prime to each 
other; and that the firſt Antecedent is 1,as alſo the firſt 
- Conqueſt. . 3 


Whence 4 X —1 And T + e the ſecond Antecedent 
. 1 1 ＋1 22 the ſecond Conſequent. , 


E * 1 +-/ ==2 the third Antecedent. 
1 : X12 Aud | | F 2 
a” I b 1. ; 1. T＋z=z the third Conſequent. 


Again 1 : 181 2100 6 op =9 the fourth Antecedent. 
| 3; 4 I2+Þ:= 14 the fourth Conſequent, 


Hence, the fourth Antecedent and Conſequent make 
the Ratio to be as ꝙ to 14, or, inverſly, as 14 to 9; which 
not only agrees with Mr. Molyneux, but at the ſame. 
time diſcovers, that they are nearer to the given Ratio, 
than any other integral Numbers leſs than 92 and 143; 


which are the neareſt of all to the given Ratio, as will 

appear by repeating the Proceſs, according to the Di- 

on pf the Ralle. | | 
Sir JJaac Newton himſelf determines the Ratio out 


ef Air into Glaſs to be as 1 7 to 11; but then he ſpeaks 


of the red Light. For that great Philoſopher, in his 
5 | 
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Diſſertations concerning Light and Colours, publiſh'd 
in the Philoſophical Tranſactions, has at large demon- 
ſtrated, as alſo in his Optics, that the Rays of Light 
are not all homogeneous, or of the ſame ſort, but of 
different Forms and Figures, ſo that ſome are more re- 
fracted than others, tho' they have the ſame or equal 
Inclinations on the Glaſs : Whence there can be no 
conſtant Proportion ſettled between the Sincs of the 
Incidence, and of the refracted Angles. 1 


But the Proportion that comes neareſt Truth, for 


the middle and ſtrong Rays of Light, it ſeems, is nearly 


as 300 to 193, or 14 to 9. In Light of other Colours 


the Sines have other Proportions. But the Difference 
is ſo little, that it need ſeldom to be regarded, and either 
of thoſe mention'd for the moſt part is ſufficient for 


Practice. However, I muſt obſerve, that the Notice 
here taken either of the one or the other, is more to 


illuſtrate the Rule, and ſhew, as Occaſion requires, 
how to expreſs any given Ratio in ſmaller Terms, and 
the neareſt poſſible, with more Eaſe and Certainty, than 
any Deſign in the leaſt of touching upon Optics. 
Wherefore, leſt this ſmall Digreſſion from the Sub- 
ject in hand, and indeed even from my firſt Intentions, 
thould tire the Reader's Patience, I ſhall not preſume 
more, but immediately proceed to the Conſtruction of 
Logarithms. 1 > 


Of the Conftruftion of Logarithms. 


ficiently explain'd in the Deſcription of the Lo- 


garithmical Curve; yet, before we attempt their Con- 


itruction, it will be neceſſary to premiſe: 5 
That the Logarithm of any Number is the Expo- 
nent or Value of the Ratio of Unity to that Number; 
wherein we conſider Ratio, quite different from that 
laid down in the fifth Definition of the 5th Book of 
theſe Elements; for, beginning with the Ratio of Equa- 
ity, we ſay 1 to 1==0, whereas, according to the ſaid 
Definition, the Ratio of 1 to 1==1 ; and conſequently 
the Ratio here mention'd is of a peculiar Nature, 
being affirmative when increaſing, as of Unity to a 
greater Number; but negative when decreaſing. And 
| Bb as 


HE Nature of which, tho' our Author has ſuf- 
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as the Value of the Ratio of Unity to any Nuinber is 
the Logarithm of the Ratio of Unity to that Number, 


ſo each Ratio is ſuppoſed to be meaſured by the Num- 
ber of equal Ratiunculz contained between the two 


Terms thereof: Whence, if in a continued Scale of 


mean Proportionals, infinite in Number, there be aſ- 
ſumed an infinite Number of ſuch Ratiunculæ, be- 
tween any two Terms in the ſaid Scale; then that in- 
finite Number of Ratiunculæ is to another infinite 
Number of the like and equal Ratiunculz between 
any other two Terms, as the Logarithm of the one 
Ratio is to the Logarithm of the other. | 

But if, inſtead of ſuppoſing the Logarithms com- 
poſed of a Number of equal Ratiunculæ propor- 
tionable to each Ratio, we ſhall take the Ratio of 


Unity to any Number to conſiſt always of the fame 


infinite Number of Ratiunculz, their Magnitudes in 


this Caſe will be as their Number in the former. 


Wherefore, if between Unity and any two Numbers 


_ propoſed, there be taken any Infinity of mean Propor- 


tionals, the infinitely little Augments or Decrements 
of the firſt of thoſe Means in each from Unity will be 


| Ratiunculz ; that is, they will be the Fluxions of the 
| Ratio of Unity to the ſaid Numbers; and becauſe 


the Number of Ratiunculz in both are equal, their 
reſpective Sums, or whole Ratios, will be to each other 
as their Moments or Fluxions; that is, the Logarithms 


of each Ratio will be as the Fluxion thereof. Con- 


ſequently, if the Root of any infinite Power be ex- 
tracted out of any Number, the Difference of the 
ſaid Root from Unity ſhall be as the Logarithm of 
that Number. So that Logarithms thus produced may 
be of as many Forms as we pleaſe to aſſume infinite 
Indices of the Power whoſe Root we ſeek. As, if the 
Index be ſuppoſed 100000, Cc. we ſhall have the Lo- 
garithms invented by Napier; but if the ſaid Index 


be 230258, &c. thoſe of Mr. Briggs's will be pro- 


duced. 
Wherefore,if 14-x be any Number whatſoever, and 


2 infinite, then its Logarithm will be as 1+x" —1 = 
| K 3 + 5 . | 
* * . SE * Sc. For the infinite 
7 "LA GE ENS Kaka 


Root of i without its Unciæ, or prefix'd Numbers, 
. is 


Tr APPENDIX, 
15 1+ aþxx xxx xxx &c. and the celebrated 
binomial Theorem invented by dir Jaac Newton for 


1 n—1 n—2 1n—2 
determining them is 1 Xx—X———X——=X——,, Cc. or 


F 4 
. 7 
in this Caſe rather I x > — COIN NOS X Tv Se. for - 


being an [nfviteſimal, is reed; whence the infi- 
| . 


te Root of wen ror a toe — — © 


* 2. i 
An It - ant 


5 | 
— Sc. and the Exceſs thereof above Unity, viz.—— 


C 


e eee . is the Augment of the firſt of the 


3 


mean Proportionals between Unity and Ax, which 


therefore will be as the Logarithm of the Ratio of I to 


14x, or as the Logarithm of IIe. But as 1 F- — 1 


isa Ratiuncula, it muſt be multiplied by 10000, &c. in- 
E Hnitely, which will reduce it to Terms fit for Practice, 


making the Logarithm of the Ratio of I to Ipx = 


1000, Bc. | „ „ * 


tee . e whence if he 


gs 
Index u be 3 ESR Ge. 5 in Napier” 8 Form, the 


Logarithms will be imply x — LEED E 


But as u may be taken at Patare; as * Scales of 


1000, Ec. 
Logarithms to ſuch Indices will be as —, or recipro- 
cally as their Indices, 7 


Again, if the Logarithm of a decreaſing Ratio be 


fought, © infinite Root of 1—x = I—x will be 


found by the like Method to be 1 x— — x%— — 
3 


x e Sc. which ſubtract from Unity, and the 


Decrement of the firſt of the infinite Number of Pro- 
portionals will appear to be , x x + 3 x? + X 4 
B b 2 4 
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F 
*, Cc. which expreſſes the Logarithm of the Ratio 7 
of 1 to I—x, or the Logarithm of 1—x according to ſum 
Napier's Form, if the Index n be put =10000, Oe. 


4 :: 1: Ix; whence x=———=—, And again, 
b is 4%. 
==, Therefore 


27 b:: 1: I ＋ ; whence x= 


e >: OM Hs SEND 9 EY A ay Mg EE 
EFFECT 
8 N 989 Nel 14 * 


ſabſtituting — for x, and we ſhall have for both Ratio WW F 
3 
X 3 * 


! as before. Log 
{ And to find the Logarithm of the Ratio of any two 
1 Terms, the leaſt,and 6 the greater, it will be, as a: U:; + 
1". | . 
14 | — 7 . . | 
| I: ITI: X 2 — 12 „or the Difference di- 
bi vided by the lefſer Term when 'tis an increaſing , 
5 4 —4 1 pati 
bt Ratio, and — when ' tis decreaſing. | | bati 
7 b EE con 
A Wherefore,putting 4=Difference between the two im 
1 Terms à and b, the Logarithms of the ſame Ratio Thi 
; nn f „ ÞF; 
K may be doubly expreſſed, and accordingly is either 2) _ 
1 4 „ . 15 
147 —— x 22 
"q a 24 34 4a 5 2 30 der 
Is 2 1 = 
* 5 Sc. both producing the ſame Thing. / 
14 But if the Ratio of a to h̊ be ſuppoſed to be divided i 
5a into two Parts, viz. into the Ratio of à to the arith- 
ni metical Mean between the two Terms, and the Ratio 7 
3-4 of the ſaid arithmetical Mean to the other Term d, 
1 then will the Sum of the Logarithms of thoſe two Ra- 445 
* tios be the Logarithm of the Ratio of a to b. Where 1 
| Y fore ſubſtituting x 5 for 4 a + 5 6, and it will be, 5: 1 find 
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+ —» &c. is the Logarithm of the Rao 


3 * 
of a to h, whoſe Difference is d, and Sum s; whic 
Series, without the Index u, is, by-the-bye, the 
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Fluent of the Fluxion of the Logarithm of * aſ- 


ſuming d, the flowing —_— for the Fluxion of the 


4. 25d 4 2 "Bs DE 
Log. of is —=2 | x7+S yo 


+, &c. whoſe Fluent 2X = =+ +> 
+4 


and the lame as above, 


* 77. &c. 


is Napier's Logarithm of 
bating the Index u. This Series, either way obtain'd, 


is more proper for the Practice of making Logarithms : 


4 5—1 


1 Oq<Þ _— 


4 ; 
becauſe — D e, therefore we have for 


THEOREM I. 


R * 


E 
N 5 IT 
7e. 4+ 3 Ec. 
To illuſtrate this Theorem: Let it be required to 
find the Logarithm of 2 true to 7 Places, 


. * c A ccc 5 * 1 . 
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EXAMPLE. 
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1 mm 
=1; whence e =, and ee =. 


converges twice as ſwift as the former,and conſequently ; 


Thus, put a=, and h any Number at leaſure ; then 
_ which aſſume =e, and then b=- gh mh -and.. 


Note, That the Index muſt be aſſumed of a Figure 
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The OPERATION ſtands thus: 


3333333 „ 33333333 

„ 3703704 E61 
e = 411523 I = 82304 

e” = 45725 e '= bg32 

#7? an 5080 ye = 564 
211 564 | Dre 1. 51 
6132 63 i | 13e I= | | 5 
234057357 

Whence Napier's Logarithm of 2 is 69314714 


But 693 147 l e by 3, will give 207944142 
for the Logarithm of 8, inaſmuch as 8 is the Cube or 
third Power of 2, and the Logarithm of 8 plus the Log. 
of 1 is equal to the Logarithm of 10, becauſe 8 


X14 = 10; Wherefore to find the Logarithm of 14 
| | . . 
we have 5 — F =; whence e = , and 


48 == g1- 


The OyER ATION bande thus: 


S e 511111111 e „ IIIIIIIT 
1 137172 ze 45724 

ef = 1693 de 338 

e — 21 v 3 0 
„11157176 

Whence Napier's Logarithm of 1+ is 522314352 
To which add the Logarithm of 8, 2,0794442 
The Sum, viz. 2,30258494 


is Napier's Logarithm of 10. But if the Logarithm ot 
10 be made I,000000, &c. as it is moſt coryeniently 


: 2302585 
done in moſt of our Tables extant, then 


1 

1,000, &c. Wh: ence 1=2302585, c. is the Index 
tor Briggs's Scale of Logarithms ; and, if the above 
Work had been carried onto Places ſufficient, the Index 


„ Would have been 2 30256, 50929, 94045, 68401, 
abs 
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29914, Cc. and its Reciprocal, Viz. — = 0,4 34295 


44819, 03251, 82765, 11289, Cc. which by the way e | 
7 the P of the Curve expreſſing Briggs's | «WM 
Logarithms ; from the Double of which the ſaid Loga- | 1 
rithms may be had directly. 


For, becauſe , 4342944, G. ' 5868 588 
9638, Sc. which put = m, and then the Logarithm ö 

5 | Z 9 10 
of = . -e , &. : 


1 5 


EXAMPLE. — 


Leet it be required to find Briggs's Logarithm of 2. 


The Oy ERAT fox ſtands thus: 
m 2868588963 N = 
me ==,289529655 me =, 289529655 
| me *= 32169962 ane 10723321 
me = 3574440 z me 714888 
, dhe | me 56737 
3 44120 me 4902 
mne JE 4902 8 445 9 
ne = 545 nne . | 


- — — 4 5 — 
_ —— — — — CPI - nr _ » _ 
— Dogs 8 - 
- : . - S 


1 


' 


Whence Briggs's Logarithm of 2 is o, 30102999. 


AGAIN: 


Let it be requir'd to find Briggs's Logarithm of 3. 

Nov becauſe the Logarithm of 3 is equal to the Loga- 

jithm of 2 plus the Logarithm of 1x (for 2 x 13 = i 

J), therefore find the Logarithm of 1x, and add it to 15 

ce Logarithm of 2 already found, the Sum will be the 

BY Logarithm of 3, which is better than finding the Lo- 

Fgarithm of 3 by the Theorem directly, inaſmuch as l 
it will not converge fo faſt as the Logarithm of x; 3 for 1 

the ſmaller the Fraction repreſented by e, which is ( 

Bb 4 deduc'd | 
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deduc'd from the No. whoſe Logarithm is ſought, 
the ſwifter does the Series converge. 


Here þ = 7 = 1 . 2233 * 2 = 7s 
and fe == © 
The OPERATION is as follows : 
m r 868888063 5 
me — 5173717792 | me 5173717792 
me *= 60948711 | me *= 2316237 
me , 277048 zn 55589 
vs me "= 1117 z me 5 — 1588 
= . 17 e I 
Briggs's Logarithm of 1} = N 


To which add the Logarithm of 2= , 301029990 


. — é——P̈̃ —  - 


The Sum is the Logarithm of 3K 0,477 121246 


Again, to find the Logarithm of 4, becauſe 2x24, 
therefore theLogarithm of 2 added to itſelf, or multiplied 
by 2, the Product 0,60205998 is the Logarithm of 4. 

To find the Logarithm of 5, becauſe * = 5, 
thereſore from the Logarithm of 10 1, 00000800 
ſubtract the Logarithm . 30 1029990 


rer I " 4 2 p = , - . ä 4 — a 
2 ** 2 bo, 9 
* 13 7 * . : 3 - - as 
eee e „ W A $a —_ Wa. 2 * 6- 4x 
a * — . i . + x bay n 888 22 2 * — S 
8 * — 3. uy 9 3 3 * * i - N 2 4 r 2 . £2 2 4 5 


There remains 5 the Logarithm of 5 = 4698970010 


And becauſe 2X3=6; therefore 

To find the Logarithm of 6, 
To the Logarithm of 3 477121246 
Add the Logari thm of 2 „301029900 


The Sum will be the Logarithm of 6 = 778151236 


Which being known, the Logarithm of 7, the next 
prime Number, may be eaſily found by the Theorem ; 

for becauſe , =7, therefore to the Logarithm of 
b add the Logarithm of 2, » and the Sum will be the Lo- 
garithm of 7. 


* . CO ee 
Ay 922 2 — — 
as is. oh roms $8... 4 - 4 
* * * . - K 
898 
# : 9,05 - oh —— n — 


WS; 


1 
1 


* 
Kage g 2 
„„ 
ON WE RG. DIG 


Set rope Fo, 
- + OE — 


* > © * 4 
TE r 
S A * 3 oO 


K 
* — a _ 
. x 2 Ag 6 8 
c — yo —-— n 4 
N — — — * n 39399 — nn, FOE avis 3. — os." 


EXAMPLE. 


— 


— T o 27 2e == 3 and # £8 = 4-16 


— 
= 

e 

| 


Bo 


» <a 
2 
— * * 
n 
n 3 — Fr? * "A 
+ at repre 2 8 Ee * . 


Roe. 
« 


IT 


* 1 9 
— 
1 * 8 
. 


* 
_—— i 2 
- = N 


The APPENDIX. 
m = ,868588903 


” me = 0008 14535 | me = , 0668 14535 
e = 295352 me 131784 
me 232339 Ime = 467 
ne = 5 R 

Briggs's Logarithm of 2 „066946788 

To which add the Log. of 6 7778151236 

The Sum is the Log. of 7 | 4845098024 

Again, becauſe 4x 2 =8 ; therefore 5 

To the Logarithm of 4 „60205998 
Add the Logarithm of 2 30102900 

| The Sum is the Logarithm of & 590308997 

And becauſe 3 * 3 2 9; therefore 

To the Logarithm of 3 477121246 

Add the Logarithm of 3 477121246 

The Sum is the Logarithm of „954242402 


And the Logarithm of 10 having been determined to 


be 1,0000000, we have therefore obtained the Loga- 


rithms of the firſt ten Numbers. 


After the ſame manner the whole Table may be 
conſtructed, and as the prime Numbers increaſe, ſo 


fewer Terms of the Theorem are requir'd to form their 
Logarithms; for in the common Tables, which extend 
but to ſeven Places, the firſt Term is ſufficient to pro- 


duce the Logarithm of 101, which is compos'd of the 


Sum of the Logarithms of 100 and , becauſe 100 


. . 3 of I t 
X 15 = IO1, in which Caſe h Ss e F 


| 19d 
1— 5 


; whence, in making of Logarithms according to 
the preceding Method, it may be obſerv'd, that the Sum 
and Difference of the Numerator and Denominator of 
the Fraction whoſe Logarithm is fought, is ever equal 
to the Numerator and Denominator of the Fraction 
repreſented by e; that is, the Sum is the Denominator, 
and the Difference, which is always Unity, is the Nu- 
merator; conſequently the Logarithm of any prime 
Number may be readily had by the Theorem, having 
the Logarithm either next above or below given. _ 
Tho', if the Logarithms next above and below that 
Prime are both given, then its Logarithm will be ob- 
tained ſomething eaſier. For half the Difference of the 


Ratios 
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Ratios which 5 me 1ſt Theorem, viz. (n =) 


mx © _ as — LATED : LITE is the Logarithm of 


the Ratio of ha ene Mean to the geometrical 
Mean, which being added to the half Sum of the Lo- 
garithms next above and below the Prime ſought, will 
ve the Logarithm of that prime Number, which for 
Pinion 's ſake may be calld Theorem the ſecond, 


and is of good Diſpatch, as will appear hereafter by an 
Example. | 


But the belt for this Purpoſe is the following one, 
which is likewiſe deriv'd from the ſame Ratios as Theo- 


rem the firſt. For the Difference of the Terms be- 


tween 4b and 455, oriaa +rtab+Fbb, is 44 


— 14 +384 = $a LE : dd = 1, and the Sum 


of the Terms 4 b and Z s5 being put = y, therefore 


+ 


(fince y in this Caſe = 5, and d = 1) it follows that 


1 2 2 2 2 


. Sc. is the Logarithm of the 


„„ 
1 1 

Ratio of ab to 1 *. Whence —x —— — 
. 


NF 
E, Sc. is the Logarithm of the Ratio of z 5 to V ab, 


70 


which converges exceeding quick, and is of let | 


Uſe for finding the Logarithm of prime Numbers, 
having the Logarithms of the Numbers next above 
and below given, as in Theorem the ſecond. 


EXAMPLE. 


Let it be requir'd to find the Logarithms of the prime 


Number 101; then 4 = 100, and ? = 101; whence 


J=2040T 3 put — = —,43429448179, Sc. Then 
n Oe 
m m 2 


the Series will ſtand thus, 5 Se. 
Tong oxi 
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A ee Ee 0? $ 0000812879014 
Therefore to the half Sum of the 

Logarithms of 100 and 102 = 2,004 3000858809 
Add the ſaid Quote o, 200002 12870014 
And the Sum, vix. 25, 0043213737823 


is the Logarithm of 101 true to 12 Places of Figures, 
and obtained by the firſt Term of the Series only ; 
whence *tis eaſy to perceive what a vaſt Advantage the 


ſecond Term would have, were it put in Practice, ſincem 


is to be divided by 3 multiplied into the Cube of 20401. 
This Theorem, which we'll call Theorem the third, 
was firſt found out by Dr. Halley, and a notable Inſtance 


of its Uſe given by him in the Philoſophical Tranſactions 
ſor making the Logarithm of 23 to 32 Places, by five 


Diviſions performed with ſmall Diviſors; which could 
not be obtained according to the Methods firſt made 
uſe of, without indefatigable Pains and Labour, if at 
all; on account of the great Difficulty that would 
attend the managing ſuch large Numbers. 9 5 
Our Author's Series for this Purpoſe is (Page 363.) 


4* 242 | 360 e 


as he was pleaſed to conceal, induced me to inquire into 


it, as well to know the Truth of the Series, as to know | 

whether this or that had the Advantage, becauſe Dr. 
Halley informs us, when his was firſt publiſhed, that it 

converged quicker than any Theorem then made pub- 


lic, and in all Probability does ſo ſtill; however that be, 
tis certain our Author's converges no faſter than the ſe- 


cond I heorem, as I found by the Inveſtigation thereof, 
which may be as follows : 


From the foregoing Doctrine the Difference of the 
Logarithms of 2 — 1 and z+1 is m X< A ET 


22 
2 2 3 


3 | | 
52) 7 , Sc. which put equal to y, and the 


Logarithm of the Ratio of the Arithmetical Mean 2, 


c e — - 
to the Geometrical Mean i is n X ob. 


TEE 
| 1 = 95 | | | 
4 8 "TT 950 C. per Theorem the ſecond ; 
2 
28 


x 
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+ a 3 — 


d 
for z equal to fg; whence * . 
1 £97; 23% 4 
lt Let A and B be the +4 Wan of 28 and z＋r L 
reſpectively; then is — R 1 
\ 5 15 T 9 222 427 os 
| 4. Ve, the Logarithm of x, and if the latter part 7 
of 0 . expreſſing the ſaid Logarithm of 2 be di- a 
vided by the Series repreſenting the Difference of the 5 
Logarithms of z—1 and z TI, the 8 will exhi- D 
bit the Series required, viz, = 7 Se. N 
. 42 24 SENS e f1 
as _— 8 the following our) PEE | ea 
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I" 5 ad 
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180 20% Wes 
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3 3 
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I 2 I po 
3 B 3 . N 
er „e. u + mx—— "2 | 2M 
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To illuſtrate this Theorem by an Example : \ 


Let it be required to find the Logarithm of 1or. 
To the half Sum of the Logarithms of 101 and 102 = 


ZI 5 2, oo4 3000858 
Add the Difference of the ſaid Loga- 
rithms divided by 4 z equal ** F 0,000021 287 5 
And the Sum, viz. - = -  - 2,0043213733 
is the Logarithm of 101 true to 9 Places of igures : 
Whence it appears, that our Author'sSeries falls ſhort of 
Dr. Halley's in finding the Logarithm of the prime 
Number 101,three Places of Figures, by uſing only the 
firſt Terms of the Series; whereas, if two Terms in 
each were uſed, perhaps the Difference would have 
been conſiderably greater. 

Note, This Series of our Author, deduc'd from The- 
orem the Second, is in Effect Dr. Halley's too, but veil'd 
over by being thrown into a different F orm ; which, 
however, has its Uſe, as being 8 very ready in Practice. 


Having thus eite ſeveral Theorems, where- 
by the T ables of Logarithms, according to any Form, 


may be conſtructed ; it remains to ſhew how, from the 


Logarithm given, to find what Ratio it expreſſes. 


The Logarithm of the Ratio of 1 to Ix has been 


. 


4 
3 to be as 5 — x+, 
Sc. n being any infinite Index whatſoever ; ane ik 


L be put for he. ſaid Series, then i+x- —1 =L; con- 


| ſequently 1+ 1 141 and gs = TL = = 1+ 
„LIT A* * LI 27 2 


A'GA IN. 


The Logarithm of the Ratio of 1 to 1 has like- 


n A 


wile been prov'd to be as II- =nxXx+ Ex? + 


I 
— 


1 * ＋ z *, &c.=L; wherefore I —x=1—L, 
and 
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and I—x= a FH 1— n LI LI —L 7 1 


11 n* L, Ec. 

Whence 1 + x= =1 + 1uL +3 LITT I 
Ant L, &c. is a general Theorem for finding the 
Number from the Logarithm given of any Species or 
Form whatſoever ; but in the Application of it to 
Practice we labour under a great Inconveniency, eſpe- 
cially if the Numbers are large; that is to ſay, it con- 


verges ſo very flow, that it were much to be wiſhed it 


Could be contracted. 


However, if L be the Logarithm of the Ratio of a 


the leſſer Term, to 6 the greater, and either of tbem 


are given; then the other will be eaſily had, and ex- 
peditiouſly ad too: 
4 


For b 


and a 1 


Wherefore it follows, by the Help of a Table of 


Logarithms, that the correſponding Number to any 
Logarithm may be found to as many Places of Figures 
as thoſe Logarithms conſiſt of: For, putting d equal 


to the Difference between the given Logarithm and 
the next leſs in the Table, then will the Number 


ſought, viz. N=a x 1- nd +in*d*þ-in39), Gc. 
- But if d be put equal to the Difference between the 
given Logarithm, and the next greater, then N==b x1 


-n fn —7n* d, Sc. both of which Se- 
ries converge faſter, as d is ſmaller. 

But the firſt three Terms in each may be contracted 
into two, which 1s very uſeful, inaſmuch as it ſaves 
the Trouble of raiſing n and d in the third Term to 
the ſecond Power: For letting the firſt Term remain as 


it is, the other two are reduc'd to one, thus; make the 


ſecond Term the Numerator of a Fraction, and Unity 
minus the third Term divided by the ſecond is the 
Denominator. 


Whence N eil 


ad 
. 


1 

N 

Wheref or þ — —. ,will be the 
ere ore a + e 7 or r e 


- . Num- 
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Number anſwering to the given Logarithm, which tho? 
it differs a little from the Truth, is ſufficient to find the 
Numbers exact to as many Places as Briggs's Loga- 
rithms conſiſt of, viz. 14, which are the largeſt La- 
bles extant. Much after the ſame Method may the 
whole Series be contracted, by which means each al- 
ternate Power of d will be exterminated, or, which is 


the ſame thing, every two Terms in the Series will be 


reduc'd to one, making the whole as ſhort again. 
To illuſtrate theſe Contractions by an Example: 


Let it be required to find the Number anſwering to 


the Logarithm 7,571 3740282 in Briggs's Form. 


From the gen Logarithm 1 755713740282 
Subtract the Log. of 372710000 the 2 

next neareſt, N 17.8773710483 
The Remainder is equal to 4 = ,0000029829 


And becauſe the Number 372710000 is leſs than 
the Number ſought, call it a, which, multiplied by 
,0000029829, and the Product 1,11175 6659, Cc. di- 
vided by m d = ,434299, Sc. quotes ,255,992 3 


385 


which, added to 37271000, gives 3727 1255, 992 for 


the Number ſought. „ 
Thus, I preſume, the Doctrine of Logarithms has 


been ſufficiently exemplified, whether we conſider the 


Conſtruction of them for any given Numbers; or, 
on the contrary, the finding of the Numbers from the 
Logarithms given. 55 | 
But, before I conclude, I ſhall give an Inſtance or 
two of the great Uſe of Logarithms in Arithmetical 
Calculations, and firſt in the purchaſing of Annuities. 
If a be put for any Annuity, p for the preſent Va- 
lue, the Amount of one Pound for one Year at any 
Rate of Intereſt, and f for the Time or Number of 
TO ar 
Years the Annuity is to continue, then, p =— the 
| 71—1 
Value of the Annuity. 


Let it be required to find the preſent Value of an 


Annuity of 60 J. per Annum to continue 35 Years at 


the Rate of 4 per Cent. per Annum, 
Here 
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Here a==bo, !=75, and r=1,04. Now, in order 


to obtain the Anſwer, we muſt find the ſeventy- fifth 
Power of r, or of 1,04 ; that is, we muſt multiply 1,04 
feventy-five times into itſelf, which is exceeding tedi- 
ous by the common wap, as any one may judge; but by 


the Logarithms tis done with the greateſt Eaſe; for if 


0,017033 the Logarithm of 1,04 be multiplied by 75, 


the Product 1,277475 will be the Logarithm of the 


ſeventy-fifth Power of 1,04 3 which being ſubtracted 
from 1,778151, the Logarithm of à equal to 60, will 
leave 0,500676 the Logarithm of 3,16719, which be- 
ing ſubtracted from 60, and the Remainder divided by 


I, oa will give 1421,820 equal to 14211. 1 55. 44.3 


for the Value of the Annuity; and if 1421, 820 be di- 
vided by bo, the Quotient will exhibit the Number of 
YearsPurchace requiſite to be given for any Annuity to 
continue 75 Years upon a good Security free of all In- 
cumbrances, the Purchace being made at 4 per Cent. 
Hence we ſee the Reaſon why the long Annuities 
purchaſed in the Year 1708, having about 75 Yearsto 
come, are now valued in Caſtain's Bill of Exchanges at 


241 or 25 Years Purchace ; for tho', according to this 


Calculation, they are worth but a little more than 23 
Years and a half; yet, becauſe in the public Funds 4. 
fer Cent. is ſcarcely ever made of Money, and the 
Contingencies it is there ſubject to, which thoſe An- 
nuities and other Government Securities are not, makes 
them very juſtly worth 243 or 25 Years Purchace. 
Likewiſe Queſtions relating to Annuities upon 


Lives, whether tor one, two, or three, &c. are almoſt 


as eaſily eſtimated. For Inſtance, it may readily be 
found by Logarithms, that an Annuity for a Man of 
Thirty to continue during his Life is worth 11,61 
Years Purchace, Intereſt 6 per Cent. but at 4 per 


Cent. 14,68. And as the Probabilities of Life's Con- 


tinuance, and the Value thereof, are determined by 
an alzebraical Proceſs grounded upon the Rudiments 
of the Doctrine of Chances, and five Years Obſer- 
vations upon the Bills of Mortality of Breſſau, the 
Capital of Se,; ſo there reſults that Truth and 
Equity from the Operations, as ought to preſide in 
all Contracts of this Nature. W hence it follows, that 
all other Methods, whoſe Reſolution differs from this, 
(eſpecially if the Difference be much) may July „ 

| : | cem 
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deem'd erroneous, conſequently prejudicial to one of 


the Parties concern'd. Wherefore, to prevent Impo- 
ſitions thro” Ignorance, great Care ſhould be taken; 


which Precaution, however unneceſſary it may appear, 


tis preſum'd, will be regarded, inaſmuch as no one is 
willing to pay more Years Purchaſe than he hasChances 
for living, as, on the contrary, the Seller to receive leſs 
than his Due, which may poſſibly be by following the 
common Methods, where, for the moſt part, Regard is 
had neither to Age nor Intereſt, but founded upon Ca- 
price, Humour, or, if you pleaſe, Cuſtom, the Contract 
being made, as they can agree, right or wrong; which 
Method of Procedure ought to be exploded, ſince fo 
liable to Error, and the Conſequences drawn there- 
from, ſo often wide of the T ruth. = 


The other Inſtance which I ſhall give of the great 


Uſe of Logarithms is in the Caſe of Sz//a, as related 


by Dr. Wallis in his Opus Arithmeticum from Alſe- 


phad (an Arabian Writer) in his Commentaries upon 
Tograius's Verſes, namely, that one Seſſa, an Indian, 


having firſt found out the Game at Cheſſe, and ſhew'd 


it to his Prince Shehram, the King, who was highly 
pleas'd with it, bid him ask what he would for the Re- 
ward of his Invention; whereupon he ask'd, That for 


the firſt little Square of the Che//e Board he might have 
one Grain of Wheat given, for the ſecond two, and fo 


on, doubling continually, according to the Number of 


the Squares in the Cheſſe Board, which was 64. And 


when the 'King, who intended to give a very noble 
Reward, was much diſpleas'd, that he had ask'd ſo tri- 


fling a one, Seſſa declar'd, that he would be contented 


| with this ſmall one. So the Reward he had fix'd upon 
was order'd to be given him. But the King was quickly 
aſtoniſn'd, when he found, that this would riſe to ſovaſt 
a Quantity, that the whole Earth itſelf could not fur- 
niſh out ſo much Wheat. But how great the Number 
of theſe Grains is, may be found by doubling one con- 


tinually 63 times, ſo that we may get the Number that 


comes in the laſt Place, and then one time more to have 
the Sum of all; for the Double of the laſt Term leſs 
by one is the Sum of all. Now this will be more ex- 
peditiouſly done by Logarithms, and accurately enough 
too for this Purpoſe : For if to the Logarithm of 1, 


Cc 0,3010300 


which is o, we add the Logarithm of 2, which is 
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0,3010300 multiplied by 64, that is, 19,2659200, the 
abſolute Number agreeing to this will be greater than 


18466, 00000, 00000, 00000, and leſs than 18447, 


oooco, ©9000, 00000. 


As J have had the reviſing of theſe Sheets, ſo it may 


be expected that I ſhould give my Opinion concerning 
Mr. Cunn and our Author, in regard to Spherical Tri- 
gonometry; wherein the former accuſes the latter, and 


ſeveral other eminent Authors, of having committed 
many Faults, and, in ſome Caſes, of being miſtaken, 
eſpecially in the Solution of the 12th Caſe of Oblique 


Spherics 3 in which Mr. Cum has intirely miſtook the 
Author's Meaning, as plainly appears by his Remark, 


where he conſtitutes a Triangle whoſe Sides are equal 


to the given Angles z whereas the Author means, that 
each Angle ſhould firft be chang'd into its Supplement, 
and then with the ſaid Supplement another Triangle 
conftituted, whoſe Angles, by the very Text of the 


24th Propoſition of his own Spherical Trigonometry, 


will be the Supplements of the Sides fought in the given 
Triangle ; to which Propoſition I refer the Reader. 
'T hat this is the Senſe of the Author, is very evident, if 
impartially attended to, and which I think could poſ- 


ſibly have no other. Meaning; and accordingly aver | 


what is here advanc'd to be univerſally true; but be- 
cauſe I would not be mifunderſtood, fhall illuſtrate the 
Truth thereof by a numerical Operation; which, to 
thoſe who care not to trouble themſelves with the De- 
monſtration, may be ſuſficient ; and, to others, ſome 
Satisfaction. 


EXAMPLE. 


Suppoſe, in the Oblique-engled Spherical Triangle 
ADE, there are given the Angles A, D, E, as per Fi- 
Sure, and the Side DE requir'd. 

Note, Write down the Supplements of the two 
Angles next the Side requir'd firſt ; and then the | 
Operation may ſtand thus: The | 
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The Supple- E= 509 Sine Co. Ar,——0,115746 


ment of they D=150 Sine Co. Ar. -0,301030 


Angle CA==140 Sine 120% 9, 937530 
Sum=340 Sine 20 — 9535052 
1 Sum 170 10, 884358 
Sum, minus E120 
the Supple- — 
ment of the } D= 26 9944179 


Ange — 


Which laſt Figures, 9, 944179, give the Sine of 


61 34; and the Double thereof, viz. 1239 08, ſub- 
tracted from 180 Degrees, leaves for the Supplement 
569 52', which is the Side DE requir'd. 


The Rule which Mr. Gunn ſubſtitutes in the Room 


of our Author's, is alſo univerſal (but not new) ; and, 
conſequently, when he ſays, Change one of the Angles 


adjacent to the Side ſought into its Supplement, it is 


very juſt ; tho', by the way, I affirm, it is equally 
true, if the Angle oppoſite to the Side ſought were 
changed into its Supplement (which perhaps is what 
has not yet been taken Notice of ) ; only then, inſtead 
of having the Side ſought directly, we ſhould have its 
Complement to 180 Degrees, as in the precedent Ex- 
ample ; but there is a Neceflity of changing either one 
or all of the Angles into their Supplements, tho” it is 


beſt to change only one, which let be either of thoſe 
next the Side ſought, no matter which; and the Side 


will be had dire&ly without any SubduQtion,as will ap- 
= pear by the ſubſequent Operation. 


EXAMPLE. 
Let the ages be changed into its Supplement,and 


the Side D E ſought ; which Supplement, and the 
C2 other 
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| Methods of Operation, notwithſtanding their Mann 


tation of his Charge againſt thoſe Authors who hare 


tency, inaſmuch as it was a premeditated Thing; and 


of his, in diſputing the Veracity of our Auther's 
Rule, becauſe it did not appear with all that Plainnels 


three Angles given to project a Triangle, as if they 


Account: For with the given Angles, in the preceding 
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other Angle adjacent to the Side ſought, being written 9. 
down firſt, the Operation may be as follows: 3 b 


Sup. of the Angle E=50-—Sine Co. Ar.—0, 115746 : 

N | 8 * Tos Pore t 

The $ D!=30——Sine Co. Ar. —o, 30 1030 f 

Angle & A=Sq40 Fine 10 —9, 239670 f 

Sum 120 Sine Zo ——9, 698970 55 { 

3 1 . 

L Sum 60 Sum 19, 35 5416 9 ˖ 

=. 

4 Sunn 4 Sup. Angle E==10 Em 6654 © 
3 ae 2 J 3 FN 

gs Angle D==30 ® | 

Which half Sum 9,677708 gives the Sine of 282 56 f. 

and the Double thereof 5 52' is the Side DE ſought . 


the ſame as before, when all the Angles were chang 
into their Supplements. | 15 
Whence it is abundantly manifeſt, that thoſe ty 


is ſo different, agree preciſely in Practice; and, conſ 
quently, we may conclude our Author's Rule to: 
right. Wherefore I wonder Mr. Cunn did not attel 
better to the Words of our Author's Rule, before! 
ventur'd to attack the Characters of ſo many famou 
Trigonometrical Writers. But to remove the Imp- 


deſerv'd fo well of the Mathematics, and to juſtif 
them to the World, for Juſtice ought to have place 
it is, that I have ventur'd to give my Opinion, and 
point out where Mr, Cunm was miſtaken : The Reaſon 
of which is not eaſily aſſign'd, ſince, to give him hi 
Due, it could not be for want of Knowledge, tho), in 
this Caſe, I can't think it intirely owing to Inadver- 


I am loth to impute it to any contentious Inclinations 


requiſite to prevent carping by the Litigious: Where- 

fore, asI am in Suſpenſe how to determine, ſhall leare * 

the Deciſion thereof to better Judgments. 1 
Indeed, Mr. Heynes's Rule, which directs with the 


were Sides, is deficient, were it only on that very 


Example, 


e APPENDIX. 


Example, it will be impoſſible to conſtruct a Triangle, 


taken, be greater than the third ; whereas,in this Caſe, 


ſupplemental Triangle is the Supplement of the greateſt 
Angle in the other Triangle; yet, notwithſtanding that, 
the Conſequence drawn therefrom is falſe, and fo the 
== Solution only imaginary : For, with Submiſſion, neither 
the Sides, nor their Supplements, in Mr. Heynes's ſup- 
oe plemental Triangle, are the Meaſures of the Sides 

bought. Tis true, when one of the Angles is a right 

one, and the others both acute, then the ſaid Supple- 


mental Triangle is that wanted to be conſtructed, as 
bi} containing all the given Angles; and, conſequently, the 
Dices appertaining thereto are the very Sides requir'd : 
O iN > :-0 . . 
hut then this is only one Inſtance out of the infinite 
; | # Number of other Triangles that may be conſtructed, 


and which is not ſolv'd directly by the Triangle firſt 


; 52 o - - 
projected neither; for the greateſt Angle thereof muſt 
be changed into its Supplement, when the Side oppo- 
itte to the right Angle is requir'd ; and if the right An- 
ale ſtill remains, and either one or both of. the other gi- 
ven Angles are obtuſe, the Solution is render'd more 


perplex'd: Wherefore there can be no general Solution 
given to any Triangle, by conſtituting a Triangle whoſe 
dides are equal to the given Angles, e cept to that parti- 
cgularone which Mr. Cunm takes Notice of inhisRemark, 
where each given Angle is the Meaſure of its oppolite 
dide fought, and which therefore needs no Operation. 
, = This I thought myſelf oblig'd to obſerve, out of 
Juſtice to Mr. Cunn, who we ſee is not intircly to 


blame; as having juſt Reaſon to object againſt the 
Rules of the other Authors by him nominated. 


men, who are ſo very fond of finding Fault, that, ra- 
ther than you ſhall not be in the wrong, they will wreſt 
your own Meaning from you, and will not ſuffer an 
Error, tho? ever ſo minute, to paſs, without proclaiming 
it to the Public, under Pretence of preventing their 
beingimpos'd upon; whereas, if the Truth were known, 
1 fear it would appear to be the Vanity of their Hearts, 


C2 an 


© becauſe *tis requiſite, that two Sides together, however 
they will be leſs: But the Rule is not only deficient in 


Y that Reſpect, but really wrong: For tho' what Mr. 
= Hepncs atlerts is juſt, viz. that the greateſt Side in the 


cracity of Mr, Heynes's Rule, tho' not againſt the 


And here I can't but take Notice of ſome Gentle- 


The APPENDIX. 
other Angle adjacent to the Side ſought, being written 
down firſt, the Operation may be as follows: 


Sup. of the Angle E=50=—Sine Co. Ar.—o,1 15746 


The $D==30— Sine Co. Ar. —o, 301030 


Angle & ASq40 Sine 109, 239670 

Sum 120 vine 30 ——9, 698970 

2] 5 

2 Sum 69 Sum 1, 35 5416 

1 4 Sup. Angle E= wy 16 8 
minus ee e 


Angle 0 


— — 


| Which half Sum 9,6777 08 gives the Sine of 280 56 


and the Double thereof 569 52 is the Side DE ſought, 


the ſame as before, whem all the Angles were chang'd 


into their Supplements. | . | 
Whence it is abundantly manifeſt, that thoſe two 

Methods of Operation, notwithſtanding their Manner 

is ſo different, agree preciſely in Practice; and, conſe- 


quently, we may conclude our Author's Rule to be 
right. Wherefore I wonder Mr. Cunn did not attend 


better to the Words of our Author's Rule, before he 
ventur'd to attack the Characters of ſo many famous 
Trigonometrical Writers. But to remove the Inipu- 
tation of his Charge againſt thoſe Authors who have 
deſerv'd fo well of the Mathematics, and to juſtify 
them to the World, {for Juſtice ought to have place) 
it is, that I have ventur'd to give my Opinion, and 
point out where Mr. Cum was miſtaken: The Reaſon 
of which is not eaſily aſſign'd, ſince, to give him his 
Due, it could not be for want of Knowledge, tho', in 


this Caſe, I can't think it intirely owing to Inadver- 


tency, inaſmuch as it was a premeditated Thing ; and 


I am loth to impute it to any contentious Inclinations 
of his, in diſputing the Veracity of our Auther's 


Rule, becauſe it did not appear with all that Plainnels 
requiſite to prevent carping by the Litigious: W here- 
fore, asI am in Suſpenſe how to determine, ſhall leave 

the Deciſion thereof to better Judgments, _ 
Indeed, Mr. Heynes's Rule, which directs with the 
three Angles given to project a Triangle, as if they 
were Sides, is deficient, were it only on that very 
Account: For with the given Angles, in the preceding 
| : Example, 


4 
== 
7 


1 
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Example, it will be impoſſible to conſtruct a Triangle, 


becauſe tis requiſite, that two Sides together, however 


taken, be greater than the third; whereas, in this Caſe, 
they will be leſs: But the Rule is not only deficient in 
that Reſpect, but really wrong: For tho' what Mr, 
Heyncs aſſerts is juſt, viz. that the greateſt Side in the 
ſupplemental Triangle is the Supplement of the greateſt 
Angle in the other Triangle; yet, notwithſtanding that, 
the Conſequence drawn therefrom is falſe, and ſo the 
Solution only imaginary: For, with Submiſſion, neither 


the Sides, nor their Supplements, in Mr. Heynes's ſup- 


plemental Triangle, are the Meaſures of the Sides 
ſought. Tis true, when one of the Angles is a right 


one, and the others both acute, then the ſaid Supple- 
mental Triangle is that wanted to be conſtructed, as 
containing all the given Angles; and, conſequently, the 


Sides appertaining thereto are the very Sides requir'd : 
But then this is only one Inſtance out of the infinite 
Number of other Triangles that may be conſtructed, 


and which is not ſolv'd directly by the Triangle firſt 
projected neither; ſor the greateſt Angle thereof muſt 


be changed into its Supplement, when the Side oppo- 
ſite to the right Angle is requir'd ; and if the right An- 
ele ſtill remains, and either one or both of. the other gi- 
ven Angles are obtuſe, the Solution is render'd more 


perplex'd : Wherefore there can be no general Solution 
given to any T ranges by conſtituting a Triangle whoſe 
dides are equal tot 


e given Anegles,eXtept to that parti- 
cular one which Mr. Cunn takes Notice of in his Remark, 


where each given Angle is the Meaſure of its oppoſits 


Side ſought, and which thereſore needs no Operation. 
This I thought myſelf oblig'd to obſerve, out of 
Juſtice to Mr. Cunn, who we ſee is not intircly to 
blame; as having juſt Reaſon to object againſt the 
Veracity of Mr. Heynes's Rule, tho' not againlt the 
Rules of the other Authors by him nominated, 
And here I can't but take Notice of ſome Gentle- 
men, who are ſo very fond of finding Fault, that, ra- 
ther than you ſhall not be in the wrong, they will wreſt 


vour own Meaning from you, and will not ſuffer an 


Error, tho? ever ſo minute, to paſs, without proclaiming 
it to the Public, under Pretence of preventing their 


being impos'd upon; whereas, if the Truth were known, 


1 ear it would appear to be the Vanity of their Hearts, 
Cc 3 an 
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The APPENDIX. 


an Over-fondneſs of being thought wiſer and more 


knowing than the reſt of Mankind; nay, I think it 


appears plainly ſo, by their oppoſing the Worksof Men 
reater than themſeliyes : But if, inſtead of comparin 
Pow far their finite Knowledge extended or AN 
another Perſon's, they conſider'd how much there was 
they knew nothing of ; as it would condure to make 


them humble, ſo, I am of Opinion, it would contribute 
very much toward their * * that manner of Wri- 
ting. Beſides, as I take it, the 


uſineſs of Writing is not 
ſo much to diſcover who has committed the moſt Faults, 
as to avoid them, and make greater Improvements. 


But, what is the moſt to be wonder'd at, thoſe who | 


are fo very ready in finding fault, not without great 


Suſpicion, receive the beſt Part of their Knowledge 


from the Works of thoſe very Authors againſt whom 


they exclaim. The Reafon that induces me to think ſo 


is this: Whilſt they are ſtudying an Author, in order ta 
underſtand him, then it is, perhaps, they difcover ſome- 
thing which he was pleas'd to omit, or thought fit to 
conceal, for which *tis more than probable they take care 
not to omit paying. 3 profound Reſpect to their vainly 

eniuſes: And it, by Accident, an 


ing infallible) then, to be ſure, he muſt be egregiouſſy 
miſtaken,and not underſtand what he was about: But, 
I fay, this Diſquiſition into the Demerits of an Au- 
thor, would never have been made, had they under- 
ſtood the Subject beforehand ; for, if otherwiſe, they 
muſt be of a ſad Cynical Temper, as well as have little 
elſe to do, to make it their Buſineſs to diſcoyer Faults, 
and at the ſame time acknowledge not one ſingle 
Beauty ; a very a dee Return for the Advantage 
eruſal. 
Nor do they do the Public that Service they pretend 


to; for thoſe that are capable, and will be at the Trou- 


ble, of reading a Treatiſe upon a Subject without a 


Maſter, are as well able as themſelves to rectify what 


15 amiſs ; and as for thoſe who will not be at that 

Trouble, there is no Danger of their being led aſtray; 

ſince it is the ſame Thing to them, whether there be 
any Miſtakes, or not. | 

owever, if, after all, there ſhould be a Neceſſity for 

an Admonition, why can't it be done with Candour and 

| Humanity! 
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Humanity? And then, without Doubt, an Author, out of 


regard to Truth, which of all Things ought to be pre- 
ferr'd, would be thankful: And to reprove otherwiſe, 


is to be ungenerous ; becauſe, whenever thoſe Miſ- 


takes happen, as they are for the moſt part owing 
more to Inadvertency, than want of Knowledge; fo 


they ſhould therefore be attributed to the Frailty of 


human Nature, (to which we are all more or leſs ſub- 
ject) nothing being more common amongſt all Pro- 
feſſions, than the writing of one Thing for another. 
If any think, by my interſering between our Author 
and Mr, Cunn, that I have run into the ſame Error, 
of which I accuſe others in general of being guilty, let 
them pleaſe to conſider, that I have only writ in the 
Vindication of Gentlemen who were firſt wrongfully 
accus'd, and in one Particular juſtify*'d Mr. Cann: For 
ſuch an Occaſion as this offering, I thought the Dif- 
ference between them lay upon me to decide, leſt I 
| {ſhould be tax'd with Partiality for not doing Juſtice, 
bor with Ignorance in not determining an Affair which 
* held ſome in Suſpenſe to know who was in the right or 
wrong; for there could be no Poſſibility of making a 


Merit in adjuſting a Thing of ſo eaſy a Nature; tho”, 
perhaps, to conceive thoroughly the Reaſon of all the 


different Methods of Solution, may not be ſo eaſy 
neither, 5 


But, to proceed: As for the Omiſſions our Author 


has made in not determining accurately when ſome of 
the Caſes are ambiguous, and when not, I ſhall not 
quarrel with thoſe who think him to blame ; but, if 
may be allow'd to give my Opinion, I think they are 
determin'd, for the moſt part, as well, or, at leaſt, with 
more Eaſe, from the Conſtruction of the Triangles, be- 
cauſe it fixes an Idea of what one is about, by exhibit- 


ing a kind of an ocular Demonſtration ; and, conſe- 
quently, prevents the laying of that Streſs upon the 
Memory as all thoſe are oblig'd to, who depend intirely 


upon Mr, Cunn's Rules, which to Beginners is not ver 

agretable: Hence who knows but that what our Author 
wrote relating to the ambiguousCaſes, he thought ſuffi- 
cient ? That is, that the Reader would not ſtop, for want 
of farther Explications, but with more Eaſe ſupply him- 
ſelf with what was wanting when he came to the Pra- 
ckice thereof, I mean the Conſtruction of Triangles( for, 


aſter all, without the Knowledge of that, a Perſon will 
C5 4 have 
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have but a mean Notion of this uſeful Branch of the 


Mathematics); and, if ſo, he ought in ſome meaſure 
to be excuſed, eſpecially if to this we join thefollow- 
ing Conſideration; dig. that few or none ever learn 
Spherical Trigonometry, purely for the Sake of calcy- 


lating Sides and Angles, to determine their Ambigui- 
ties; beſides, what is ambiguous in Trigonometry, is 


very often not ſo in Geography and Aſtronomy, Sc. 
for which the other is chiefly learnt. 
For Inſtance; If we know the Latitude of London, 


and the Diſtance and Difference of Longitude between 
the ſaid Place and Rome, notwithſtanding there are two 
Sides and an Angle oppoſite to one of them given, the 


Caſe is not doubtful when we undertake to find the La- 
titude of Rome; unleſs it be not known whether it lies 
to the Northward or Southward of London; which 
however could not be determined by any Principles of 
Trigonometry. Likewiſe, in Aſtronomy, if the Lati- 
tudeof the Place, the Sun's Declination and Azimuth, 


were given, the Quæſitum is not doubtful neither, un- 


Jefs the Sun's Declination exceeds the Latitude of the 
Place, and both of the fame Denomination, that is, 


both North, or both South; in which Caſes, becauſe it is 
poſſible for the Sun to be upon the ſame Azimuth Cir- 
cle, twice in the Forenoon; and upon another Azi- 


muth Circle, twice in the Afternoon; it is doubtful, if 
by Circumſtances, during the Obſervation, we can't diſ- 


cover which of the Times, whether the firſt or laſt; but 


if thoſe Times fall near each other, it will be quite im- 
poſſible to diſtinguiſh which, and therefore ambiguous. 


Other Inſtances might be produced, but 1 believe theſe 
are ſufficient, to evince that thoſe nice Diſtinctions 


are not fo neceſſar in Practice: If there be thoſe who 
think otherwiſe, 1 ſhall not diſpute it, but leave them 
to their Opinion without Interruption, 

However, what with Mr. Cunn's Rules for determin- 


ing the ambiguous Caſes, (which are judiciouſly drawn 


up, as including all the Varieties poſſible) and the Cor- 
rections now made by reſtoring, what was loſt and cor- 
rupted, our Author's Treatiſe of Trigonometry, in 
reſpect to Theory, may perhaps appear complete, even 
to the moſt ſcrupulous. And 

Here I thought to conclude ; but, for the Sake of 


Novelty, and to illuſtrate the various Methods for ſolv- 
ing 
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ing the 12th Caſe of Oblique Spherics, where the 


three Angles are given to find either of the Sides, I 
ſhall beg leave to give one Inſtance more, in order to 
ſhew how it may beperform'd after a new manner, by 
the Help of the natural and logarithmical verſed Sines; 
which, if not intirely new, 1s not ſo publickly known 


as the preceding Methods; at leaſt, I never ſaw any- 


where the Method of Operation, and therefore ſhall 
deliver a Rule for that Purpoſe in the following Words: 


UL: 


HFaving, according to the former Directions, chang'd 
one of the Angles next the Side ſought into its Supple- 


ment; take the natural verſed Sine of the Difference 
of the ſaid Supplement and the other adjacent Angle, 


and ſubtract it from the natural verſed Sine of the An- 
gle oppoſite to the Side ſought, and to the Logarithm 


of the Remainder add the Square of the Radius; then 


from the Sum ſubtract the logarithmical Sines of the 


above Supplement, and the ſame adjacent Angle; and 


the Remainder is the Logarithm of a Number, which 


will be the verſed Sine of the Side ſought. 


EXAMPLE. 


Supplement /_ E—502 
Angle D=— 30 
Natural 5 Diff.—20—,06030 
V. Sine L A—40—23395 
The Log, of which Di. 15305 f 
1 ne Log. of WRIC IT. 1: 5 | x 
with this Square of Radius "as (29-2396; + 
Sine of the Sup. of the E 50— 9,884254 
Add the Sine of the LD 30 — 9,698970 
Sum ſubtract 19, 583224 
Remains 0, 656450 
Which Remainder 9,6564 50 gives the Logarithm 
verſed Sine of DE 56 52, agreeing exactly with 
the former Computations. | 
Nate, If the ſaid Remainder exceeds 10,000000, it 
implies that the Side ſought is greater than a Quadrant; 
wherefore cancelling the Characteriſtic 10, look out 
for the Number anſwering the remaining Logarithm, 
trom 
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from which cut off the Left - hand Figure, or, which 
is the fame Thing, abate the Radius (v:z. Unity); 
and the Remainder will be the natural Sine of the 
Exceſs of the Side ſought above a Quadrant. 

As the natural and logarithmical verſed Sines are not 


fo frequently met with in Books, as the artificial Sines, 


*tis poſſible, on that Account, this Rule may meet with 
fome Objection; for which Reaſon, and not knowing 
whether it may be thought preferable to the foregoin 

Methods, (tho? undoubtedly very eaſy in Practice) I 
have omitted its Demonſtration ; but have publiſh'd 
the Rule, with ſome View of introducing the Uſe of 
the former Sines, which ſometimes are preferable to 
the latter: For by the Help of the ſaid verſed Sines, 
and the Reaſoning us'd in obtaining this Rule, we ne- 
ceflarily come to the Knowledge of ſolving that Pro- 
blem, where two Sides and the contained Angle are 
given, and the third Side required, at one Operation, 
very uſeful in Aſtronomy and Geography, eſpecially in 
the latter; when the Latitudes and Longitudes of two 


Places are given to find their Diſtance aſunder: But 


the Rule for performing it, and the Demonſtration 


thereof, is alſo omitted for the fake of Brevity. 


However, tis eaſy to perceive, fince Angles may | 
be turned into Sides, that the preſent Rule includes 
the Solution of that uſeful Problem in Aſtronomy, for 
finding the Sun's Azimuth, having the Latitude of the 
Place, the Sun's Altitude and Diſtanee from the ele- 


vated Pole given; by which means the Variation of the 


Comp ſs, of ſuch Importance to Navigators, may be 
readily determined in any Part of the World. 
An Example of which, comprehending the latter 


Part of the Rule, viz. (when the Remainder exceeds 


10,000000) is exhibited. | 
EXAMPLE. 
Suppoſe on June the 3oth 1732. at Londen, in the 
Latitude of 51? 32 No. it were required to find the 


Sun's true Azimuth, when his Altitude was 50? oO, 
in the Afternoon, Firſt, 
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The APPENDIX. 


From the Com. of the Altitude 40 00 


Sub. the Com. of the Latitude 238 28 
Natural g of the Difference - - 1 32, 00035 


V. Sine { of theSun's diſt. from thePole67 5452377 


The Log. of which Difference 62342 0 
with the Square of the Radius, is 29,7947 80 


62342 


Latitude 51“ 32 9, 793831 
Colne of the LAldtude 50 0 90, 808067 


Sum ſubtract 10, 00 18900 


Remains 10, 192882 


Here the Remainder exceeds 10, oooooo; wherefore 


cancel the Characteriſtic 10, and the Number an- 
| ſwering the remaining Logarithm is 1,5591; the Ex- 
ceſs of which above Unity, viz. ,5591, gives the natu- 


ral Sine of 34? Co; whence the Sun's true Azimuth is 
North 124? O Weſt: At which Time, if the Sun's 


Magnetical Azimuth were North 110 o! Wet, the 
Variation of the Compaſs would be 13* 3o Weſt, as 
appears by the following Subtraction. 


T rue Azimuth North, 124* oo' Weſt 


Mag. Azimuth North, 110 30 Welt 
| Variation 13 30 Weſt 


N.. If the Sun's Declination had been South, 
then the verſed Sine of the Sun's Diſtance from the 


elevated Pole would have been equal to Unity plus the 
natural Sine of the Sun's Declination; which in Pra- 
Ctice creates no more Trouble than when the Decli- 
nation is North, if ſo much; ſince it is at leaſt as eaſy 


to take the natural Sine of an Arc, as to take the 
verſed Sine of its Complement to go Degrees; which 
vines, and others, with their reſpective Logarithms, 
&c. may readily be had out of Sherwin's Mathema- 
tical Tables | 5 


TT 
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BOOKS Printed for T. WoopwaRD, and ſold by 
J. O5Bo0RN, at he Golden Ball in Pater-noſter Row. 
UCLID's ElemexTs, Vol. II. Containing the ſeventh, | 
eighth, ninth, tenth, thirteenth, and fifteenth. Books, with 
the Dara; being the remaining Parts of that Work, which 
were not publiſh'd by the late Dr. Keil, now firſt tranſlated from 
Dr. Gregory's Edition. To which is prefix'd, An Account of the 
Life and I/ritings of Euc lip; witha Defence of his Elements 3 
againſt the modern Objections. By Edmund Stone, F. R. 8. 
An Appendix to the Engliſb Tranſlation of Commandine's Eu- 
clid; wherein the 11th and 12th Books of the Elements are made 
caſy to the meaneſt Capacity, by exhibiting the Solids themſelves 
to the Eye, inſtead of their ſeveral Pictures or Projections laid 
down by the ſeveral Writers of Elements of Geometry. A Tra& 
uſeful and neceſſary for Painters, Builders, Gardeners, and all 
Perſons who would inform themſelves demonſtratively in Per- 
ſpective, Menſuration, Spherics, &c. or qualify themſelves to 
read the Works of thoſe who have written farther on ſolid Geo- 
metry, With an Introduction explaining the Projection us'd by 


the Antients, and ſhewing its Excellency to any other for this 
Purpoſe. By Samuel Cunn. ER . = 
A general Treatiſe of Husbandry and Gardening ; contain- | 
ing ſuch Obſervations and Experiments as are new and ufeful for 
the Improvement of Land; with an Account of ſuch extraor- 
dinary Inventions, and natural Productions, as may help the In- 
genious in their Studies, and promote univerſal Learning. In 
I'wo Volumes, 8vs. with Variety of curious Cuts. By Richard 
Bradley, F. R. S. 1 9 5 9 
Vegetable Statics, or an Account of ſome Statical Experi- 
ments on the Sap in Vegetables; being an Eſſay towards a 
Natural Hiſtory of Vegetation. Alſo a Specimen of an Attempt w 
to analyſe the Air by a great Variety of Chymico-ſtatical Experi- 
ments, which were read at ſeveral Meetings before the Royal 
Society. By Stephen Hales, B. D. F. R. S. Rector of Farrins: 
din, Hampyhire, and Miniſter of Teddington, Middleſex. nM 
Statical Eflays, containing Hæmaſtatics, or an Account of 
ſome Hydraulic and Hydroſtatical Experiments made on the 
Blood-veſſels of Animals. Alſo an Account of ſome Experi- 
ments on Stones in the Kidneys and Bladder ; with An Inquiry 
into thoſe anomalous Concretions. To which is added, An 
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